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We propose an indifference-zone approach for a ranking and selection problem with the goal of
reducing both the number of simulated samples of the performance and the frequency of con-
figuration changes. We prove that with a pre-specified high probability our algorithm finds the
best system configuration. Our proof hinges on several ideas, including the use of Anderson’s
probability bound, that have not been fully investigated for the ranking and selection problem.
Numerical experiments show that our algorithm can select the best system configuration using
up to 50% fewer simulated samples than existing algorithms without increasing the frequency of
configuration changes.
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General Terms: Theory
Additional Key Words and Phrases: Simulation output analysis, ranking and selection, switching,
two-stage, Brownian motion, Indifference zone

1. INTRODUCTION

Computer systems such as Web servers have many possible configurations, and
designing a high-performance system requires selecting the best system configura-
tion so that its performance is optimized (e.g., mean response time is minimized).
Although the performance of simple systems can be evaluated analytically, the per-
formance of complex systems can only be estimated via computer simulations, or
from measurements of real systems. Unfortunately, longer simulation times are of-
ten required to estimate the performance more precisely. As a result, it might be
computationally intractable to estimate the performance of all system configura-
tions precisely via simulations so as to find the best system configuration.

Our goal is to design an algorithm for finding the best system configuration, so
that the total simulation time for the performance estimation is minimized. It is also
desirable that the algorithm does not frequently change the system configurations
to be simulated, even though frequent configuration changes can reduce the total
simulation time. For example, the performance at steady state is measured only
after a warm-up period. If we stop simulating a system configuration, 7, to simulate
other system configurations, we would need to waste another warm-up period before
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we resume simulating 7 unless the system state was checkpointed when we stopped
simulating 7. Therefore, frequent configuration changes result in long warm-up
periods or significantly increase the complexity of programming the algorithm for
checkpointing.

The problem of selecting the best system configuration, where the system per-
formance is estimated via simulation, has been studied as a ranking and selection
problem in the literature [Bechhofer et al. 1995; Swisher et al. 2003]. In the study
of ranking and selection, it is standard to assume that simulating the i-th configu-
ration, ;, yields an independent and identically distributed (i.i.d.) sample from a
normal distribution with mean u; and standard deviation o; for each m; (both p;
and o; are unknown). Although this assumption may sound unrealistic, it turns
out that samples in most simulations can be made arbitrarily close to independent
normal random variables by appropriate batching (see Section 9.5.3 of [Law 2006]).
For example, consider the mean response time in a queueing system (such as an
M/M/1 queue). Although the simulated response time of the r-th job, X, does
not have a normal distribution, the average of the m-th batch of n response times,
X =13 | Xiwntr, approaches a normal random variable by letting n become
large for any m. In addition, X,, and X,,, become independent as n — oo for
m # m’. Thus, the mean response time is estimated as ﬁ ZZ/:”l X,, using N
total samples, where the batches, {X,, : m =0,1,2,...}, are well approximated by
a sequence of independent normal random variables.

A goal of ranking and selection algorithms is to find, with a pre-specified high
probability (> 1 — « for a given «), the configuration 7, that has the largest mean
performance py, so that the total number of samples is minimized. We assume that
a larger mean performance is better in the rest of this paper. It is common to accept
an error within an indifference-zone parameter ¢, so that any configuration whose
mean performance is > pp — d is considered to be one of the “best” configurations.

Dudewicz and Dalal [1975] and Rinott [1978] propose two-stage algorithms for
finding the best configurations. (The work earlier than [Dudewicz and Dalal 1975;
Rinott 1978] assumes known or common o;, which is unrealistic for the performance
of computer systems.) Stage 1 collects a fixed number of samples from each con-
figuration and estimates the variance. Based on the estimated variance, the total
number of samples needed is determined for each configuration, and precisely this
number of samples is collected from each configuration in Stage 2. At the end of
Stage 2, the configuration that is estimated to be the best is selected (e.g., the one
having the largest sample mean). Nelson et al. [2001] propose a screening proce-
dure that can be used with the two-stage algorithms in [Dudewicz and Dalal 1975;
Rinott 1978]. The screening procedure eliminates clearly poor configurations after
Stage 1, and this can significantly reduce the number of samples needed.

