
Finding probably best systems qui
kly viasimulationsTakayuki OsogamiIBM Tokyo Resear
h LaboratoryWe propose an indi�eren
e-zone approa
h for a ranking and sele
tion problem with the goal ofredu
ing both the number of simulated samples of the performan
e and the frequen
y of 
on-�guration 
hanges. We prove that with a pre-spe
i�ed high probability our algorithm �nds thebest system 
on�guration. Our proof hinges on several ideas, in
luding the use of Anderson'sprobability bound, that have not been fully investigated for the ranking and sele
tion problem.Numeri
al experiments show that our algorithm 
an sele
t the best system 
on�guration usingup to 50% fewer simulated samples than existing algorithms without in
reasing the frequen
y of
on�guration 
hanges.Categories and Subje
t Des
riptors: I.6.1 [Simulation and Modeling℄: Simulation TheoryGeneral Terms: TheoryAdditional Key Words and Phrases: Simulation output analysis, ranking and sele
tion, swit
hing,two-stage, Brownian motion, Indi�eren
e zone1. INTRODUCTIONComputer systems su
h as Web servers have many possible 
on�gurations, anddesigning a high-performan
e system requires sele
ting the best system 
on�gura-tion so that its performan
e is optimized (e.g., mean response time is minimized).Although the performan
e of simple systems 
an be evaluated analyti
ally, the per-forman
e of 
omplex systems 
an only be estimated via 
omputer simulations, orfrom measurements of real systems. Unfortunately, longer simulation times are of-ten required to estimate the performan
e more pre
isely. As a result, it might be
omputationally intra
table to estimate the performan
e of all system 
on�gura-tions pre
isely via simulations so as to �nd the best system 
on�guration.Our goal is to design an algorithm for �nding the best system 
on�guration, sothat the total simulation time for the performan
e estimation is minimized. It is alsodesirable that the algorithm does not frequently 
hange the system 
on�gurationsto be simulated, even though frequent 
on�guration 
hanges 
an redu
e the totalsimulation time. For example, the performan
e at steady state is measured onlyafter a warm-up period. If we stop simulating a system 
on�guration, �, to simulateother system 
on�gurations, we would need to waste another warm-up period beforeAuthor's address: T. Osogami, IBM Tokyo Resear
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2 � Takayuki Osogamiwe resume simulating � unless the system state was 
he
kpointed when we stoppedsimulating �. Therefore, frequent 
on�guration 
hanges result in long warm-upperiods or signi�
antly in
rease the 
omplexity of programming the algorithm for
he
kpointing.The problem of sele
ting the best system 
on�guration, where the system per-forman
e is estimated via simulation, has been studied as a ranking and sele
tionproblem in the literature [Be
hhofer et al. 1995; Swisher et al. 2003℄. In the studyof ranking and sele
tion, it is standard to assume that simulating the i-th 
on�gu-ration, �i, yields an independent and identi
ally distributed (i.i.d.) sample from anormal distribution with mean �i and standard deviation �i for ea
h �i (both �iand �i are unknown). Although this assumption may sound unrealisti
, it turnsout that samples in most simulations 
an be made arbitrarily 
lose to independentnormal random variables by appropriate bat
hing (see Se
tion 9.5.3 of [Law 2006℄).For example, 
onsider the mean response time in a queueing system (su
h as anM/M/1 queue). Although the simulated response time of the r-th job, Xr, doesnot have a normal distribution, the average of the m-th bat
h of n response times,�Xm = 1nPnr=1Xmn+r, approa
hes a normal random variable by letting n be
omelarge for any m. In addition, �Xm and �Xm0 be
ome independent as n ! 1 form 6= m0. Thus, the mean response time is estimated as 1N=nPN=nm=1 �Xm using Ntotal samples, where the bat
hes, f �Xm : m = 0; 1; 2; : : :g, are well approximated bya sequen
e of independent normal random variables.A goal of ranking and sele
tion algorithms is to �nd, with a pre-spe
i�ed highprobability (� 1� � for a given �), the 
on�guration �b that has the largest meanperforman
e �b, so that the total number of samples is minimized. We assume thata larger mean performan
e is better in the rest of this paper. It is 
ommon to a

eptan error within an indi�eren
e-zone parameter Æ, so that any 
on�guration whosemean performan
e is > �b � Æ is 
onsidered to be one of the \best" 
on�gurations.Dudewi
z and Dalal [1975℄ and Rinott [1978℄ propose two-stage algorithms for�nding the best 
on�gurations. (The work earlier than [Dudewi
z and Dalal 1975;Rinott 1978℄ assumes known or 
ommon �i, whi
h is unrealisti
 for the performan
eof 
omputer systems.) Stage 1 
olle
ts a �xed number of samples from ea
h 
on-�guration and estimates the varian
e. Based on the estimated varian
e, the totalnumber of samples needed is determined for ea
h 
on�guration, and pre
isely thisnumber of samples is 
olle
ted from ea
h 
on�guration in Stage 2. At the end ofStage 2, the 
on�guration that is estimated to be the best is sele
ted (e.g., the onehaving the largest sample mean). Nelson et al. [2001℄ propose a s
reening pro
e-dure that 
an be used with the two-stage algorithms in [Dudewi
z and Dalal 1975;Rinott 1978℄. The s
reening pro
edure eliminates 
learly poor 
on�gurations afterStage 1, and this 
an signi�
antly redu
e the number of samples needed.The two-stage algorithm with s
reening 
an be extended to more than two stagesor to a sequential-stage algorithm, where a s
reening pro
edure is applied at ea
hstage until only the best 
on�guration is left [Kim and Nelson 2001℄. Althoughsequential-stage algorithms 
an redu
e the total number of samples, they 
an re-quire signi�
ant overhead and/or in
rease the 
omplexity of implementing the al-gorithm, sin
e sequential-stage algorithms 
an 
hange the 
on�gurations to be sim-ulated for every sample.ACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



Finding probably best systems qui
kly via simulations � 3To balan
e the number of samples and the number of 
on�guration 
hanges, Hongand Nelson [2005℄ propose a two-stage algorithm that makes de
isions sequentially,whi
h we refer to as the HN algorithm. HN interrupts simulation at most on
efor ea
h system 
on�guration; that is, the algorithm 
onsists of two stages (two-stage algorithm). Also, HN stops sampling from a 
on�guration at any time duringStage 2 when suÆ
ient samples have been 
olle
ted to make 
orre
t de
isions; thatis, the algorithm makes de
isions sequentially (sequential-de
ision algorithm). Dueto this sequential de
ision-making, HN uses far fewer samples than 
lassi
al two-stage algorithms su
h as [Dudewi
z and Dalal 1975; Rinott 1978℄.The algorithms in [Dudewi
z and Dalal 1975; Hong and Nelson 2005; Kim andNelson 2001; Nelson et al. 2001; Rinott 1978℄ are 
alled indi�eren
e-zone ap-proa
hes, sin
e their formulation is 
hara
terized by the indi�eren
e-zone param-eter, Æ. There are other formulations for sele
ting the best system 
on�gurationvia simulation. For example, Chen et al. [2000℄ and Chen et al. [2000℄ study aBayesian approa
h, where the goal is to maximize the probability that the best
on�guration is sele
ted under the 
onstraint that the total number of samples is�xed. Chi
k and Inoue [2001a; 2001b℄ study other Bayesian approa
hes, where thegoal is to minimize the expe
ted loss, where loss is de�ned to be the di�eren
ebetween the performan
es of the sele
ted 
on�guration and the best 
on�guration.Unfortunately, these Bayesian approa
hes do not guarantee with a pre-spe
i�edhigh probability that the performan
e of the sele
ted 
on�guration is within Æ ofthe best 
on�guration.The primary 
ontribution of this paper is a two-stage sequential-de
ision (TSSD)algorithm that is based on HN with small but essential modi�
ations. In parti
ular,we use a probability bound proved by Anderson (Corollary 4.4 from [Anderson1960℄) for determining a suÆ
ient number of samples to make a 
orre
t sele
tion,where HN uses Fabian's probability bound (Theorem 2.3 from [Fabian 1974℄). Othersmall modi�
ations to HN and proof te
hniques are introdu
ed to prove that TSSDsele
ts the best 
on�guration with a pre-spe
i�ed high probability.A se
ondary 
ontribution of this paper is the numeri
al evaluation of TSSD. We�nd that TSSD uses up to 50% fewer samples than HN and up to 10% more samplesthan KN, depending on the parameter settings. TSSD also 
ompares favorably witha modi�ed KN, where the 
on�gurations are 
hanged for every m � 2 samples.The rest of the paper is organized as follows. We present the TSSD algorithm inSe
tion 2. In Se
tion 3, we show the e�e
tiveness of TSSD via numeri
al experi-ments. Proofs are found in the ele
troni
 appendix. In Appendix A, we prove theproperties of TSSD for the 
ase where a single 
on�guration has the largest meanperforman
e and the mean performan
es of the other 
on�gurations are at leastÆ separated from the largest mean performan
e. In Appendix B, we dis
uss thegeneral 
ase.2. THE TSSD ALGORITHM AND ITS PROPERTIESTSSD sele
ts, with a pre-spe
i�ed high probability, one of the best 
on�gurationsfrom the set of 
andidate 
on�gurations, C = f�1; : : : ; �kg. A sample from 
on�g-uration �i is assumed to have a normal distribution with mean �i and standarddeviation �i for ea
h �i 2 C. Let �b be one of the 
on�gurations having the largestACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



