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Abstract

function. Advanced equivalence checking algorithms exploit this similarity to partition the problem into a series of
smaller problems [1, 2, 3, 4, 5].
There are three basic approaches to functional equivalence checking. Structural methods are based on SAT
solvers which search for a counterexample to prove inequivalence of the two functions. Similarly, random simulation
is used to find a counterexample by random search. Functional methods are based on canonical function representations for which structural equivalence implies functional
equivalence.
One of the first practical programs using a functional approach to verifying logic designs was SAS (Static Analysis System) [6]. SAS is based on the DBA (Differential
Boolean Analyzer) and ESP (Equivalent Sets of Partials)
algorithms, which are similar to unordered BDDs [7] in
their unreduced and reduced forms, respectively. Because
of their efficiency, Reduced Ordered BDDs (ROBDD) [8]
became widely accepted for functional equivalence checking. The advantage of pure functional methods is their independence of structural similarities. However, in many cases
they suffer from exponential memory usage. For example,
it has been our experience that roughly 20% of the circuit
outputs of a typical high-end microprocessor cannot practically be verified with pure BDDs.
Internal equivalence points or cutpoints can be used to
decompose the equivalence checking problem into smaller
pieces. The original approach [1] treats cutpoints as independent inputs which, in effect, dramatically reduces the
overall size of the BDD representations of all pieces. However, since the possible functional correlation of these cutpoints is disregarded, false negative verification results may
be introduced. There are a number of methods [9, 10, 11,
4, 5] to eliminate false negative verification results. Specifically, in [5] a tight integration of a SAT solver, BDDs and
random simulation is suggested. In contrast to our work,
the collaboration of those algorithms is limited to the identification of cutpoints and the elimination of false negatives
in an iterative manner.
The concept of a “Miter” [2] portrays the combination

This paper presents a verification technique for functional comparison of large combinational circuits using a
novel combination of known approaches. The idea is based
on a tight integration of a structural satisfiability (SAT)
solver, BDD sweeping, and random simulation; all three
working on a shared graph representation of the circuit.
The BDD sweeping and SAT solver are applied in an intertwined manner both controlled by resource limits that are
successively increased during each iteration. In this cooperative setting the BDD sweeping incrementally reduces the
search space for the SAT solver until the problem is solved
or the resource limits are exhausted. This approach improves on previous work in several ways: The integral application of the SAT solver significantly enhances the capacity and efficiency of BDD sweeping and extends its suitability for miscomparing designs. Further, the random simulation algorithm works on the compressed circuit graph and
thus runs more efficiently. Our experiments demonstrate
that the outlined approach is effective for a large class of
equivalence checking instances by automatically adapting
to the difficulty of the problem.

1 Introduction
Functional equivalence checking is ubiquitous in most
contemporary design verification methodologies. Because
of the computational complexity of formal equivalence
checking the design methodology typically adopts specific
rules to make the problem tractable for large designs. For
example, matching state encoding of the specification and
implementation reduces the general equivalence checking
problem to the combinational domain for which many practical algorithms exist. In practice, the specification and implementation have often a large degree of structural similarity in terms of internal nets that often implement the same
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the network with a relatively small number of patterns [12].
Similar to the SAT solver, the random simulator gets invoked after each BDD sweeping step.