The two-stage algorithm with screening can be extended to more than two stages
or to a sequential-stage algorithm, where a screening procedure is applied at each
stage until only the best configuration is left [Kim and Nelson 2001]. Although
sequential-stage algorithms can reduce the total number of samples, they can re-
quire significant overhead and/or increase the complexity of implementing the al-
gorithm, since sequential-stage algorithms can change the configurations to be sim-
ulated for every sample.
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To balance the number of samples and the number of configuration changes, Hong
and Nelson [2005] propose a two-stage algorithm that makes decisions sequentially,
which we refer to as the HN algorithm. HN interrupts simulation at most once
for each system configuration; that is, the algorithm consists of two stages (two-
stage algorithm). Also, HN stops sampling from a configuration at any time during
Stage 2 when sufficient samples have been collected to make correct decisions; that
is, the algorithm makes decisions sequentially (sequential-decision algorithm). Due
to this sequential decision-making, HN uses far fewer samples than classical two-
stage algorithms such as [Dudewicz and Dalal 1975; Rinott 1978].

The algorithms in [Dudewicz and Dalal 1975; Hong and Nelson 2005; Kim and
Nelson 2001; Nelson et al. 2001; Rinott 1978] are called indifference-zone ap-
proaches, since their formulation is characterized by the indifference-zone param-
eter, . There are other formulations for selecting the best system configuration
via simulation. For example, Chen et al. [2000] and Chen et al. [2000] study a
Bayesian approach, where the goal is to maximize the probability that the best
configuration is selected under the constraint that the total number of samples is
fixed. Chick and Inoue [2001a; 2001b] study other Bayesian approaches, where the
goal is to minimize the expected loss, where loss is defined to be the difference
between the performances of the selected configuration and the best configuration.
Unfortunately, these Bayesian approaches do not guarantee with a pre-specified
high probability that the performance of the selected configuration is within ¢ of
the best configuration.

The primary contribution of this paper is a two-stage sequential-decision (TSSD)
algorithm that is based on HN with small but essential modifications. In particular,
we use a probability bound proved by Anderson (Corollary 4.4 from [Anderson
1960]) for determining a sufficient number of samples to make a correct selection,
where HN uses Fabian’s probability bound (Theorem 2.3 from [Fabian 1974]). Other
small modifications to HN and proof techniques are introduced to prove that TSSD
selects the best configuration with a pre-specified high probability.

A secondary contribution of this paper is the numerical evaluation of TSSD. We
find that TSSD uses up to 50% fewer samples than HN and up to 10% more samples
than KN, depending on the parameter settings. TSSD also compares favorably with
a modified KN, where the configurations are changed for every m > 2 samples.

The rest of the paper is organized as follows. We present the TSSD algorithm in
Section 2. In Section 3, we show the effectiveness of TSSD via numerical experi-
ments. Proofs are found in the electronic appendix. In Appendix A, we prove the
properties of TSSD for the case where a single configuration has the largest mean
performance and the mean performances of the other configurations are at least
0 separated from the largest mean performance. In Appendix B, we discuss the
general case.

2. THE TSSD ALGORITHM AND ITS PROPERTIES

TSSD selects, with a pre-specified high probability, one of the best configurations
from the set of candidate configurations, C = {m,...,m}. A sample from config-
uration 7; is assumed to have a normal distribution with mean p; and standard
deviation o; for each m; € C. Let m, be one of the configurations having the largest
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Stage 1:

For each m; € C, take ng samples and calculate the sample mean, X'i("O), and the sample
variance, Sf
Sort C in nonincreasing order of X'i("O).

Reindex the configurations in C such that )_(1("0) > Xé"‘)) >...> )_(,(C"O).
Stage 2:
Let h be the smallest h satisfying the following inequality:

—1
h? Q1 Q1 h? Q1 a
E[<1+exp< n01(1+@)z+n01>> ] < 1

For each 7; € C, let N; = max {no, [hz 53/52] }
Take N1 — ng samples from 7.
Let 7/ =71 and X' = X%Nl).
fori=2,...,k
forr=no+1,no+2,...,N;
Take the r-th sample from ;.
Let W;(r) = max {0, % (h2Si2/62 — r) }
it X" < X'~ wi(r)
breakfor
elseif Xi(r) > X!+ Wi(r)
set m' = m;, and take N; — r samples from m;;
if )_(i(Ni) > X', set X/ = )_(i(Ni);
breakfor
endif
endfor
endfor
Select 7' as the best.

Fig. 1. The TSSD algorithm.

mean such that py > p;, Vm; € C. Let B = {m; € C | u; > up — 0} be the set of
the best or nearly best configurations, and let YW = C \ B. Formally, the following
theorem characterizes the properties of TSSD:

THEOREM 2.1. Let  be the configuration selected by TSSD. Then Pr(w € B) >
1—-a.