4 � Takayuki OsogamiStage 1:For ea
h �i 2 C, take n0 samples and 
al
ulate the sample mean, �X(n0)i , and the samplevarian
e, S2i .Sort C in nonin
reasing order of �X(n0)i .Reindex the 
on�gurations in C su
h that �X(n0)1 � �X(n0)2 � : : : � �X(n0)k .Stage 2:Let h be the smallest h satisfying the following inequality:E"�1 + exp�r h2Q1n0 � 1 �1 + Q1Q2�Z + h2Q1n0 � 1���1# � �k � 1 :For ea
h �i 2 C, let Ni = max�n0; �h2 S2i =Æ2�	.Take N1 � n0 samples from �1.Let �0 = �1 and �X0 = �X(N1)1 .for i = 2; : : : ; kfor r = n0 + 1; n0 + 2; : : : ; NiTake the r-th sample from �i.Let Wi(r) = max�0; Æ2r �h2S2i =Æ2 � r�	.if �X(r)i < �X0 �Wi(r)breakforelseif �X(r)i > �X0 +Wi(r)set �0 = �i, and take Ni � r samples from �i;if �X(Ni)i > �X0, set �X0 = �X(Ni)i ;breakforendifendforendforSele
t �0 as the best. Fig. 1. The TSSD algorithm.mean su
h that �b � �i, 8�i 2 C. Let B = f�i 2 C j �i > �b � Æg be the set ofthe best or nearly best 
on�gurations, and let W = C n B. Formally, the followingtheorem 
hara
terizes the properties of TSSD:Theorem 2.1. Let � be the 
on�guration sele
ted by TSSD. Then Pr(� 2 B) �1� �.In this se
tion, we introdu
e TSSD. The proof of the theorem is postponed toAppendix A and Appendix B. Throughout, we assume that a sample from �iand a sample from �j are independent for �i 6= �j . The use of \
ommon randomnumbers" [Law 2006℄ in TSSD is left as future work.2.1 The TSSD AlgorithmTSSD 
onsists of two stages. The primary goal of Stage 1 is to estimate the varian
eof ea
h �i 2 C, whi
h will be used in Stage 2 to determine an upper bound, Ni, onthe number of samples to be 
olle
ted from ea
h �i 2 C. The �nal goal of Stage 2is to sele
t the best 
on�guration. Figure 1 summarizes TSSD, whi
h we willelaborate on below. For ea
h �i 2 C, Xi;r denotes the r-th sample from �i, and�X(r)i = 1r Pr̀=1Xi;` denotes the sample mean of the �rst r samples from �i.Stage 1 
olle
ts a �xed number, n0, of samples from ea
h �i 2 C. Then theACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



Finding probably best systems qui
kly via simulations � 5sample mean, �X(n0)i , and the sample varian
e,S2i = 1n0 � 1 n0X̀=1 �Xi;` � �X(n0)i �2 ;are 
al
ulated. In theory, n0 
an be any integer greater than 1. However, manysamples are needed in Stage 1 when n0 is set large. Also, many samples are neededin Stage 2 when n0 is set too small, as will be suggested by the arguments below.We set n0 = 10 for our experiments in Se
tion 3, but the suitable n0 will varydepending on the properties of C.At the end of Stage 1, we sort the 
on�gurations C in de
reasing order of theirsample means. Below, the 
on�gurations are re-indexed so that �X(n0)i � �X(n0)i+1 for1 � i � k � 1. The sorting often redu
es the number of samples to be 
olle
tedin Stage 2, as we will see in Se
tion 3.2. We remark that Stage 1 of TSSD is thesame as Stage 1 of HN ex
ept that TSSD 
al
ulates S2i for ea
h �i 2 C, while HN
al
ulates the sample varian
e of the di�eren
es between the samples for ea
h pairof 
on�gurations in C.Stage 2 �rst determines an upper bound on the number of samples to be 
olle
tedfrom �i using Ni = max�n0; �h2 S2i =Æ2�	 (1)for ea
h �i 2 C. Here, h is a 
on�den
e parameter, whi
h is de�ned as the smallesth satisfying E2664 11 + exp�rh2Q1n0�1 �1 + Q1Q2 �Z + h2 Q1n0�1�3775 � �k � 1 ; (2)where Z is a standard normal random variable, Q1 and Q2 are �2 random variableswith n0 � 1 degrees of freedom, and the three random variables are independent.Further explanation on the 
on�den
e parameter h and an algorithm for 
al
ulatingh is postponed to Se
tion 2.2.Now we 
olle
t N1 � n0 additional samples from the (re-ordered) 
on�guration�1, and 
al
ulate the sample mean of the N1 samples, �X(N1)1 . Let �0 = �1 and�X 0 = �X(N1)1 , where �0 denotes the provisional best, and �X 0 denotes the largestsample mean (so far) of the 
on�gurations that have be
ome provisionally best. Aswe will see below, the provisional best may not have the largest sample mean sofar, so �X 0 may be larger than �X(Ni)i when �i is the provisional best, �0. Roughlyspeaking, TSSD determines whether �i is provisionally best before 
olle
ting Nisamples from �i; if � is provisionally best, Ni samples are 
olle
ted from �i, but�X(Ni)i might not be the largest sample mean. We 
hoose to de�ne �0 and �X 0 in theabove way so that we 
an prove Theorem 2.1.The rest of the 
on�gurations are then sampled in the order determined at the endof Stage 1, but they may or may not be sampled to the upper bounds determinedvia Equation (1). Note that all of the samples from �i are taken before a sample istaken from �i+1 in Stage 2, for i = 1; : : : ; k� 1. After we take the r-th sample (theACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



6 � Takayuki Osogamir samples in
lude the n0 samples 
olle
ted in Stage 1) from �i, a de
ision threshold,Wi(r), is 
al
ulated as follows:Wi(r) = max�0; Æ2r �h2S2iÆ2 � r�� : (3)TSSD takes three di�erent a
tions based on how �X(r)i 
ompares to �X 0.Case (i): If �X(r)i is signi�
antly smaller than �X 0, so that�X(r)i < �X 0 �Wi(r); (4)then we de
ide that �i is not the best 
on�guration and stop sampling from �i (i.e.,the 
on�guration whose sample mean is �X 0 eliminates �i). In addition, if �i = �k,we sele
t the provisional best, �0, as the best 
on�guration; otherwise, we startsampling from the next 
on�guration, �i+1.Case (ii): If �X(r)i is signi�
antly larger than �X 0, so that�X(r)i > �X 0 +Wi(r); (5)then we de
ide that �i is better than �0. We set �0 = �i and take samples from�i to the upper bound, Ni. If �X(Ni)i � �X 0, we update �X 0 = �X(Ni)i . Note that wedo not update �X 0 if �X(Ni)i < �X 0, sin
e �X 0 is de�ned to be the largest sample meanof the 
on�gurations that have be
ome provisionally best. In addition, if �i = �k,we sele
t �0 as the best 
on�guration; otherwise, we start sampling from the next
on�guration, �i+1.Case (iii): If �X(r)i and �X 0 do not have a signi�
ant di�eren
e, so that�X 0 �Wi(r) � �X(r)i � �X 0 +Wi(r);then r samples are not suÆ
ient to di�erentiate �i and �0, and we 
ontinue samplingfrom �i. Note that either Inequality (4) or Inequality (5) holds when r = Ni, sin
eWi(Ni) = 0.Stage 2 of TSSD is similar to Stage 2 of HN but di�ers in several ways. TSSD
al
ulates an upper bound, Ni, on the number of samples for ea
h �i 2 C, whileHN 
al
ulates an upper bound for ea
h pair of 
on�gurations. The fundamentaldi�eren
e between TSSD and HN that allows TSSD to use fewer samples than HN isthat the upper bounds used in TSSD are determined with the 
on�den
e parameterh, while the upper bounds used in HN are determined with a di�erent 
onstantbased on Fabian's theorem (Theorem 2.3 from [Fabian 1974℄). Also, TSSD uses �X 0in de
iding whether the 
on�guration under evaluation be
omes provisionally best(Inequalities (4)-(5)), while HN uses a weighted average of the sample mean in Stage1 and the sample mean in Stage 2 of the provisional best (Equation (3) in [Hongand Nelson 2005℄). Finally, �X 0 never de
reases in TSSD, while the 
orrespondingquantity in HN may de
rease. Although the last di�eren
e is insigni�
ant withrespe
t to the behavior of the algorithms, we �nd the di�eren
e essential in ourproof of Theorem 2.1.2.2 De
ision threshold and 
on�den
e parameterFigure 2 provides further intuition behind the 
hoi
e of the de
ision threshold,Wi(r), and the 
hoi
e of the 
on�den
e parameter, h. Observe that [�rWi(r); r Wi(r)℄ACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



Finding probably best systems qui
kly via simulations � 7
region

De
ide �i is better than �0

De
ide �i is worse than �0

rh2 S2iÆ2
h2 S2i2 Æ

r( �X (r)i � �X 0)Continuation
�h2 S2i2 ÆFig. 2. The 
ontinuation region: TSSD de
ides whether �i is better or worse than �j whenr ( �X(r)i � �X0) exits the 
ontinuation region, where �X0 = �X(Nj)j .for 0 � r � Ni de�nes a triangular area, whi
h we refer to as the 
ontinuation re-gion. TSSD de
ides whether �i is better or worse than the provisional best whenr ( �X(r)i � �X 0) exits the 
ontinuation region. Spe
i�
ally, if r ( �X(r)i � �X 0) exits the
ontinuation region through the lower (respe
tively, upper) edge, then TSSD de-
ides that �i is worse (respe
tively, better) than the provisional best.We need to 
hoose a 
ontinuation region su
h that TSSD makes a 
orre
t sele
tionwith a pre-spe
i�ed high probability, and yet the number of samples needed tomake de
isions (i.e., to exit the 
ontinuation region) is minimized. The 
ontinuationregion depends on two parameters, Æ and h, and on a random variable, S2i . Sin
e S2i
annot be 
ontrolled, only the 
on�den
e parameter h 
an be used to determine thesize of the 
ontinuation region for a given indi�eren
e-zone parameter, Æ. Observethat h does not 
hange the shape of the 
ontinuation region. A larger h implies alarger 
ontinuation region, whi
h in turn for
es TSSD to 
olle
t sto
hasti
ally moresamples before making a de
ision but allows TSSD to make a 
orre
t de
ision withhigher probability (see Lemma 4 in [Hong 2006℄).We 
hoose the 
on�den
e parameter as the smallest h with whi
h we 
an proveTheorem 2.1 using Inequality (2). Our proof relies on Anderson's results [Anderson1960℄ (see also Figure 3):Lemma 2.2 Corollary 4.4 from [Anderson 1960℄. Let a > 0 and 
 > 0.Let L(r) = �
+ a r and U(r) = 
 � a r for 0 � r � 
=a, and let L(r) = U(r) = 0for r > 
=a. Let Bd(r) be a Brownian motion with drift d, where �1 < d <1. LetE be the event that Bd(r) 
rosses the lower edge of a triangular area, L(r), before
rossing the upper edge, U(r). Formally, E is the event that there exists an r su
hthat Bd(r) < L(r) and r < s for any s su
h that Bd(s) > U(s). Then,Pr(E) = E� 11 + exp(2(pa 
Z + 
 d))� ;where Z is a standard normal random variable.ACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



8 � Takayuki Osogami
rBd(r)