of the two circuit cones to be compared with an XOR gate.
Using this structure the actual equivalence checking problem is recast as a synthesis problem. If the Miter can be
transformed into a constant “0”, functional equivalence is
proven. In [2] this is done by merging the two cones starting from the inputs towards the outputs by applying a series of SAT queries for justifying the merging of internal
nets. The drawback of this method is that the underlying
SAT routine can only test whether two candidate nets can be
merged. This requires additional effort to guess candidates
which, in practice, is quite inefficient. Similarly, in [3] recursive learning is applied to prove functional equivalence
using resynthesis.
A constructive method to find functionally identical nets
in a Miter-based equivalence checking approach is presented in [4]. A technique called “BDD sweeping” builds
BDDs for the Miter nodes from the inputs towards the outputs in a robust manner. By keeping cross references between the corresponding nodes of the BDD and Miter, functionally equivalent Miter nodes can be identified on the fly
and merged immediately. This BDD sweeping technique is
applied in several layers, starting from multiple internal cut
frontiers. Further, a robust technique to eliminate false negatives is described. The main drawback of this approach is
that BDD sweeping is not capable of proving inequivalence.
Further, for hard problem instances, the sweeping algorithm
might run out of memory before it can prove equivalence.
In this paper we address the above mentioned problems
in two ways. First, the BDD sweeping is supplemented
with a structural SAT solver working on the same circuit
graph data structure. BDD sweeping and SAT search tackle
the verification problem from a different angle with distinct strengths. BDD sweeping merges the two cones of
the Miter structure from the inputs toward the outputs. For
difficult instances it might be required to build large BDDs
during sweeping before the two outputs to be compared can
be merged. In contrast, the SAT solver attempts to prove
equivalence or inequivalence by a structural search from the
outputs toward the inputs. If only a small fraction of the two
cones is shared, the search might require too many backtracks and may not finish. However, any structural cone
sharing produced by BDD sweeping reduces the search
space for the SAT solver dramatically and thus increases the
chances of its success. We proposed an intertwined application of BDD sweeping and SAT search with iteratively increased resource limits for both algorithms. This interlaced
scheme is able to dynamically adjust the effort needed by
BDD sweeping to help make the SAT solver successful.
A second supplement to the BDD sweeping algorithm is
a random simulator which works on the same graph representation and attempts to demonstrate functional inequivalence of the two circuits. Empirical evidence has shown that
a large number of miscompares can be found by simulating

2 Equivalence Checking Algorithm
2.1 BDD Sweeping
In this section we briefly summarize the BDD sweeping algorithm presented in [4] which is the basis for the
method described here. The purpose of the BDD sweeping
algorithm is to prove functional equivalence of two cones
by transforming the output of the Miter into a constant
“0”. When the Miter structure is built from the circuits,
all Boolean operations are converted into a graph representation using two-input AND vertices and edges with an optional INVERTER attribute. Similar to efficient BDD implementations [13], each vertex is entered into a hash table
using the identifier of the two predecessor vertices and their
edge attributes as key. This hash table is utilized during
graph construction to identify isomorphic subnetworks and
to immediately merge them on the fly. After the Miter graph
representation is built, BDD sweeping is applied to further
compress it. The pseudo-code for the basic BDD sweeping
algorithm is outlined in Figure 1. The depicted algorithm
omits the specifics of multiple sweeping layers from intermediate cut frontiers and also the handling of false negatives. Details can be found in [4].
The overall idea of the sweeping algorithm is to merge
the subgraphs of the two output cones using BDDs to prove
functional equivalence of intermediate vertices. The BDD
propagation is controlled by a sorted heap. For each primary input a BDD variable is created and entered onto the
heap (see Figure 2). Then an iterative process removes the
smallest BDD from the heap, processes the Boolean operation for the immediate fanouts of the corresponding circuit
graph vertex, and reenters the resulting BDDs onto the heap.
This process is continued until either all BDDs up to a given
size limit are processed, or the heap becomes empty.
Procedure put on heap stores a BDD on the heap only
if its size is smaller than the given limit, otherwise the BDD
node is freed. Functionally equivalent vertices found during
BDD construction are immediately merged and the subsequent parts of the circuit graph are rehashed by the routine
merge vertices. The rehashing is applied in depth-first order starting from the merged vertex toward the primary outputs and stops if no further reconvergence is found. Procedures get bdd from vertex and get vertex from bdd provide cross-references between BDD nodes and the corresponding circuit graph vertices. Inverted edge attributes are
handled internally in those routines.
Similar to [4] the upper size limit for the BDD handling
ensures a robust application of the algorithm and avoids
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process to restart, after it exceeds the backtracking limit,
from the point it stopped. This feature is used in the intertwined invocation of the BDD sweeping algorithm and
the SAT solver and avoids restarting the SAT search from
scratch for each iteration.
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2.3 Random Simulator
Similar to the SAT solver, a bit-parallel random simulator is implemented on the AND/INVERTER circuit graph.
Our uniform circuit graph using identical vertex functions
permits an efficient implementation of the simulation algorithm using bit-parallel operations for the AND-function
and inversion. In case of input constraints, the SAT solver
is used to generate valid input stimuli.
In order to save the memory needed to store the simulation results at intermediate vertices, “pattern-space dragging” [12] is used. This scheme uses a reference counting
mechanism to determine when the simulation pattern at a
vertex has been propagated to all destinations. When the
last destination queries the pattern of a vertex, the pattern
space can be “dragged” to the destination vertex by performing the simulation operation in-place.
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Figure 1: BDD sweeping algorithm.
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memory blow-ups. To allow reinvocation of BDD sweeping in an iterative manner, a lower size limit is added to
the heap handling. The successive invocation of bdd sweep
with increased lower limits essentially “hides” bigger BDDs
from the current run and automatically restarts the sweeping
when these BDDs “reappear” in the next iteration.
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2.2 SAT Solver