In this section, we introduce TSSD. The proof of the theorem is postponed to
Appendix A and Appendix B. Throughout, we assume that a sample from ;
and a sample from 7; are independent for m; # 7;. The use of “common random
numbers” [Law 2006] in TSSD is left as future work.

2.1 The TSSD Algorithm

TSSD consists of two stages. The primary goal of Stage 1 is to estimate the variance
of each m; € C, which will be used in Stage 2 to determine an upper bound, N;, on
the number of samples to be collected from each 7; € C. The final goal of Stage 2
is to select the best configuration. Figure 1 summarizes TSSD, which we will
elaborate on below. For each m; € C, X;, denotes the r-th sample from 7;, and

Xi(r) = L5 _, X, denotes the sample mean of the first 7 samples from ;.
Stage 1 collects a fixed number, ng, of samples from each m; € C. Then the
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)

sample mean, Xi("0 , and the sample variance,

0

1 _ 2
52 = (Xie = XM,
nog — 1 Zzzl ot ¢

are calculated. In theory, ny can be any integer greater than 1. However, many
samples are needed in Stage 1 when nyg is set large. Also, many samples are needed
in Stage 2 when ng is set too small, as will be suggested by the arguments below.
We set ng = 10 for our experiments in Section 3, but the suitable ng will vary
depending on the properties of C.

At the end of Stage 1, we sort the configurations C in decreasing order of their
sample means. Below, the configurations are re-indexed so that X\ > X" for
1 <i <k —1. The sorting often reduces the number of samples to be collected
in Stage 2, as we will see in Section 3.2. We remark that Stage 1 of TSSD is the
same as Stage 1 of HN except that TSSD calculates S? for each 7; € C, while HN
calculates the sample variance of the differences between the samples for each pair
of configurations in C.

Stage 2 first determines an upper bound on the number of samples to be collected
from 7; using

N; = max {no, [h* 57 /5% } (1)

for each m; € C. Here, h is a confidence parameter, which is defined as the smallest
h satisfying

1 «

<
1+ exp <”—’ri i (1+—Q;)Z+—Zz_i>

where Z is a standard normal random variable, 1 and Q> are x? random variables
with ng — 1 degrees of freedom, and the three random variables are independent.
Further explanation on the confidence parameter h and an algorithm for calculating
h is postponed to Section 2.2.

Now we collect N7 — ng additional samples from the (re-ordered) configuration

(2)

my, and calculate the sample mean of the N; samples, Xl(Nl). Let 7' = m; and
X' = X™) | where 7' denotes the provisional best, and X' denotes the largest
sample mean (so far) of the configurations that have become provisionally best. As
we will see below, the provisional best may not have the largest sample mean so
far, so X' may be larger than X" when r; is the provisional best, 7. Roughly
speaking, TSSD determines whether 7; is provisionally best before collecting N;
samples from m;; if 7 is provisionally best, N; samples are collected from m;, but
X ™) might not be the largest sample mean. We choose to define 7’ and X' in the
above way so that we can prove Theorem 2.1.

The rest of the configurations are then sampled in the order determined at the end
of Stage 1, but they may or may not be sampled to the upper bounds determined
via Equation (1). Note that all of the samples from 7; are taken before a sample is
taken from m;11 in Stage 2, for i = 1,...,k — 1. After we take the r-th sample (the
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r samples include the ng samples collected in Stage 1) from ;, a decision threshold,
Wi(r), is calculated as follows:

i =macfo L (25 )) .

TSSD takes three different actions based on how XZ-(T) compares to X'.
Case (i): If Xi(r) is significantly smaller than X', so that

Xi(r) < X' — Wi(T), (4)

then we decide that 7; is not the best configuration and stop sampling from ; (i.e.,
the configuration whose sample mean is X' eliminates 7;). In addition, if 7; = my,
we select the provisional best, 7', as the best configuration; otherwise, we start
sampling from the next configuration, ;4.

Case (ii): If XZ-(T) is significantly larger than X', so that
X" s X+ wir), (5)

then we decide that m; is better than 7'. We set 7' = m; and take samples from
7; to the upper bound, N;. If )_(Z»(Ni) > X', we update X' = )_(Z»(Ni). Note that we
do not update X" if )_(Z.(Ni) < X!, since X' is defined to be the largest sample mean
of the configurations that have become provisionally best. In addition, if m; = g,
we select 7’ as the best configuration; otherwise, we start sampling from the next
configuration, ;4.

Case (iii): If X (" and X' do not have a significant difference, so that

i

X —wi(r) < X7 < X+ Wilr),

then r samples are not sufficient to differentiate m; and 7', and we continue sampling
from 7;. Note that either Inequality (4) or Inequality (5) holds when r = N;, since
Wi(N;) = 0.