Pr(exit through lower edge)= E 24(1 + exp(2(pa
Z + 
d))�135




�



a

Fig. 3. The probability that a Brownian motion with drift d exits a triangular area through thelower edge, where Z is a standard normal random variable.Noti
e the similarities and di�eren
es between Figure 2 and Figure 3. For exam-ple, the two �gures have sto
hasti
 pro
esses that start at the origin and eventuallyexit the triangular areas. However, while Bd(r) in Figure 3 is a Brownian motionwith known drift d, the quantity r ( �X(r)i � �X 0) in Figure 2 is a \random walk" withsto
hasti
 drift (�i � �X 0) and has unknown parameters, �i, �i, �0, and �0, where�0 and �0 are the mean and standard deviation, respe
tively, of �X 0. Our proof ofTheorem 2.1 will 
larify the relationship between Figure 2 and Figure 3.We 
al
ulate the 
on�den
e parameter as follows. Let �(h) be the left-hand sideof Inequality (2). In this paper, we �nd the smallest h satisfying Inequality (2)by using a binary sear
h, where �(h) is evaluated via Monte Carlo integration.Alternatively, we 
ould evaluate �(h) via numeri
al integration,Z 1�1 Z 10 Z 10  1 + exp s h2 q1n0 � 1 �1 + q1q2� z + h2 q1n0 � 1!!�1 d	(q1) d	(q2) d�(z);where 	(q) is the 
umulative distribution fun
tion of a �2 random variable withn0 � 1 degrees of freedom, and �(z) is the 
umulative distribution fun
tion of astandard normal random variable. Numeri
al integration might be more eÆ
ientthan Monte Carlo integration.If �(h) is a monotoni
 fun
tion of h, a binary sear
h is guaranteed to �nd thesmallest h satisfying Inequality (2). Unfortunately, a proof of the monotoni
ity of�(h) does not appear to be straightforward, even though our numeri
al experimentssuggest �(h) is a de
reasing fun
tion of h. However, it is easy to show that upperand lower bounds of �(h) are de
reasing in h:Proposition 2.3. Let Z be a standard normal random variable, and let Q1 andQ2 be �2 random variables with n0 � 1 degrees of freedom, where the three randomACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



Finding probably best systems qui
kly via simulations � 9variables are independent. Let �(h) be the left-hand side of Inequality (2), and letg(h) = Pr0BB�Z � � Q1n0�1r �24h4 + Q1(n0�1)h2 �1 + Q1Q2�1CCA ;where � = 1:702. Then g(h)� 0:01 < �(h) < g(h) + 0:01 (6)for h > 0. Also, g(h) is a de
reasing fun
tion of h.We postpone the proof of the proposition to Appendix C. Note that any h satisfyingInequality (2) will guarantee Theorem 2.1, although the smallest h minimizes thenumber of samples needed in TSSD. Our binary sear
h is guaranteed to �nd an hsatisfying Inequality (2), even if �(h) is not de
reasing in h.The 
on�den
e parameter, h, may be 
ompared against the 
orresponding pa-rameters used in KN and HN. KN determines the upper bound on the number ofsamples 
olle
ted from the i-th 
on�guration asNKNi = max(n0;maxj 6=i $ (hKN)2 S2i;j2Æ2 %) ; (7)where S2i;j is the sample varian
e of the di�eren
e between samples from �i andthe samples from �j in Stage 1, and hKN is the 
on�den
e parameter for KN.Noti
e that KN determines NKNi using S2i;j , while TSSD determines Ni using S2i(see Equation (1)). We de�ne hKN so that the denominator of Equation (7) is 2Æ2instead of Æ2 as in Equation (1), sin
e E �S2i;j� = E �S2i + S2j � = 2E �S2i � when the
on�gurations are independent and have a 
ommon varian
e. HN determines theupper bound on the number of samples 
olle
ted from the i-th 
on�guration asNHNi = max(n0;maxj 6=i & (hHN)2 S2i;j2Æ2 ') ; (8)where hHN is the 
on�den
e parameter for HN. As with Equation (7), the denomi-nator of Equation (8) is 2Æ2 instead of Æ2.Figure 4 shows the values of h, hKN, and hHN as fun
tions of �, where k = 10and n0 = 10 are �xed. Spe
i�
ally, hKN and hHN are 
al
ulated using the followingequations: hKN = vuut2(n0 � 1) � 2�k � 1�� 2n0�1 � 1! (9)hHN = s2(n0 � 1)��2� 2(1� �) 1k�1 �� 2n0�1 � 1�; (10)so that hKN is the 
on�den
e parameter for the fully sequential, indi�eren
e-zonepro
edure with parameter 
 = 1 in [Kim and Nelson 2001℄, and hHN is the 
on-�den
e parameter for the minimum swit
hing sequential pro
edure with Fabian'sACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.
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on�den
e parameters for HN, KN, and TSSD for given �, where k = 10 and n0 = 10.probability bound using parameter � = Æ=2 in [Hong and Nelson 2005℄. Observethat hKN and hHN have similar values for all � in Figure 4. This is also suggestedby Equations (9)-(10), sin
e 2� 2(1��)1=(k�1) � 2�=(k� 1) when �� 1. We �ndthat h is 14-18% smaller than hKN and hHN.3. EXPERIMENTAL RESULTSIn this se
tion, we present and dis
uss the e�e
tiveness of TSSD with respe
t tothe total number of samples needed, the realized probability of 
orre
t sele
tion,and the frequen
y of 
hanges in the system 
on�gurations to be simulated. Spe
if-i
ally, we 
ompare TSSD to the two-stage sequential-de
ision algorithm by Hongand Nelson [2005℄ (HN) and the sequential-stage algorithm by Kim and Nelson[2001℄ (KN). We also 
ompare TSSD against a modi�
ation of KN. Re
all that KNwas not designed with a goal of minimizing the frequen
y of 
on�guration 
hangesand that KN 
hanges the 
on�gurations to be simulated after every sample. Themodi�ed KN 
hanges the 
on�gurations after every m samples to redu
e the fre-quen
y of 
on�guration 
hanges. Hong and Nelson [2005℄ introdu
e two versionsof the algorithm, and the version of HN dis
ussed in this paper is the MinimumSwit
hing Sequential (MSS) pro
edure with Fabian's probability bound, whi
h issuperior to the other version of MSS with Paulson's probability bound.Throughout, we assume that ea
h 
on�guration generates samples that are i.i.d.a

ording to a normal distribution, where ea
h 
on�guration may have a di�erentmean and/or varian
e. Also, we set the indi�eren
e-zone parameter to Æ = 1, thenumber of samples 
olle
ted in the �rst stage n0 = 10, and the number of 
andidatesk = 10. The upper bound on the overall error probability is set to � = 0:05, butwe �nd that the results of the experiments with � = 0:1 are qualitatively similar tothose with � = 0:05. In this setting, the 
on�den
e parameter of TSSD is h = 4:69when � = 0:05, and h = 4:16 when � = 0:1. In all subsequent �gures, we takethe average of the results from 10,000 runs to generate ea
h data point, sin
e thenumber of samples, the realized probability of 
orre
t sele
tion, and the number ofACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.
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ting �b)Fig. 5. Comparison of (a) the number of samples, (b) the probability of 
orre
t sele
tion, and (
)the probability of sele
ting �b in HN (dashed line), KN (dotted line), and TSSD (solid line) when� = 0:05. The 10 
on�gurations have a 
ommon varian
e, and their means are equally spa
ed.
on�guration 
hanges are random.3.1 The number of samples and the probability of 
orre
t sele
tionWe start by evaluating the total number of samples needed and the probability of
orre
t sele
tion in HN, KN, and TSSD. In Figure 5, the means of the 10 
andi-dates are 
hosen between 0.5 and 5 so that they are equally spa
ed, and the 10
on�gurations have the same standard deviation, �, whi
h is varied as indi
ated bythe horizontal axis. Spe
i�
ally, the i-th smallest mean is i=2 for 1 � i � 10.Figure 5(a) plots the number of samples used to sele
t the best 
on�guration forea
h of HN, KN, and TSSD. When the varian
e of the performan
e is small (� �0:5), the samples 
olle
ted in Stage 1 suÆ
e to determine the best 
on�guration,and the number of samples used is n0 � k = 100 for all three algorithms. As thevariability in
reases, the number of samples in
reases in all three algorithms. HNhas the highest rate of in
rease, and requires 75% more samples than TSSD for� = 2:5. KN has the lowest rate of in
rease, and requires 8% fewer samples thanTSSD for � = 2:5.Figure 5(b) plots the fra
tion of runs that made 
orre
t sele
tions for HN, KN,and TSSD. The settings of the experiments are the same as in Figure 5(a). Inparti
ular, re
all that Æ = 1, so that the two 
on�gurations with �i � 4:5 are inB. When either of the 
on�gurations in B is sele
ted, it is regarded as a 
orre
tsele
tion. Observe that the fra
tion of 
orre
t sele
tions is well above the targetof 95% (� = 0:05) for all of the three algorithms. Taking a 
loser look, we �ndthat HN makes 
orre
t sele
tions more frequently than TSSD. This makes intuitivesense, sin
e TSSD and HN follow similar pro
edures but TSSD uses fewer samplesthan HN before sele
ting the best 
on�guration. The upper bounds of the numberof samples in TSSD are determined based on an analysis that results in an a
tualACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.
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KN(b) Pr(CS)Fig. 6. Comparison of (a) the number of samples and (b) the probability of 
orre
t sele
tion inHN (dashed line), KN (dotted line), and TSSD (solid line) when � = 0:05. The 10 
on�gurationshave a 
ommon varian
e, and their means are 
hosen su
h that �i = �b � Æ, 8�i 6= �b.probability of the 
orre
t sele
tion that is 
loser to the target than for HN. Wealso �nd that HN makes 
orre
t sele
tions more frequently than KN. The upperbounds of the numbers of samples in KN and HN are determined using the same(Fabian's) inequality. Sin
e KN makes de
isions sequentially, KN is more likely tomake a sele
tion with fewer samples and makes in
orre
t sele
tions more frequentlythan HN. We �nd that KN makes 
orre
t sele
tions more frequently than TSSD inFigure 5(b), but this is not always the 
ase, as we will see below.Figure 5(
) plots the fra
tion of runs that sele
ted �b for HN, KN, and TSSD.The settings of the experiments are the same as in Figure 5(a) and Figure 5(b).The probability that HN sele
ts �b is higher than for KN or TSSD. The probabilitythat �b is sele
ted when � � 0:5 is signi�
antly higher than that when � � 1:0 forea
h of the three algorithms. This is be
ause the samples 
olle
ted in Stage 1 aremore than enough to make 
orre
t sele
tions with the pre-spe
i�ed high probabilitywhen � � 0:5.In Figure 6, the means of the 10 
andidates are 
hosen su
h that �b = �i + Æ,8�i 6= �b. Again, the 10 
on�gurations have the same standard deviation, �, whi
hvaries as indi
ated by the horizontal axis. This setting of �i's is referred to as aslippage 
on�guration in the literature. Note that B = f�bg, and that the mean ofevery 
on�guration in W is exa
tly Æ away from �b.Figure 6(a) shows that the three algorithms require more samples for the slippage-
on�guration means than for the equally spa
ed means. However, the advantageof TSSD against HN and the disadvantage of TSSD against KN, with respe
t tothe total number of samples, do not 
hange signi�
antly from those for the equallyACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.
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) Pr(Sele
ting �b)Fig. 7. Comparison of (a) the number of samples, (b) the probability of 
orre
t sele
tion, and (
)the probability of sele
ting �b in HN (4), KN (+), and TSSD (
) when � = 0:05. The varian
esof the 10 
on�gurations are not equal, but the means of the 10 
on�gurations are equally spa
ed.spa
ed means. HN uses 69% more samples than TSSD for � = 2:5, and KN uses8% fewer samples than TSSD.Figure 6(b) plots the the fra
tion of runs that made 
orre
t sele
tions for HN,KN, and TSSD. The settings of the experiments are the same as in Figure 6(a).Sin
e B = f�bg in this setting, the fra
tion of 
orre
t sele
tions is equivalent to thefra
tion of sele
ting �b, so that the �gure 
orresponding to Figure 5(
) is not shown.The fra
tion of 
orre
t sele
tions is 
loser to the target of 95% for ea
h of the threealgorithms than that for the equally spa
ed means (Figure 5(b)). Again, HN makes
orre
t sele
tions more frequently than KN and TSSD. Unlike Figure 5(b), TSSDmakes 
orre
t sele
tions more frequently than KN for high �i's.Figure 7 
onsiders the settings when the 10 
on�gurations have di�erent vari-an
es. The means of the 10 
on�gurations are equally spa
ed, as in Figure 5. We
onsider three settings: INC, DEC, and RND. Under INC, the standard deviationof a 
on�guration is the same as the mean of the 
on�guration, i.e., �i = �i for1 � i � 10. Under DEC, the standard deviations are reassigned so that a 
on�gu-ration having a smaller mean has a larger varian
e, i.e., �i = 5:5��i for 1 � i � 10.Under RND, the standard deviation of a 
on�guration is 
hosen randomly a