if
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else if (

The integrated SAT solver is based on the Davis-Putnam
procedure [14] and is implemented to operate on the
AND/INVERTER circuit graph. The algorithm starts by asserting the output of the Miter to “1”. It then successively iterates through a series of implication and case splitting steps
until a solution is found. If a conflict occurs, the algorithm
backtracks to the previous splitting level and continues with
the next choice. If all choices are exhausted, the algorithm
proves non-satisfiability of the Miter output, which implies
equivalence of the two cones being compared. On the other
hand, if a solution is found, it demonstrates non-equivalence
by providing a counterexample.
The search heuristics of the given implementation are
similar to [15]. The resources of the algorithm are controlled by a given backtracking limit. If this limit is exceeded, the algorithm returns with an undecided result. A
particular setup of the backtracking stack allows the search
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Figure 2: Algorithm for equivalence checking.
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BDD
Size
Limit

CBL
NC M
CO
CBP
CBQ
CBR
NC M L
NC M O
C MP
CNM Q
C MDS

BDD Sweeping
Memory [kB] /
Time [sec]
342 / 0.00
347 / 0.64
349 / 0.60
358 / 0.66
372 / 0.78
396 / 1.18
791 / 1.67
2212 / 4.22
2219 / 6.98
8381 / 12.14
8540 / 19.16

SAT Search
# Backtracks /
Time [sec]
2407939 / 347.17
115 / 7.40
115 / 7.47
87 / 6.93
43 / 6.88
43 / 7.03
43 / 6.57
43 / 6.30
43 / 6.15
27 / 5.27
0 / 0.00

Total (BDD + SAT)
Memory [kB] /
Time [sec]
342 / 347.17
347 / 8.04
349 / 8.07
358 / 7.59
372 / 7.66
396 / 8.21
791 / 8.24
2212 / 10.52
2219 / 13.13
8381 / 17.41
8540 / 19.16

In a series of experiments the BDD sweeping algorithm
was applied to the original Miter circuit with varying limits for the BDD size. After sweeping, the SAT solver was
invoked on the compressed Miter structure and run until
equivalence was proven. Table 1 gives the results for different limits on the BDD size. As shown, there is a clear
tradeoff between the effort spent in BDD sweeping and SAT
search. The optimal performance is achieved with a BDD
size limit of T)U . The application of BDD sweeping and SAT
search in the described incremental and intertwined manner
heuristically adjusts the effort spent on each algorithm to
the difficulty of the problem.
Figure 3 shows the actual Miter structures for three selected runs. In the drawing, all inputs are positioned at the
bottom. The placement of the AND vertices is done based
on their connectivity to the two outputs which are located
at the top. AND vertices that feed only one of the two outputs are aligned on the left and right side of the picture.
Vertices that are shared between both cones are placed in
the middle. Further, filled circles and open circles are used
to distinguish between vertices with and without BDDs, respectively. Filled dots on the edges symbolize inverters.
Part (a) of the picture illustrates the initial Miter structure
without performing any BDD sweeping. As shown, a number of vertices are shared as a result of structural hashing
(including the scheme described in [16]). In order to prove
equivalence at this stage, the SAT solver would need about
2.5 million backtracks. Figure 3(b) shows the Miter structure after performing a modest BDD sweep with a size limit
of 16 BDD nodes. It is clear that many more vertices are
shared at this point. The SAT solver can now prove equivalence using only 87 backtracks. The last part of the picture
displays the Miter structure when it is completely merged
by BDD sweeping. As shown, the equivalence proof required building BDDs for all Miter vertices.