Stage 2 of TSSD is similar to Stage 2 of HN but differs in several ways. TSSD
calculates an upper bound, N;, on the number of samples for each w; € C, while
HN calculates an upper bound for each pair of configurations. The fundamental
difference between TSSD and HN that allows TSSD to use fewer samples than HN is
that the upper bounds used in TSSD are determined with the confidence parameter
h, while the upper bounds used in HN are determined with a different constant
based on Fabian’s theorem (Theorem 2.3 from [Fabian 1974]). Also, TSSD uses X'
in deciding whether the configuration under evaluation becomes provisionally best
(Inequalities (4)-(5)), while HN uses a weighted average of the sample mean in Stage
1 and the sample mean in Stage 2 of the provisional best (Equation (3) in [Hong
and Nelson 2005]). Finally, X' never decreases in TSSD, while the corresponding
quantity in HN may decrease. Although the last difference is insignificant with
respect to the behavior of the algorithms, we find the difference essential in our
proof of Theorem 2.1.

2.2 Decision threshold and confidence parameter

Figure 2 provides further intuition behind the choice of the decision threshold,
Wi (r), and the choice of the confidence parameter, h. Observe that [—r W;(r),r W;(r)]
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h2 2 Decide 7r; is better than 7’
A
20

Continuation
region

Decide 7r; is worse than 7’

Fig. 2. The continuation region: TSSD decides whether 7; is better or worse than 7; when

r (Xi(r) — X') exits the continuation region, where X/ = X;Nj).

for 0 < r < N; defines a triangular area, which we refer to as the continuation re-
gion. TSSD decides whether 7; is better or worse than the provisional best when
r (X" = X) exits the continuation region. Specifically, if r (X" — X') exits the
continuation region through the lower (respectively, upper) edge, then TSSD de-
cides that 7; is worse (respectively, better) than the provisional best.

We need to choose a continuation region such that TSSD makes a correct selection
with a pre-specified high probability, and yet the number of samples needed to
make decisions (i.e., to exit the continuation region) is minimized. The continuation
region depends on two parameters, § and h, and on a random variable, SZ. Since S?
cannot be controlled, only the confidence parameter h can be used to determine the
size of the continuation region for a given indifference-zone parameter, §. Observe
that h does not change the shape of the continuation region. A larger h implies a
larger continuation region, which in turn forces TSSD to collect stochastically more
samples before making a decision but allows TSSD to make a correct decision with
higher probability (see Lemma 4 in [Hong 2006]).

We choose the confidence parameter as the smallest h with which we can prove
Theorem 2.1 using Inequality (2). Our proof relies on Anderson’s results [Anderson
1960] (see also Figure 3):

LEMMA 2.2 COROLLARY 4.4 FROM [ANDERSON 1960]. Let @ > 0 and ¢ > 0.
Let L(r) = —c+ar and U(r) = c—ar for 0 <r < c/a, and let L(r) =U(r) =0
forr > c¢/a. Let By(r) be a Brownian motion with drift d, where —oo < d < oco. Let
E be the event that By(r) crosses the lower edge of a triangular area, L(r), before
crossing the upper edge, U(r). Formally, £ is the event that there ezists an r such
that By(r) < L(r) and r < s for any s such that By(s) > U(s). Then,

1
1+exp(2(vacZ +cd)) |’

where Z s a standard normal random variable.

Pr(&) =
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Pr(exit through lower edge)
= E[(1+ exp(2(v/acZ + cd)) |

Fig. 3. The probability that a Brownian motion with drift d exits a triangular area through the
lower edge, where Z is a standard normal random variable.

Notice the similarities and differences between Figure 2 and Figure 3. For exam-
ple, the two figures have stochastic processes that start at the origin and eventually
exit the triangular areas. However, while B,;(r) in Figure 3 is a Brownian motion
with known drift d, the quantity r ()_(Z»(T) — X') in Figure 2 is a “random walk” with
stochastic drift (u; — X') and has unknown parameters, p;, o;, ¢/, and o', where
p' and o' are the mean and standard deviation, respectively, of X’. Our proof of
Theorem 2.1 will clarify the relationship between Figure 2 and Figure 3.

We calculate the confidence parameter as follows. Let n(h) be the left-hand side
of Inequality (2). In this paper, we find the smallest h satisfying Inequality (2)
by using a binary search, where n(h) is evaluated via Monte Carlo integration.
Alternatively, we could evaluate n(h) via numerical integration,

/_O; /Om /000 (1 +exp <\/n122_qll (1 + Z—l) 2+ n’j_qll» B dU(q1) d¥(g) dB(2),

where ¥(q) is the cumulative distribution function of a x? random variable with
no — 1 degrees of freedom, and ®(z) is the cumulative distribution function of a
standard normal random variable. Numerical integration might be more efficient
than Monte Carlo integration.