ord-ing to �i = �[i℄ for 1 � i � 10, where [i℄ denotes the i-th element of a randompermutation of f1; 2; : : : ; 10g.Figure 7(a) shows the total number of samples used to sele
t the best 
on�g-uration for ea
h of the three algorithms under the three settings of the standarddeviations, as indi
ated by the horizontal axis. All of the three algorithms tendto require more samples when the better 
on�gurations (whi
h have larger means)have larger varian
es. This makes intuitive sense sin
e 
on�gurations in B are morelikely to be simulated with high pre
ision, and more samples are needed if the 
on-�gurations in B have high varian
es. Taking a 
lose look, we see that HN usesACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.
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ting �b)Fig. 8. Comparison of (a) the number of samples, (b) the probability of 
orre
t sele
tion, and (
)the probability of sele
ting �b in TSSD (dashed line) and a modi�ed TSSD that does not sort
on�gurations before Stage 2 (solid line). The settings are the same as in Figure 5.75-130% more samples and KN uses 8-14% fewer samples than TSSD.Figure 7(b) shows the fra
tion of runs that made 
orre
t sele
tions, and Fig-ure 7(
) shows the fra
tion of runs that sele
ted �b for HN, KN, and TSSD. Thesettings of the experiments are the same as in Figure 7(a), so that the two 
on-�gurations with �i � 4:5 are in B. Similarly to the 
ase with 
ommon varian
e(Figure 5), the fra
tion of 
orre
t sele
tions is far above the target of 95% for all ofthe three algorithms. Also, HN makes 
orre
t sele
tions more frequently than KNand TSSD when the varian
es are 
hosen as INC or RND.An interesting observation is that TSSD makes 
orre
t sele
tions more frequentlythan HN when the good 
on�gurations have small varian
es (DEC). This observa-tion may be explained as follows. When the i-th 
on�guration, �i, is evaluated,TSSD determines the size of the 
ontinuation region using S2i , while HN determinesthe size of the 
ontinuation region using S2ij , where S2ij is the sample varian
e, inStage 1, of the di�eren
es between the samples from �i and the samples from theprovisional best, �j . Therefore, when the 
on�gurations have di�erent varian
es,TSSD tends to 
olle
t more samples from 
on�gurations having larger varian
esand fewer samples from those having smaller varian
es than HN. When the vari-an
es are 
hosen as DEC, poor 
on�gurations have larger varian
es, so that TSSD
olle
ts fewer samples from the poor 
on�gurations than HN. Sin
e the means ofthe poor 
on�gurations are separated by more than Æ from the largest mean inthe setting under 
onsideration, TSSD 
an make 
orre
t sele
tions with a higherprobability using fewer samples than HN.3.2 E�e
ts of sortingRe
all that TSSD sorts the 
on�gurations at the end of Stage 1 in de
reasing orderof their sample means. In this se
tion, we study the e�e
t of the sorting on theACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.
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sorted(b) Pr(CS)Fig. 9. Comparison of (a) the number of samples and (b) the probability of 
orre
t sele
tion inTSSD (dashed line) and in a modi�ed TSSD that does not sort 
on�gurations before Stage 2(solid line). The settings are the same as in Figure 6.number of samples and the probability of 
orre
t sele
tion. Spe
i�
ally, we evaluatea modi�ed TSSD that operates in the same way as TSSD ex
ept that the modi�edTSSD does not sort the 
on�gurations at the end of Stage 1.Figure 8 evaluates TSSD and the modi�ed TSSD for the same settings as Figure 5,where the means are equally spa
ed. Figure 8(a) plots the number of samplesused to sele
t the best 
on�guration, Figure 8(b) plots the fra
tion of runs thatmade 
orre
t sele
tions, and Figure 8(
) plots the fra
tion of runs that sele
ted�b. Figure 8(a) shows that TSSD redu
es the number of samples by up to 11%with sorting. The amount of redu
tion in the number of samples depends on thestandard deviation �. In Figure 8, the largest redu
tion is observed when � = 1:5.Figure 8(b) and Figure 8(
) show that TSSD redu
es the probability of 
orre
tsele
tion and the probability of sele
ting �b for the settings under 
onsideration,but this is not always the 
ase, as we will see below.Figure 9 evaluates TSSD and the modi�ed TSSD for the same settings as usedfor Figure 6, where the �i's have the slippage 
on�guration. Figure 9(a) plotsthe number of samples 
olle
ted, and Figure 9(b) plots the fra
tion of runs thatmade 
orre
t sele
tion, whi
h is equivalent to the fra
tion of runs that sele
ted�b for slippage-
on�guration means. Figure 9(a) shows again that TSSD redu
esthe number of samples with sorting, but the amount of redu
tion is larger thanfor equally spa
ed means (Figure 8(a)). Spe
i�
ally, TSSD redu
es the numberof samples by up to 27%, and the largest redu
tion is observed when � = 1:5.Figure 9(b) shows that sorting may redu
e or in
rease the probability of making
orre
t sele
tions. Overall, we �nd that sorting has more advantages when theACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.
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) Pr(Sele
ting �b)Fig. 10. Comparison of (a) the number of samples, (b) the probability of 
orre
t sele
tion, and(
) the probability of sele
ting �b in TSSD (4) and in a modi�ed TSSD that does not sort
on�gurations before Stage 2 (
). The settings are the same as in Figure 7.
means have the slippage 
on�guration than when the means are equally spa
ed.Figure 10(a) plots the number of samples needed for TSSD and the modi�edTSSD. The settings of the experiments are the same as used for Figure 7, wherethe 
on�gurations have di�erent varian
es. The number of samples is redu
edwith sorting for all of INC, RND, and DEC, and the largest redu
tion of 85% isobserved when the varian
es are 
hosen using DEC. With sorting, TSSD avoids
olle
ting samples from poor 
on�gurations up to the upper bounds. For DEC, thepoor 
on�gurations have large varian
es and hen
e require many samples if theirsamples are 
olle
ted up to the upper bounds, whi
h results in the large redu
tionsin the numbers of samples with sorting. The e�e
t of sorting in redu
ing thenumber of samples diminishes when the poor 
on�gurations have smaller varian
es.In Figure 10(a), sorting redu
es the number of samples by 62% for RND and 40%for INC. Overall, the amount of redu
tion in the number of samples with sortingshown in Figure 10(a) is larger than those shown in Figure 8(a) and Figure 9(a).When some of the 
on�gurations have large varian
es as in Figure 10(a), whetheror not the samples from those 
on�gurations having large varian
es are 
olle
tedup to the upper bounds has a large impa
t on the numbers of samples.Figure 10(b) plots the fra
tion of runs that made 
orre
t sele
tions, and Fig-ure 10(b) plots the fra
tion of runs that sele
ted �b for TSSD and for the modi�edTSSD. The settings of the experiments are the same as Figure 10(a). The probabil-ities of 
orre
t sele
tion and of sele
ting �b are redu
ed with sorting for most 
ases,but the probability of 
orre
t sele
tion for INC does not appear to be redu
ed bysorting.ACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.
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t of 
hanging 
on�gurationsWe have seen that TSSD uses signi�
antly fewer samples than HN and that KNuses even fewer samples than TSSD. Sin
e KN was not designed to redu
e thefrequen
y of 
on�guration 
hanges, KN 
hanges 
on�gurations far more frequentlythan TSSD. An obvious modi�
ation to KN to redu
e the frequen
y of 
on�guration
hanges is to 
hange 
on�gurations after every m samples for m � 2. However, ourexperiments (data not shown) suggest that TSSD is superior to the modi�ed KNfor any m with respe
t to at least one of the two metri
s: the number of samplesor the number of 
on�guration 
hanges.The 
ost of 
hanging 
on�gurations is sometimes signi�
ant. For example, 
on-sider a problem of �nding an optimal 
on�guration (design) for a 
omplex systemsu
h as a 
ar and a fa
tory out of several 
andidate 
on�gurations. Simulating su
ha 
omplex system often requires huge working-set memory, and 
hanging 
on�gu-rations results in 
hanging the working-set memory. The a
tual 
ost of 
hanging
on�gurations varies widely depending on the hardware, the operating system, andthe appli
ation running the simulations. However, even under ideal 
onditions, itwould take at least 3.3 se
onds to transfer a 1 GB working-set memory from a diskto the main memory via Serial Atta
hed SCSI that 
an transfer up to 300 MBper se
ond. Sequential algorithms that require thousands of 
on�guration 
hangesmight be
ome prohibitive when ea
h 
on�guration 
hange requires a few se
onds.4. CONCLUSIONIn this paper, we propose a two-stage sequential-de
ision (TSSD) algorithm that�nds, with a pre-spe
i�ed high probability, one of the best system 
on�gurations,so that the total simulation time for performan
e estimation is minimized. Ournumeri
al experiments show that TSSD improves upon existing algorithms withrespe
t to the total simulation time and the frequen
y of 
on�guration 
hanges.An additional 
ontribution of this paper is a formal dis
ussion of the statement,\it is more diÆ
ult to sele
t �b when B = f�bg than to sele
t one of B whenjBj � 2 for a �xed W ." Existing proofs of this statement for algorithms that makede
isions sequentially do not formally take into a

ount the following property.Under sequential-de
ision algorithms, the best 
on�guration may be eliminated bya nearly best 
on�guration with high probability, and nearly best 
on�gurationsmay be eliminated by a poor 
on�guration with high probability. Therefore, it isnot quite obvious that a sequential-de
ision algorithm 
an sele
t one of any nearlybest 
on�gurations with a pre-spe
i�ed high probability.TSSD has appli
ations in optimizing system performan
e by sele
ting the sys-tem 
on�guration having the best simulated performan
e. TSSD is also suitablefor sele
ting the best 
on�guration when the system performan
e is measured viaphysi
al experiments instead of 
omputer simulations. Note that 
hanging system
on�gurations may be diÆ
ult in physi
al experiments, but TSSD requires 
hangingthe system 
on�gurations only infrequently.In theory, TSSD 
an be applied to any number of 
andidate 
on�gurations, butin pra
ti
e TSSD is suitable for a relatively small number of 
andidate 
on�gura-tions (1 < k < 20). When there are more 
andidate 
on�gurations, TSSD may be
ombined with lo
al sear
h algorithms to sele
tively evaluate only promising 
on�g-ACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