Table 1: Performance of BDD sweeping and SAT search for
various BDD size limits.

2.4 Overall Algorithm
For each pair of cones to be compared, first the Miter
structure is built using the AND/INVERTER graph structure. During construction, this structure is locally optimized
using a multi-input hashing scheme [16]. Next, the algorithm outlined in Figure 2 is invoked. It first checks if the
structural hashing algorithm could prove equivalence of the
two cones. Note that for a large number of practical applications, this structural test is successful. For example, in
a typical ASIC methodology, equivalence checking is used
to compare the logic before and after insertion of the test
logic. Since no logic transformations have actually changed
the circuit, a simple structural check suffices to prove equivalence.
Next BDD sweeping, random simulation, and the SAT
solver are invoked in an intertwined manner. During each
iteration, the size limit for BDD sweeping and the backtrack limit for the SAT solver are increased. It is important
to note that in the given setting, these algorithms do not
just independently attempt to solve the equivalence checking problem. Each BDD sweeping iteration incrementally
compresses the Miter structure from the inputs towards the
outputs, which effectively reduces the search space for the
SAT solver. This interleaved scheme dynamically determines the minimum effort needed by the sweeping algorithm to make the SAT search successful.

3 Experimental Results
We implemented the presented algorithms in the equivalence checking tool Verity [17]. In order to evaluate its
effectiveness we applied the new algorithm to check the
equivalence of 132 circuits randomly selected from a currently developed high-performance microprocessor. The
circuits range in size from a few V.WXW to V.WXW"Y gates, the
size distribution is shown in Figure 4. The number of output comparisons per circuit ranges from a few 100 to more
than 10000. All designs were developed in a custom design
methodology, for which the RTL specification is often significantly different than the transistor-level implementation.
The experiments were performed on a RS/6000 model 270
with a 64-bit, two-way Power3 processor running at 375
MHz and 8 GBytes of main memory.
For each circuit we first run the default setting of Verity

2.5 Example
In the following we demonstrate the cooperative integration of the BDD sweeping algorithm and SAT search, using a circuit example from a high-performance microprocessor design. We selected an output pair which had 97
inputs, 1322 gates for the specification and 2782 gates for
the implementation. The comparison was done under a simple input constraint which is handled equally well by BDD
sweeping and SAT search.
4
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Figure 4: Distribution of circuit sizes for the experiment.
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which invokes as standard engine the original BDD sweeping algorithm presented in [4]. Note, that the performance
of the standard setting can often be improved by selecting a
circuit-specific option. We chose the standard setting for all
circuits to avoid skewing the comparison. Further, one of
the criteria we would like to measure in this experiment is
the robustness of the new approach for various circuits. The
second Verity run used a newly developed engine based on
the algorithm described in this paper.
Overall, the new algorithm performs significantly better
than the original version of the BDD sweeping technique.
Figures 5 (a) and (b) display a comparison of the runtime
and memory, respectively. Each marker represents a circuit,
with the runtime/memory of the original BDD sweeping algorithm on the x-axis and the runtime/memory of the new
algorithm on the y-axis. As shown, the majority of circuits
could be compared using significantly less time, sometimes
by two orders of magnitude faster. The memory consumption remained about the same, mostly using less memory
than before. The performance for a particularly functionally complex circuit is marked in both diagrams. This designs contains 92,043 gates, 97 primary inputs, 65 outputs,
and 4,642 latches. The verification run included 4,707 comparisons and 166,194 consistency checks and could be accomplished in 364 versus 5,435 seconds using 64 versus 77
MBytes for the new and old engine, respectively.
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4 Conclusions
This paper presents a new approach to functional comparison of large combinational circuits using a combination
of BDD sweeping, structural SAT search, and random simulation. All three techniques are implemented on a uniform AND/INVERTER circuit graph that helps to maxi-

Figure 3: Example Miter structure at different stages of
BDD sweeping: (a) No sweeping performed, (b) sweeping
result with BDD size limit of TU , (c) sweeping result with
BDD size limit of T[Z\ .
5
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