If n(h) is a monotonic function of h, a binary search is guaranteed to find the
smallest h satisfying Inequality (2). Unfortunately, a proof of the monotonicity of
7(h) does not appear to be straightforward, even though our numerical experiments
suggest n(h) is a decreasing function of h. However, it is easy to show that upper
and lower bounds of 7(h) are decreasing in h:

PRrROPOSITION 2.3. Let Z be a standard normal random variable, and let ()1 and
Q> be x? random variables with ng — 1 degrees of freedom, where the three random
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variables are independent. Let n(h) be the left-hand side of Inequality (2), and let

o))
gh) = Pr|Z< - o1 ,

B K2 Q Q
\/W + (oo (1 + Q_;)

where Kk = 1.702. Then
g(h) —0.01 < n(h) < g(h) +0.01 (6)
for h > 0. Also, g(h) is a decreasing function of h.

We postpone the proof of the proposition to Appendix C. Note that any h satisfying
Inequality (2) will guarantee Theorem 2.1, although the smallest A minimizes the
number of samples needed in TSSD. Our binary search is guaranteed to find an h
satisfying Inequality (2), even if n(h) is not decreasing in h.

The confidence parameter, h, may be compared against the corresponding pa-
rameters used in KN and HN. KN determines the upper bound on the number of
samples collected from the i-th configuration as

hKN 2 52
NEN = max {no,max \‘MJ } , (7)

j# 262

where Sz ; is the sample variance of the difference between samples from m; and

the samples from 7; in Stage 1, and XN is the confidence parameter for KN.
Notice that KN determines NXN using S?;, while TSSD determines N; using S?
(see Equation (1)). We define hXN so that the denominator of Equation (7) is 22
instead of 0% as in Equation (1), since E [S?;] = E [S} + S7] = 2E [S7] when the
configurations are independent and have a common variance. HN determines the
upper bound on the number of samples collected from the i-th configuration as

hHN 2 52
NN = max {no,max {%} } , (8)

J#i

where hHN is the confidence parameter for HN. As with Equation (7), the denomi-
nator of Equation (8) is 262 instead of §2.

Figure 4 shows the values of h, KXY, and as functions of «, where k = 10
and ng = 10 are fixed. Specifically, RXN and AN are calculated using the following

equations:
RN = oy — 1) [ (2% T 1 9)
- 0 k-1

\/2(710—1) ((2—2(1—a)ﬁ)_$—1>, (10)

so that hXN is the confidence parameter for the fully sequential, indifference-zone
procedure with parameter ¢ = 1 in [Kim and Nelson 2001], and h'N is the con-
fidence parameter for the minimum switching sequential procedure with Fabian’s

hHN

hHN
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o — TssD
————— HN
KN

T T T
0.02 004 0.06 0.08 0.10
a

Fig. 4. The confidence parameters for HN, KN, and TSSD for given «, where £k = 10 and ng = 10.

probability bound using parameter A = §/2 in [Hong and Nelson 2005]. Observe
that KN and AN have similar values for all « in Figure 4. This is also suggested
by Equations (9)-(10), since 2 —2(1 — a)Y/*~1) ~ 2a/(k — 1) when o < 1. We find
that h is 14-18% smaller than A*N and AHN,

3. EXPERIMENTAL RESULTS

In this section, we present and discuss the effectiveness of TSSD with respect to
the total number of samples needed, the realized probability of correct selection,
and the frequency of changes in the system configurations to be simulated. Specif-
ically, we compare TSSD to the two-stage sequential-decision algorithm by Hong
and Nelson [2005] (HN) and the sequential-stage algorithm by Kim and Nelson
[2001] (KN). We also compare TSSD against a modification of KN. Recall that KN
was not designed with a goal of minimizing the frequency of configuration changes
and that KN changes the configurations to be simulated after every sample. The
modified KN changes the configurations after every m samples to reduce the fre-
quency of configuration changes. Hong and Nelson [2005] introduce two versions
of the algorithm, and the version of HN discussed in this paper is the Minimum
Switching Sequential (MSS) procedure with Fabian’s probability bound, which is
superior to the other version of MSS with Paulson’s probability bound.
Throughout, we assume that each configuration generates samples that are i.i.d.
according to a normal distribution, where each configuration may have a different
mean and/or variance. Also, we set the indifference-zone parameter to § = 1, the
number of samples collected in the first stage ng = 10, and the number of candidates
k = 10. The upper bound on the overall error probability is set to a = 0.05, but
we find that the results of the experiments with a = 0.1 are qualitatively similar to
those with a = 0.05. In this setting, the confidence parameter of TSSD is h = 4.69
when « = 0.05, and h = 4.16 when « = 0.1. In all subsequent figures, we take
the average of the results from 10,000 runs to generate each data point, since the
number of samples, the realized probability of correct selection, and the number of
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Fig. 5. Comparison of (a) the number of samples, (b) the probability of correct selection, and (c)
the probability of selecting 7, in HN (dashed line), KN (dotted line), and TSSD (solid line) when
a = 0.05. The 10 configurations have a common variance, and their means are equally spaced.