18 � Takayuki Osogamiurations. We remark that TSSD and the ideas in TSSD 
an be used to improve key
omponents of the lo
al sear
h algorithms proposed in [Osogami and Itoko 2006;Pi
hitlamken and Nelson 2003℄, spe
i�
ally the neighborhood sear
h for �nding a
on�guration that is better than the 
urrent 
on�guration.For readability, this paper 
onsiders only a single shape of the 
ontinuation re-gion, but this 
an be generalized. For example, the slope of the upper and lowerboundary of the 
ontinuation region is �xed at �Æ=2 throughout this paper, but itis straightforward to extend the slope to �Æ=(2
) for any 
 in 0 < 
 <1.ELECTRONIC APPENDIXThe ele
troni
 appendix for this arti
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Finding probably best systems qui
kly via simulations � App{1This do
ument is the online-only appendix to:Finding probably best systems qui
kly via simulationsTakayuki OsogamiIBM Tokyo Resear
h LaboratoryACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.A. PROOF OF THEOREM 2.1 FOR SOLO BEST CONFIGURATIONIn this se
tion, we prove Theorem 2.1 for the 
ase where jBj = 1. Our proof usesLemma C.1 in Se
tion C, whi
h di�ers from the proof of HN [Hong and Nelson 2005℄that uses Fabian's theorem. Fabian's theorem provides a bound on the probabilitythat a random walk with (deterministi
) drift exits a triangular area through thelower edge (re
all Figure 3), while Lemma C.1 provides a bound for a \randomwalk" with sto
hasti
 drift. Lemma C.1 is proved using Lemma 2.2, whi
h providesa bound on the probability that a Brownian motion with (deterministi
) drift exits atriangular area through the lower edge. In Se
tion A.1, we prove that TSSD sele
ts�b with a pre-spe
i�ed high probability under the 
ondition that 
on�gurations arenot sorted at the end of Stage 1. The proof will be modi�ed in Se
tion A.2 to 
overthe 
ase where the 
on�gurations are sorted.A.1 Without sortingThroughout this se
tion, we assume that B = f�bg and that the 
on�gurations arenot sorted at the end of Stage 1. We will prove that, with probability � 1 � �,�b be
omes a provisional best, and �i 2 W does not be
ome a provisional bestafter �b be
omes a provisional best. Let Cbef and Caft, respe
tively, be the sets of
on�gurations that are sampled before and after �b in Stage 2. Note that �b 62Cbef [ Caft. Let ICSi be the event that TSSD makes the in
orre
t sele
tion that�i 2 W is better than �b. That is, Pr(ICSi j �i 2 Cbef) is the probability that �bdoes not be
ome a provisional best given that �X 0 = �X(Ni)i immediately before �bis sampled in Stage 2, and Pr(ICSi j �i 2 Caft) is the probability that �i be
omesa provisional best given that �0 = �b immediately before �i is sampled in Stage 2.Sin
e �b is sele
ted as the best 
on�guration if no �i 2 W be
omes a provisionalbest, the probability of an in
orre
t sele
tion, Pr(ICS), (i.e., �b is not sele
ted asthe best 
on�guration) is bounded as follows:Pr(ICS) � X�i2Cbef Pr(ICSi j �i 2 Cbef) + X�i2Caft Pr(ICSi j �i 2 Caft)Permission to make digital/hard 
opy of all or part of this material without fee for personalor 
lassroom use provided that the 
opies are not made or distributed for pro�t or 
ommer
ialadvantage, the ACM 
opyright/server noti
e, the title of the publi
ation, and its date appear, andnoti
e is given that 
opying is by permission of the ACM, In
. To 
opy otherwise, to republish,to post on servers, or to redistribute to lists requires prior spe
i�
 permission and/or a fee.
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App{2 � Takayuki OsogamiWe will prove the following two inequalities:Pr(ICSi j �i 2 Cbef) � �k � 1 (11)and Pr(ICSi j �i 2 Caft) � �k � 1 : (12)Note that Inequalities (11)-(12) imply Pr(ICS) � �, sin
e jCbef j + jCaftj = jWj =k � 1.We will �rst prove Inequality (11). Given that �X 0 = �X(Ni)i immediately beforesampling from �b in Stage 2, �b does not be
ome the provisional best only when�X(r)b 
rosses a lower edge, �X 0 �Wb(r), before 
rossing an upper edge, �X 0 +Wb(s)(see Figure 2). Formally, ICSi o

urs only when there exists an r su
h that �X(r)b <�X 0 �Wb(r) and r < s for any s su
h that �X(s)b > �X 0 +Wb(s). Thus,Pr(ICSi j �i 2 Cbef)� Pr��b does not be
ome �0 j �X 0 = �X(Ni)i �= Pr�9r � Nb s.t. �X(r)b < �X 0 �Wb(r) and r < s 8s s.t. �X(s)b > �X 0 +Wb(s)j �X 0 = �X(Ni)i � ; (13)for any �i 2 Cbef .We will now �nd an upper bound on the right-hand side of Inequality (13), so thatLemma C.1 
an be applied to the upper bound. Observe that �X(t)b be
omes morelikely to 
ross a lower edge, �X 0�Wb(t), before 
rossing an upper edge, �X 0+Wb(t), ifboth the lower edge and the upper edge are shifted up. Formally, sin
e �b > �i+ Æ,we have �X(t)b < �X 0 � Wb(t) + (�b � �i � Æ) whenever �X(t)b < �X 0 � Wb(t), and�X(t)b > �X 0 +Wb(t) + (�b � �i � Æ) implies �X(t)b > �X 0 +Wb(t) for any t. Hen
e,Inequality (13) implies that �i 2 Cbef remains the provisional best after samplingfrom �b only if �X(r)b 
rosses the shifted lower-edge, �X 0�Wb(r)+�b��i� Æ, before
rossing the shifted upper-edge, �X 0 +Wb(s) + �b � �i � Æ. Therefore,Pr(ICSi j �i 2 Cbef)� Pr�9r � Nb s.t. �X(r)b < �X 0 �Wb(r) + �b � �i � Æand r < s8s s.t. �X(s)b > �X 0 +Wb(s) + �b � �i � Æ� : (14)The right-hand side of Inequality (14) is the probability that r( �X(r)b � �X 0) exitsthe 
ontinuation region through the lower edge when the 
ontinuation region isshifted up by (�b � �i � Æ), and thus is an upper bound of Inequality (13). Now,let Zb;` = (Xb;` � �b)=�b for ` = 1; 2; : : : and Zi = �( �X 0 � �i)=p�2i =Ni, wherewe re
all that �X 0 = �X(Ni)i . Observe that Ni is a random variable with supporton fn0; n0 + 1; : : :g. Sin
e the sample mean and the sample varian
e of a normaldistribution are independent (see Se
tion 4.10 of [Grimmett and Stirzaker 2001℄),Ni is independent of Pn0`=1Xi;` even though Ni is determined using the sampleACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



Finding probably best systems qui
kly via simulations � App{3varian
e of Xi;1; : : : ; Xi;n0 . Therefore, Lemma C.3 in Se
tion C implies that Zi is astandard normal random variable, and that Zi and Ni are independent. Also, theZb;`'s are standard normal random variables, and the Zb;`'s and Zi are independent.Now, observe that, by Equation (3),�X(t)b < �X 0 �Wb(t) + �b � �i � Æ, �bt tX̀=1 Zb;` +s�2iNi Zi + Æ < �max�0; Æ2t �h2S2bÆ2 � t�� ;and that �X(t)b > �X 0 +Wb(t) + �b � �i � Æ, �bt tX̀=1 Zb;` +s�2iNi Zi + Æ > max�0; Æ2t �h2S2bÆ2 � t�� :Thus, by Inequality (14), �i 2 Cbef remains the provisional best after sampling from�b only if R(t) = tX̀=1�Zb;` + 1�b �Æ +q�2i =Ni Zi��
rosses a lower edge, �h2S2b =(2Æ�b) + Ær=(2�b), before 
rossing an upper edge,h2S2b =(2Æ�b)� Ær=(2�b). Therefore,Pr(ICSi j �i 2 Cbef)� Pr�9r � Nb s.t. R(r) < min�0;�h2S2b2Æ�b + Æ2�b r�and r < s 8s s.t. R(s) > max�0; h2S2b2Æ�b � Æ2�b s�� : (15)We will now apply Lemma C.1 in Se
tion C to Inequality (15), and simplifythe formulas to obtain Inequality (11). To apply Lemma C.1, we 
ondition on S2band Ni in Inequality (15). Given S2b and Ni, 
 = h2S2b =(2Æ�b) and a = Æ=(2�b)are 
onstants and �Æ +p�2i =Ni Zi� =�b is a normal random variable with meanÆ=�b � 0. Lemma C.1 now impliesPr(ICSi j �i 2 Cbef)� E2664E2664 11 + exp�2�qh2S2b2Æ�b � Æ2�b � Z + h2S2b2Æ�b � Æ�b �1 + 1Æq �2iNiZi�����������S2b ; Ni37753775= E2664E2664 11 + exp�rh2S2b�2b Z + h2S2b�2b �1 + 1Æq �2iNi Zi����������S2b ; Ni37753775 ; (16)ACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