configuration changes are random.

3.1 The number of samples and the probability of correct selection

We start by evaluating the total number of samples needed and the probability of
correct selection in HN, KN, and TSSD. In Figure 5, the means of the 10 candi-
dates are chosen between 0.5 and 5 so that they are equally spaced, and the 10
configurations have the same standard deviation, ¢, which is varied as indicated by
the horizontal axis. Specifically, the i-th smallest mean is i/2 for 1 <1 < 10.

Figure 5(a) plots the number of samples used to select the best configuration for
each of HN, KN, and TSSD. When the variance of the performance is small (o <
0.5), the samples collected in Stage 1 suffice to determine the best configuration,
and the number of samples used is ng x k£ = 100 for all three algorithms. As the
variability increases, the number of samples increases in all three algorithms. HN
has the highest rate of increase, and requires 75% more samples than TSSD for
o = 2.5. KN has the lowest rate of increase, and requires 8% fewer samples than
TSSD for o = 2.5.

Figure 5(b) plots the fraction of runs that made correct selections for HN, KN,
and TSSD. The settings of the experiments are the same as in Figure 5(a). In
particular, recall that § = 1, so that the two configurations with p; > 4.5 are in
B. When either of the configurations in 5 is selected, it is regarded as a correct
selection. Observe that the fraction of correct selections is well above the target
of 95% (a = 0.05) for all of the three algorithms. Taking a closer look, we find
that HN makes correct selections more frequently than TSSD. This makes intuitive
sense, since TSSD and HN follow similar procedures but TSSD uses fewer samples
than HN before selecting the best configuration. The upper bounds of the number
of samples in TSSD are determined based on an analysis that results in an actual
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Slippage-configuration means
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Fig. 6. Comparison of (a) the number of samples and (b) the probability of correct selection in
HN (dashed line), KN (dotted line), and TSSD (solid line) when a = 0.05. The 10 configurations
have a common variance, and their means are chosen such that p; = pp — 6, V; # mp.

probability of the correct selection that is closer to the target than for HN. We
also find that HN makes correct selections more frequently than KN. The upper
bounds of the numbers of samples in KN and HN are determined using the same
(Fabian’s) inequality. Since KN makes decisions sequentially, KN is more likely to
make a selection with fewer samples and makes incorrect selections more frequently
than HN. We find that KN makes correct selections more frequently than TSSD in
Figure 5(b), but this is not always the case, as we will see below.

Figure 5(c) plots the fraction of runs that selected m, for HN, KN, and TSSD.
The settings of the experiments are the same as in Figure 5(a) and Figure 5(b).
The probability that HN selects m is higher than for KN or TSSD. The probability
that 7 is selected when o < 0.5 is significantly higher than that when o > 1.0 for
each of the three algorithms. This is because the samples collected in Stage 1 are
more than enough to make correct selections with the pre-specified high probability
when o < 0.5.

In Figure 6, the means of the 10 candidates are chosen such that pp, = p; + 9,
Vm; # mp. Again, the 10 configurations have the same standard deviation, o, which
varies as indicated by the horizontal axis. This setting of u;’s is referred to as a
slippage configuration in the literature. Note that B = {m}, and that the mean of
every configuration in W is exactly d away from p;.

Figure 6(a) shows that the three algorithms require more samples for the slippage-
configuration means than for the equally spaced means. However, the advantage
of TSSD against HN and the disadvantage of TSSD against KN, with respect to
the total number of samples, do not change significantly from those for the equally
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Fig. 7. Comparison of (a) the number of samples, (b) the probability of correct selection, and (c)
the probability of selecting 7, in HN (A), KN (4), and TSSD () when a = 0.05. The variances
of the 10 configurations are not equal, but the means of the 10 configurations are equally spaced.

spaced means. HN uses 69% more samples than TSSD for o = 2.5, and KN uses
8% fewer samples than TSSD.