App{4 � Takayuki Osogamiwhere Z is a standard normal random variable. Sin
e Z and Zi are independentby Lemma C.1, Inequality (16) is simpli�ed toPr(ICSi j �i 2 Cbef)� E266664E266664 11 + exp rh2S2b�2b + �h2S2b�2b �2 �2iÆ2Ni Z 0 + h2S2b�2b !����������S2b ; Ni377775377775 ;where Z 0 is a standard normal random variable. Note that Z 0 is independent of S2band Ni, sin
e Z and Zi are independent of S2b and Ni. Sin
e E [E [f(A;B) j A℄℄ =E [f(A;B)℄ for a fun
tion, f , when random ve
tors, A and B, are independent, itfollows thatPr(ICSi j �i 2 Cbef) = E266664 11 + exp rh2S2b�2b + �h2S2b�2b �2 �2iÆ2Ni Z 0 + h2S2b�2b !377775 (17)By Lemma C.2 in Se
tion C, the expression inside the expe
tation of Inequality(17) is a nonin
reasing fun
tion of Ni. Sin
e Ni � h2S2i =Æ2 from Equation (1), weobtainPr(ICSi j �i 2 Cbef) � E266664 11 + exp rh2S2b�2b + h2 �S2b�2b �2 �2iS2i Z + h2S2b�2b !377775 :Let Qb = (n0 � 1)S2b =�2b and Qi = (n0 � 1)S2i =�2i . Then Qb and Qi are �2 randomvariables with n0 � 1 degrees of freedom, and Qb, Qi, and Z are all independent.Note that Qi and Zi are independent due to a property of the sample mean andsample varian
e of a normal distribution (see Se
tion 4.10 of [Grimmett and Stirza-ker 2001℄). Therefore,Pr(ICSi j �i 2 Cbef) � E2664 11 + exp�rh2 Qbn0�1 �1 + QbQi �Z + h2 Qbn0�1�3775 : (18)Now, Inequality (11) follows from the way we 
hoose h (see Inequality (2)). This
ompletes the proof of Inequality (11).It only remains to prove Inequality (12). Re
all that when �b be
omes the pro-visional best, �X 0 is updated to �X(Nb)b if �X(Nb)b > �X 0 and remains un
hanged if�X(Nb)b � �X 0. Sin
e �X 0 is only updated to a larger value in TSSD, �X 0 � �X(Nb)balways holds after �b be
omes the provisional best. Therefore, given that �b be-
omes the provisional best, �i 2 Caft be
omes the provisional best only when �X(r)i
rosses an upper edge, �X 0+Wi(r), before 
rossing a lower edge, �X 0�Wi(s), whereACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



Finding probably best systems qui
kly via simulations � App{5�X 0 � �X(Nb)b . Formally, the event ICSi o

urs only when there exists an r su
h that�X(r)i > �X 0 +Wi(r) and r < s for any s su
h that �X(s)i < �X 0 �Wi(s). Thus,Pr(ICSi j �i 2 Caft)� Pr��i be
omes �0 j �X 0 � �X(Nb)b �= Pr�9r � Ni s.t. �X(r)i > �X 0 +Wi(r)and r < s 8s s.t. �X(s)i < �X 0 �Wi(s) j �X 0 � �X(Nb)b �� Pr�9r � Ni s.t. �X(r)i > �X(Nb)b +Wi(r)and r < s 8s s.t. �X(s)i < �X(Nb)b �Wi(s)� (19)= Pr��i be
omes �0 j �X 0 = �X(Nb)b �� Pr�9r � Ni s.t. � �X(r)i < � �X(Nb)b �Wi(r)and r < s 8s s.t. � �X(s)i > � �X(Nb)b +Wi(s)� :Sin
e ��i > ��b + Æ, the last expression is equivalent to Inequality (13) and 
anbe shown to be � �=(k � 1). This 
ompletes the proof of Theorem 2.1 for the 
asewithout sorting and B = f�bg.A.2 With sortingIn this se
tion, we prove that sorting the 
on�gurations at the end of Stage 1 doesnot 
hange (the upper bound of) the probability of an in
orre
t sele
tion. When the
on�gurations are sorted, �X(n0)b < �X(n0)i implies �i 2 Cbef . Hen
e sorting in
reasesPr(ICSi j �i 2 Cbef), sin
e r( �X(r)b � �X(Ni)i ) at r = n0 is more likely to be in thelower region of Figure 2 when �X(n0)b < �X(n0)i . However, Pr(ICSi j �i 2 Caft) is alsolarger when �X(n0)b < �X(n0)i , sin
e r( �X(r)i � �X(Nb)b ) at r = n0 is more likely to be inthe upper region of Figure 2. Thus, the in
rease in Pr(ICSi) is not due to sortingbut due to the out
omes of the sample means in Stage 1. Before formalizing theabove idea, we will brie
y dis
uss related prior work.Boesel et al. also prove that sorting based on the sample means in Stage 1 does notin
rease the probability of an in
orre
t sele
tion for their sort-and-iterative-s
reenpro
edure (Se
tion 6.2 of the online 
ompanion for [Boesel et al. 2003℄). Theirproof relies on the fa
t that sorting does not sto
hasti
ally 
hange the numberof samples 
olle
ted in Stage 2 for ea
h 
on�guration. This means that Pr(ICS jCbef) = Pr(ICS j Caft) holds given any sample means in Stage 1. Sin
e TSSD 
olle
tssamples from a 
on�guration up to the upper bound if the 
on�guration is found tobe the provisional best, sorting may 
hange the number of samples a
tually 
olle
tedin Stage 2. We thus 
annot prove Theorem 2.1 using the te
hniques introdu
ed byBoesel et al. [2003℄.Jennison et al. [1982℄ argue that the di�eren
e between the sample means of two
on�gurations 
annot be embedded on a Brownian motion (with a 
onstant drift)if the sampling rule depends on the sample means of individual 
on�gurations. TheACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



App{6 � Takayuki Osogamisampling rule depends on the sample means of individual 
on�gurations when the
on�gurations are sorted. This is why HN uses, instead of �X 0, a weighted averageof the sample mean in Stage 1 and the sample mean in Stage 2. In our proof, weembed the di�eren
e between the sample means on a Brownian motion with a drifthaving a normal distribution, so it is in agreement with the results from Jennisonet al.A result of Stein [1945℄ (page 245) requires that the rule of allo
ating the numberof samples to be 
olle
ted in Stage 2 should be spe
i�ed initially and should notdepend on the sample means in Stage 1 for two-stage algorithms that do not makede
isions sequentially. For TSSD, the result of Stein 
orresponds to the requirementthat the upper bounds on the number of samples 
olle
ted from a 
on�gurationshould not depend on the sample means in Stage 1. Although sorting may 
hangethe number of samples a
tually 
olle
ted in Stage 2, it does not 
hange the upperbound determined with Equation (1). As we will prove below, sorting does notin
rease the probability of an in
orre
t sele
tion for TSSD.Let Ei be the event that �b is eliminated by �i 6= �b in TSSD (with sorting)given that the two 
on�gurations are 
ompared dire
tly with ea
h other. Re
allInequality (13) and Inequality (19), where we show thatPr(ICSi j �i 2 Cbef) � Pr(�b does not be
ome �0 j �X 0 = �X(Ni)i )and Pr(ICSi j �i 2 Caft) � Pr(�i be
omes �0 j �X 0 = �X(Nb)b ):This argument 
arries over to the 
ase when the 
on�gurations are sorted, so thatPr(ICSi) � Pr(Ei). Observe that, for �i 6= �b,Pr(Ei) = Pr(Ei j �i 2 Caft and �X(n0)i < �X(n0)b ) Pr( �X(n0)i < �X(n0)b )+Pr(Ei j �i 2 Cbef and �X(n0)i > �X(n0)b ) Pr( �X(n0)i > �X(n0)b ); (20)sin
e �X(n0)i < �X(n0)b implies �i 2 Caft, �X(n0)i > �X(n0)b implies �i 2 Cbef , and�X(n0)i = �X(n0)b has zero probability.To prove Pr(Ei) � �=(k � 1), we introdu
e two 
on�gurations, �?i and �?b , thatare obtained by ex
hanging the varian
es of �i and �b. That is, �?i has mean �iand varian
e �2b , and �?b has mean �b and varian
e �2i . We will prove thatPr(Ei j �i 2 Cbef and �X(n0)i > �X(n0)b )= Pr(E?i j �?i 2 C?aft and �X?(n0)i > �X?(n0)b ); (21)where the right-hand side is the probability that �?i be
omes a provisional bestgiven that (i) �X 0 is the sample mean of �?b when TSSD starts sampling from �?i inStage 2 (i.e., �X?(n0)i > �X?(n0)b ) and that (ii) �?i has a larger sample mean than �?bin Stage 1 (i.e., �?i 2 C?aft). LetDb(r) = rX̀=1Xb;` � rNi NiX̀=1Xi;`ACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



Finding probably best systems qui
kly via simulations � App{7and Di(r) = �0� rX̀=1X?i;` � rN?b N?bX̀=1X?b;`1A ;where X?j;` is the `-th sample from �?j for j = i; b, and N?b is the upper bound,
al
ulated in TSSD, of the number of samples 
olle
ted from �?b . Observe thatthe left-hand side of Equation (21) is the probability that Db(r) �rst 
rosses thelower edge of the 
ontinuation region shown in Figure 2 when S2i is repla
ed bythe sample varian
e of �b given that �X(n0)i > �X(n0)b . Similarly, the right-hand sideis the probability that Di(r) �rst 
rosses the lower edge when S2i is repla
ed bythe sample varian
e of �?i given that �X?(n0)i > �X?(n0)b . Therefore Equation (21)holds if Db(r) and Di(r) are sto
hasti
ally equivalent given that �X(n0)i < �X(n0)band �X?(n0)i > �X?(n0)b . Let Xj;` = �j + �j�j;` for j = i; b, X?i;` = �i + �b�?i;`, andX?b;` = �b+�i�?b;`, where �j;` and �?j;` are i.i.d. standard normal random variablesfor j = i; b and 1 � ` � n0. We now haveDb(r) = �b rX̀=1�b;` + r (�b � �i)� �iNi NiX̀=1�i;`!and Di(r) = ��b rX̀=1�?i;` + r0�(�b � �i) + �iN?b N?bX̀=1�?b;`1A :Equation (1) implies that N?b is sto
hasti
ally equivalent to Ni given that �X(n0)i <�X(n0)b and �X?(n0)i > �X?(n0)b , sin
e �?b and �i have the same varian
e, and thesample varian
e is independent of the sample mean for normal random variables(see Se
tion 4.9 of [Grimmett and Stirzaker 2001℄). Now we 
onsider a 
ouplingwhere �b;` = ��?i;` and �i;` = ��?b;`. Under this 
oupling,�X(n0)i < �X(n0)b , n0�i + �i n0X̀=1�i;` < n0�b + �b n0X̀=1�b;`, n0�i + �b n0X̀=1�?i;` < n0�b + �i n0X̀=1�?i;`, �X?(n0)i < �X?(n0)band Di(r) = �b rX̀=1�b;` + r0�(�b � �i)� �iN?b N?bX̀=1�i;`1A :Sin
e Di(r) and Db(r) are sto
hasti
ally equivalent and the 
onditions, �X(n0)i <�X(n0)b and �X?(n0)i > �X?(n0)b , are sto
hasti
ally equivalent, Db(r) and Di(r) aresto
hasti
ally equivalent given these 
onditions. This implies Equation (21).ACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