Figure 6(b) plots the the fraction of runs that made correct selections for HN;,
KN, and TSSD. The settings of the experiments are the same as in Figure 6(a).
Since B = {m} in this setting, the fraction of correct selections is equivalent to the
fraction of selecting my, so that the figure corresponding to Figure 5(c) is not shown.
The fraction of correct selections is closer to the target of 95% for each of the three
algorithms than that for the equally spaced means (Figure 5(b)). Again, HN makes
correct selections more frequently than KN and TSSD. Unlike Figure 5(b), TSSD
makes correct selections more frequently than KN for high o;’s.

Figure 7 considers the settings when the 10 configurations have different vari-
ances. The means of the 10 configurations are equally spaced, as in Figure 5. We
consider three settings: INC, DEC, and RND. Under INC, the standard deviation
of a configuration is the same as the mean of the configuration, i.e., o; = p; for
1 <4 < 10. Under DEC, the standard deviations are reassigned so that a configu-
ration having a smaller mean has a larger variance, i.e., o; = 5.5—p; for 1 < < 10.
Under RND, the standard deviation of a configuration is chosen randomly accord-
ing to 0; = py; for 1 < i < 10, where [i] denotes the i-th element of a random
permutation of {1,2,...,10}.

Figure 7(a) shows the total number of samples used to select the best config-
uration for each of the three algorithms under the three settings of the standard
deviations, as indicated by the horizontal axis. All of the three algorithms tend
to require more samples when the better configurations (which have larger means)
have larger variances. This makes intuitive sense since configurations in B are more
likely to be simulated with high precision, and more samples are needed if the con-
figurations in B have high variances. Taking a close look, we see that HN uses
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Fig. 8. Comparison of (a) the number of samples, (b) the probability of correct selection, and (c)
the probability of selecting 7, in TSSD (dashed line) and a modified TSSD that does not sort
configurations before Stage 2 (solid line). The settings are the same as in Figure 5.

75-130% more samples and KN uses 8-14% fewer samples than TSSD.

Figure 7(b) shows the fraction of runs that made correct selections, and Fig-
ure 7(c) shows the fraction of runs that selected m, for HN, KN, and TSSD. The
settings of the experiments are the same as in Figure 7(a), so that the two con-
figurations with p; > 4.5 are in B. Similarly to the case with common variance
(Figure 5), the fraction of correct selections is far above the target of 95% for all of
the three algorithms. Also, HN makes correct selections more frequently than KN
and TSSD when the variances are chosen as INC or RND.

An interesting observation is that TSSD makes correct selections more frequently
than HN when the good configurations have small variances (DEC). This observa-
tion may be explained as follows. When the i-th configuration, m;, is evaluated,
TSSD determines the size of the continuation region using S?, while HN determines
the size of the continuation region using S7;, where S7; is the sample variance, in
Stage 1, of the differences between the samples from 7; and the samples from the
provisional best, 7j. Therefore, when the configurations have different variances,
TSSD tends to collect more samples from configurations having larger variances
and fewer samples from those having smaller variances than HN. When the vari-
ances are chosen as DEC, poor configurations have larger variances, so that TSSD
collects fewer samples from the poor configurations than HN. Since the means of
the poor configurations are separated by more than § from the largest mean in
the setting under consideration, TSSD can make correct selections with a higher
probability using fewer samples than HN.

3.2 Effects of sorting

Recall that TSSD sorts the configurations at the end of Stage 1 in decreasing order
of their sample means. In this section, we study the effect of the sorting on the
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Fig. 9. Comparison of (a) the number of samples and (b) the probability of correct selection in
TSSD (dashed line) and in a modified TSSD that does not sort configurations before Stage 2
(solid line). The settings are the same as in Figure 6.

number of samples and the probability of correct selection. Specifically, we evaluate
a modified TSSD that operates in the same way as TSSD except that the modified
TSSD does not sort the configurations at the end of Stage 1.

Figure 8 evaluates TSSD and the modified TSSD for the same settings as Figure 5,
where the means are equally spaced. Figure 8(a) plots the number of samples
used to select the best configuration, Figure 8(b) plots the fraction of runs that
made correct selections, and Figure 8(c) plots the fraction of runs that selected
mp. Figure 8(a) shows that TSSD reduces the number of samples by up to 11%
with sorting. The amount of reduction in the number of samples depends on the
standard deviation o. In Figure 8, the largest reduction is observed when o = 1.5.
Figure 8(b) and Figure 8(c) show that TSSD reduces the probability of correct
selection and the probability of selecting 7, for the settings under consideration,
but this is not always the case, as we will see below.