App{8 � Takayuki OsogamiEquations (20) and (21) implyPr(Ei) = Pr(Ei j �i 2 Caft and �X(n0)i < �X(n0)b ) Pr( �X(n0)i < �X(n0)b )+Pr(E?i j �?i 2 C?aft and �X?(n0)i > �X?(n0)b ) Pr( �X?(n0)i > �X?(n0)b ): (22)By symmetry,Pr(Ei) = Pr(Ei j �i 2 Caft and �X(n0)i > �X(n0)b ) Pr( �X(n0)i > �X(n0)b )+Pr(E?i j �?i 2 C?aft and �X?(n0)i < �X?(n0)b ) Pr( �X?(n0)i < �X?(n0)b ): (23)By taking the average of Equations (22) and (23), we havePr(Ei) = 12 Pr(Ei j �i 2 Caft) + 12 Pr(E?i j �?i 2 C?aft)� �k � 1 ;where the last inequality follows from Se
tion A.1. This 
ompletes the proof ofTheorem 2.1 for the 
ase in whi
h B = f�bg.B. PROOF OF THEOREM 2.1 FOR MULTIPLE BEST CONFIGURATIONSIn this se
tion, we dis
uss the 
ase in whi
h jBj � 2. Unfortunately, Pr(� 2 B) �1 � � for jBj � 2 does not follow immediately from the arguments in Se
tion A.This is be
ause �i 2 W 
an be
ome a provisional best while �b has been eliminated,if �j 2 B eliminates �b and �i eliminates �j . Sin
e �j 2 B 
an eliminate �bwith probability > �=(k � 1) and �i 2 W 
an eliminate �j 2 B with probability> �=(k � 1), it is un
lear whether TSSD sele
ts � 2 B with probability � 1 � �.The proof that HN makes a 
orre
t sele
tion with a pre-spe
i�ed high probabilitywhen jBj � 2 does not appear to formally take into a

ount the su
h 
ases [Hongand Nelson 2005℄.We will show that TSSD sele
ts � 2 B with probability � 1 � � for a widerange of parameter settings. Alternatively, TSSD 
an be modi�ed so that � 2 Bis guaranteed to be sele
ted with probability � 1 � � for any parameter settings.We will show, however, that the modi�ed TSSD is often equivalent to the originalTSSD.We �rst 
onsider the 
ase when no 
on�gurations in B are sampled before �b inStage 2, i.e., Cbef � W . In this 
ase, the argument in Se
tion A implies that �bbe
omes a provisional best with probability � 1 � jCbef j�=(k � 1), and that any�i 2 Caft \W be
omes a provisional best with probability � �=(k�1), sin
e �X 0 
anonly be updated to a larger value. Therefore, TSSD sele
ts � 2 B with probability� 1� jWj�=(k � 1), whi
h is greater than 1� �.Now suppose that a �j 2 Bnf�bg is sampled before �b in Stage 2. The argumentin Se
tion A implies that a �w 2 W is sele
ted by TSSD with probability at most�=(k � 1) if the �w is sampled before �j in Stage 2, sin
e the �w is more likely tobe eliminated by �j and �b than by �b alone. However, the argument in Se
tion Adoes not immediately imply that a �w 2 W is sele
ted by TSSD with probability� �=(k � 1) if a �j 2 B n f�bg is sampled before the �w in Stage 2. Supposethat a �j 2 B n f�bg be
omes a provisional best and TSSD updates �X 0 = �X(Nj)j .ACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



Finding probably best systems qui
kly via simulations � App{9Now a �w be
omes a provisional best if r( �X(r)w � �X 0) exits the 
ontinuation regionfrom the upper edge, whi
h 
an o

ur with probability � �=(k � 1), and �X 0 isupdated as �X 0 = maxf �X 0; �X(Nw)w g. Then �b be
omes a provisional best only ifr( �X(r)b � �X 0) exits the 
ontinuation region from the lower edge. In Se
tion A,we showed that �b be
omes a provisional best with probability � 1 � �=(k � 1)if �X 0 = �X(Nw)w . Sin
e �X 0 = maxf �X 0; �X(Nw)w g � �X(Nw)w , the probability that �bbe
omes a provisional best de
reases from when �X 0 = �X(Nw)w . Therefore, the errorprobability, Pr(ICSw), in
reases. Observe however that a � 2 B is sele
ted withprobability � 1 �P�w2W Pr(ICSw). Therefore, even though ea
h Pr(ICSw) maybe
ome larger, the sum of Pr(ICSw) may be smaller when jBj � 2 than whenjBj = 1.We will now formalize the above argument. Let V (�i; x) be the event that thereexists an r su
h that �X(r)i � x < �Wi(r) and r < s for any s su
h that �X(s)i � x >Wi(s) (i.e., �X(r)i � x exits the 
ontinuation region from the lower edge, �Wi(r)).Let �(�i; x) be the event that there exists an r su
h that �X(r)i � x > Wi(r) andr < s for any s su
h that �X(s)i � x < �Wi(s) (i.e., �X(r)i � x exits the 
ontinuationregion from the upper edge, Wi(r)).Let P befw (x) be the probability that TSSD sele
ts �w 2 W \ Cbef as the best
on�guration when �X 0 = x immediately before sampling from �w in Stage 2. Sin
eTSSD sele
ts the �w only if the �w be
omes a provisional best and �w is still theprovisional best after samples from �b are 
olle
ted in Stage 2,P befw (x) � Pr��(�w; x) and V (�b;maxfx; �X(Nw)w g)� :The value of �X 0 is at least maxfx; �X(Nw)w g when we start sampling from �b in Stage2 given that �w be
omes a provisional best. By 
onditioning on whether or notx � �X(Nw)w , we haveP befw (x) � Pr��(�w; x) and x � �X(Nw)w and V (�b; x)�+Pr��(�w; x) and x < �X(Nw)w and V (�b; �X(Nw)w )�� Pr (�(�w; x) and V (�b; x)) + Pr�V (�b; �X(Nw)w )�= Pr (�(�w; x)) Pr (V (�b; x)) + Pr�V (�b; �X(Nw)w )� ; (24)where the last equality follows from the independen
e of �(�w; x) and V (�b; x).Let P aftw (x) be the probability that TSSD sele
ts �w 2 W \ Caft as the best
on�guration when �X 0 = x immediately before sampling from �b in Stage 2. Notethat TSSD sele
ts the �w only if the �w be
omes a provisional best. By 
onditioningon whether or not �b be
omes a provisional best,P aftw (x) � Pr (V (�b; x) and �(�w; x)) + Pr��(�b; x) and �(�w ;maxfx; �X(Nb)b g)� ;sin
e the value of �X 0 is at least x if �b does not be
ome a provisional best and isat least maxfx; �X(Nb)b g if �b be
omes a provisional best. Therefore, as with theACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



App{10 � Takayuki Osogamiprevious argument, we haveP aftw (x) � Pr (V (�b; x)) Pr (�(�w; x)) + Pr��(�w;maxfx; �X(Nb)b g)� : (25)Let Pw be the probability that TSSD sele
ts a �w 2 W as the best 
on�gu-ration. The arguments in Se
tion A 
an be used to show that the last terms ofEquation (24) and Equation (25) are at most �=(k � 1). Therefore, it follows thatPw � maxx Pw(x), wherePw(x) = Pr (V (�b; x)) Pr (�(�w; x)) + �k � 1 :Observe that Pr (V (�b; x)) < 1=2 if x > �b and that Pr (�(�w; x)) < 1=2 if x < �w.Sin
e Lemma C.4 in Se
tion C 
an be proved in a way similar to Inequality (18),we havePr (V (�b; x)) � 8<: E ��1 + exp�q h2Qn0�1Z + h2Qn0�1 �b�xÆ ���1� if x � �b12 if x > �b (26)and Pr (�(�w; x)) � 8<: E��1 + exp�q h2Qn0�1Z + h2Qn0�1 x��wÆ ���1� if x � �w12 if x < �w; (27)where Q is a �2 random variable with n0 � 1 degrees of freedom, Z is a standardnormal random variable, and Q and Z are independent. Note that Lemma C.4provides a bound on the probability that a random walk with a deterministi
 drift,x, 
rosses a lower edge before 
rossing an upper edge, while Lemma C.1 used inSe
tion A provides a 
orresponding bound for a random walk with a sto
hasti
drift.Let PW be the probability that TSSD sele
ts one of the 
on�gurations in W .Observe that PW � P�w2W Pw. When jBj � 3, PW 
an be shown to be smallerthan � for a wide range of parameter settings. When jBj = 2, however, a tighteranalysis is often needed. Let B = f�b; �jg so that �b � Æ < �j � �b. Sin
e wereorder the 
on�gurations in de
reasing order of the sample means at the end ofStage 1, �b is sampled before �j in Stage 2 with probability � 1=2. If �b is sampledbefore �j , we have seen above that a �w 2 W is sele
ted by TSSD with probability� �=(k � 1). When jBj = 2, we thus havePW � 12(k � 2) �k � 1 + 12 X�w2W Pw:Therefore, for any jBj, we havePW � max�(k � 3)Pw; 12(k � 2) �k � 1 + 12(k � 2)Pw� ; (28)where Pw � maxx Pw(x) and Pw(x) is bounded from above via Inequalities (26)-(27).Figure 11 shows an upper bound of PW . Spe
i�
ally, the �gure plots, as a fun
tionof x=Æ, the right-hand side of Inequality (28) with Pw repla
ed by the upper boundACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



Finding probably best systems qui
kly via simulations � App{11
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x δFig. 11. An upper bound of PW from Inequality (28). We set � = 0:05.of Pw(x) given via Inequalities (26)-(27). We set k = 10, n0 = 10, and � = 0:05.In these settings, the 
on�den
e parameter is h = 4:69. The �gures suggest thatPW � � for these parameter settings. We omit the �gure here, but we found thatPW � � when k = 10, n0 = 10, and � = 0:1. Of 
ourse, PW � � does not holdfor all parameter settings, parti
ularly when k is large. Note, however, that theabove analysis is not tight, and PW may be mu
h smaller than the upper boundderived above. Also, one may set h larger so that PW � � is guaranteed for a givenparameter setting.C. TECHNICAL LEMMAS AND PROOFSIn this se
tion, we present te
hni
al lemmas used in Se
tion A, and prove Proposi-tion 2.3.Lemma C.1. Let a, 
, L(r), and U(r) be as de�ned in Lemma 2.2. Let X1; X2; : : :be standard normal random variables and � be a normal random variable with mean� � 0 and standard deviation � � 0. We assume that � and the X`'s are indepen-dent. Let S�(r) =Pr̀=1X`+ r�, and E be the event that S�(r) 
rosses the loweredge, L(r), before 
rossing the upper edge, U(s). Formally, E is the event that thereexists an r su
h that S�(r) < L(r) and r < s for any s su
h that S�(s) > U(s).Then Pr(E) � E� 11 + exp(2(pa 
Z + 
�))�where Z is a standard normal random variable that is independent of �.Proof. Let Sx(r) =Pr̀=1X` + r x, and let Ex be the event that Sx(r) 
rossesa lower edge, L(r), before 
rossing an upper edge, U(r). Formally, Ex is the eventthat there exists an r su
h that Sx(r) < L(r) and r < s for any s su
h thatACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



App{12 � Takayuki OsogamiSx(s) > U(s). Lemma 2.2 
an be used to show that (see p. 170 of [Anderson 1960℄)there exists a fun
tion �(x) satisfying �(x) < 0 for x > 0, �(x) > 0 for x < 0, and�(0) = 0 su
h thatPr(Ex) = E � 11 + exp(2(pa 
Z + 
 x))�+ �(x): (29)Observe thatPr(E) = Z 1�1 Pr(Ex) 1p2��2 e� (x��)22�2 dx= E � 11 + exp(2(pa 
Z + 
�))�+ 1p2��2 Z 1�1 �(x) e� (x��)22�2 dx: (30)Noti
e that Sx(r) 
an be 
oupled with S�x(r) so that Sx(r) 
rosses L(r) wheneverS�x(r) 
rosses U(r) and vi
e versa. Then it follows thatPr(E�x) = Pr(S�x(r) 
rosses L(r) before 
rossing U(r))= Pr(Sx(r) 
rosses U(r) before 
rossing L(r))= 1� Pr(Ex):Sin
e Pr(Ex) + Pr(E�x) = 1, Equation (29) 
an be used to show thatE� 11 + exp(2(pa 
Z + 
 x))�+ E� 11 + exp(2(pa 
Z � 
 x))�+ �(x) + �(�x) = 1:The �rst term is the probability that the Brownian motion with drift x 
rossesL(r) before 
rossing U(r). The se
ond term is the probability that the Brownianmotion with drift �x 
rosses L(r) before 
rossing U(r), whi
h is equivalent to theprobability that the Brownian motion with drift x 
rosses U(r) before 
rossingL(r). Therefore, the sum of the �rst two terms is one. Thus, �(x) = ��(�x), whi
himplies thatZ 1�1 �(x) e� (x��)22�2 dx = Z 0�1 �(x) e� (x��)22�2 dx� Z �10 �(�x) e� (�x��)22�2 dx= Z 0�1 �(x)�e� (x��)22�2 � e� (x+�)22�2 � dx� 0; (31)where the last inequality follows from the fa
t that �(x) > 0 for x < 0. Equations(30) and (31) prove the lemma.Lemma C.2. Let Z be a standard normal random variable. ThenE � 11 + e�Z+� �is a nonde
reasing fun
tion of � for � � 0 and � � 0.Proof. Note that Y = �Z + � is a normal random variable, N(�; �). Thus,���E� 11 + e�Z+� � = ��� Z 1�1 11 + ey 1p2��2 e� (y��)22�2 dy:ACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



Finding probably best systems qui
kly via simulations � App{13The dominated 
onvergen
e theorem 
an be used to show that the derivative andthe integral 
an be ex
hanged. Hen
e,���E � 11 + e�Z+� � = 1� Z 1�1 11 + ey 1p2��2  �y � �� �2 � 1! e� (y��)22�2 dy= 1�E" 11 + eY  �Y � �� �2 � 1!#= 1�E� Z2 � 11 + e�Z+� � : (32)It remains to prove that the right-hand side,  (�), of Equation (32) is nonnegativefor � � 0 and � � 0. Below, we will show  (0) = 0 and  (�) � 0 for any � > 0.First, 
onsider  (0). By symmetry of the standard normal random variable, (0) = 1�E� (�Z)2 � 11 + e��Z � = 1�E � (Z2 � 1)e�Ze�Z + 1 � :Summing  (0) and the last expression, we obtain2 (0) = 1�E� Z2 � 11 + e�Z �+ 1�E � (Z2 � 1)e�Ze�Z + 1 �= E �Z2�� 1� (33)= 0:Next, 
onsider  (�) for � > 0. (�) = 1p2��2 Z 1�1 z2 � 11 + e�z+� e� z22 dz= 1p2��2 Z 10 (z2 � 1)e� z22 ��(z)dzwhere we de�ne ��(z) � 11 + e�z+� + 11 + e��z+� :Note that ��(z) is a nonde
reasing fun
tion of z for z � 0, sin
e�0�(z) = �e�(e�z � e��z)(e2� � 1)(1 + e�z+�)2(1 + e��z+�)2 � 0for � � 0, � � 0, and z � 0. Hen
e, ��(z) � ��(1) for z � 1, and ��(z) � ��(1) forz � 1. Sin
e (z2 � 1)e� z22 � 0 for z � 1 and (z2 � 1)e� z22 � 0 for z � 1, (�) � 1p2��2 �Z 10 (z2 � 1)e� z22 ��(1)dz + Z 11 (z2 � 1)e� z22 ��(1)dz�= ��(1)p2��2 Z 10 (z2 � 1)e� z22 dz= ��(1) (0);ACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



App{14 � Takayuki Osogamiwhere the last inequality follows from Equation (33). Sin
e  (0) = 0, this 
ompletesthe proof of the lemma.Lemma C.3. Let N be a random variable with support on fn0; n0+1; : : :g, wheren0 is a natural number. Let X1, X2, . . . be i.i.d. normal random variables withmean � and � su
h that Pr̀=1X` and N are independent for any r � n0. ThenZ(N) = �(PǸ=1X`)=N � �� =p�2=N is a standard normal random variable. Also,Z(N) and N are independent.Proof. Let �(�) be the standard normal distribution fun
tion. Observe thatPr(Z(r) � z) = �(z) for any 
onstant r. Also, Z(r) and N are independent for any
onstant r � n0, sin
e Pr̀=1X` and N are independent for r � n0. Hen
e,Pr(Z(N) � z) = Xr�n0 Pr(Z(r) � z j N = r) Pr(N = r)= Xr�n0 Pr(Z(r) � z) Pr(N = r)= Xr�n0�(z) Pr(N = r)= �(z)Thus, Z(N) has a standard normal distribution. Also, Z(N) and N are independent,sin
e Z(N) is a standard normal random variable for any given N = r � n0.Lemma C.4. Let �(�i; x) and V (�i; x) be as de�ned in Se
tion B. If x � �b,then we have Pr(V (�b; x)) � E264 11 + exp�q h2Qn0�1Z + h2Qn0�1 �b�xÆ �375 ; (34)where Q is a �2 random variable with n0 � 1 degrees of freedom, Z is a standardnormal random variable, and Q and Z are independent. Also, if �w � x, then wehave Pr(�(�w; x)) � E264 11 + exp�q h2Qn0�1Z + h2Qn0�1 x��wÆ �375 : (35)Proof. We prove only Inequality (34), sin
e Inequality (35) follows from thesymmetry. Re
all that V (�b; x) is the event that �X(r)b � x 
rosses a lower edge,�Wb(r), before 
rossing an upper edge, Wb(r), so thatPr(V (�b; x))= Pr�9r � Nb s.t. �X(r)b < x�Wb(r) and r < s 8s s.t. �X(s)b > x+Wb(s)� ;where we re
all that Nb = max�n0;�h2S2bÆ2 ��ACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



Finding probably best systems qui
kly via simulations � App{15�X(r)b = rX̀=1Xb;`Wb(r) = max�0; Æ2r �h2S2bÆ2 � r�� :Let Z` = (Xb;` � �b)=�b. ThenPr(V (�b; x)) = Pr 9r � Nb s.t. �br rX̀=1 Z` < x�Wb(r) � �band r < s 8s s.t. �br rX̀=1 Z` > x+Wb(r) � �b! :By Equation (3), we havePr(V (�b; x))= Pr 9r � Nb s.t. rX̀=1 Z` + r�b (�b � x) < �max�0; h2S2b2Æ�b � Æ2�b r�and r < s 8s s.t. rX̀=1 Z` + r�b (�b � x) > max�0; h2S2b2Æ�b � Æ2�b r�! :Given S2b , a = Æ=(2�b) and 
 = h2S2b =(2Æ�b) are 
onstants. Hen
e Lemma 2.2 
anbe used to show that (see p. 170 of [Anderson 1960℄)Pr(V (�b; x)) � E2664E2664 11 + exp�2�qh2S2b2Æ�b Æ2�bZ + h2S2b2Æ�b �b�x�b ����������S2b37753775 :Sin
e Q = S2b =(n0� 1) is a �2 random variable with n0� 1 degrees of freedom, thisimplies Inequality (34).Proof of Proposition 2.3. Let �(�) be the standard normal distribution fun
-tion. We use Inequality (4.65) from [Anderson 1960℄:�����(z)� 11 + e��z ���� < 0:01; (36)for �1 < z <1. By Inequality (36),E � 11 + e�Z+� � � Z 1�1�����z + �� �+ 0:01� 1p2� e�z2=2dz= Z 1�1����z + �� � 1p2� e�z2=2 dz + 0:01= Pr�Z 0 � ��Z 00 + �� �+ 0:01; (37)where Z 0 and Z 00 are independent standard normal random variables. Let Z 000 =(Z 0 + �Z 00=�)=p1 + �2=�2. Then Z 000 is a standard normal random variable. ByACM Transa
tions on Modeling and Computer Simulation, Vol. 19, No. 3, Arti
le No. 12, June 2009.



App{16 � Takayuki OsogamiInequality (37),E� 11 + e�Z+� � � Pr�Z 000 � � �p�2 + �2�+ 0:01;whi
h proves the upper bound of Inequality (6). The lower bound 
an be provedsimilarly.Also, by a property of the normal distribution fun
tion, g(h) is a de
reasingfun
tion of h.
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