Figure 9 evaluates TSSD and the modified TSSD for the same settings as used
for Figure 6, where the u;’s have the slippage configuration. Figure 9(a) plots
the number of samples collected, and Figure 9(b) plots the fraction of runs that
made correct selection, which is equivalent to the fraction of runs that selected
mp, for slippage-configuration means. Figure 9(a) shows again that TSSD reduces
the number of samples with sorting, but the amount of reduction is larger than
for equally spaced means (Figure 8(a)). Specifically, TSSD reduces the number
of samples by up to 27%, and the largest reduction is observed when o = 1.5.
Figure 9(b) shows that sorting may reduce or increase the probability of making
correct selections. Overall, we find that sorting has more advantages when the
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(c) the probability of selecting m, in TSSD (A) and in a modified TSSD that does not sort
configurations before Stage 2 (). The settings are the same as in Figure 7.

means have the slippage configuration than when the means are equally spaced.

Figure 10(a) plots the number of samples needed for TSSD and the modified
TSSD. The settings of the experiments are the same as used for Figure 7, where
the configurations have different variances. The number of samples is reduced
with sorting for all of INC, RND, and DEC, and the largest reduction of 85% is
observed when the variances are chosen using DEC. With sorting, TSSD avoids
collecting samples from poor configurations up to the upper bounds. For DEC, the
poor configurations have large variances and hence require many samples if their
samples are collected up to the upper bounds, which results in the large reductions
in the numbers of samples with sorting. The effect of sorting in reducing the
number of samples diminishes when the poor configurations have smaller variances.
In Figure 10(a), sorting reduces the number of samples by 62% for RND and 40%
for INC. Overall, the amount of reduction in the number of samples with sorting
shown in Figure 10(a) is larger than those shown in Figure 8(a) and Figure 9(a).
When some of the configurations have large variances as in Figure 10(a), whether
or not the samples from those configurations having large variances are collected
up to the upper bounds has a large impact on the numbers of samples.

Figure 10(b) plots the fraction of runs that made correct selections, and Fig-
ure 10(b) plots the fraction of runs that selected m, for TSSD and for the modified
TSSD. The settings of the experiments are the same as Figure 10(a). The probabil-
ities of correct selection and of selecting 7, are reduced with sorting for most cases,
but the probability of correct selection for INC does not appear to be reduced by
sorting.
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3.3 Impact of changing configurations

We have seen that TSSD uses significantly fewer samples than HN and that KN
uses even fewer samples than TSSD. Since KN was not designed to reduce the
frequency of configuration changes, KN changes configurations far more frequently
than TSSD. An obvious modification to KN to reduce the frequency of configuration
changes is to change configurations after every m samples for m > 2. However, our
experiments (data not shown) suggest that TSSD is superior to the modified KN
for any m with respect to at least one of the two metrics: the number of samples
or the number of configuration changes.

The cost of changing configurations is sometimes significant. For example, con-
sider a problem of finding an optimal configuration (design) for a complex system
such as a car and a factory out of several candidate configurations. Simulating such
a complex system often requires huge working-set memory, and changing configu-
rations results in changing the working-set memory. The actual cost of changing
configurations varies widely depending on the hardware, the operating system, and
the application running the simulations. However, even under ideal conditions, it
would take at least 3.3 seconds to transfer a 1 GB working-set memory from a disk
to the main memory via Serial Attached SCSI that can transfer up to 300 MB
per second. Sequential algorithms that require thousands of configuration changes
might become prohibitive when each configuration change requires a few seconds.

4. CONCLUSION

In this paper, we propose a two-stage sequential-decision (TSSD) algorithm that
finds, with a pre-specified high probability, one of the best system configurations,
so that the total simulation time for performance estimation is minimized. Our
numerical experiments show that TSSD improves upon existing algorithms with
respect to the total simulation time and the frequency of configuration changes.
An additional contribution of this paper is a formal discussion of the statement,
“it is more difficult to select m, when B = {m} than to select one of B when
|B|] > 2 for a fixed W.” Existing proofs of this statement for algorithms that make
decisions sequentially do not formally take into account the following property.
Under sequential-decision algorithms, the best configuration may be eliminated by
a nearly best configuration with high probability, and nearly best configurations
may be eliminated by a poor configuration with high probability. Therefore, it is
not quite obvious that a sequential-decision algorithm can select one of any nearly
best configurations with a pre-specified high probability.

TSSD has applications in optimizing system performance by selecting the sys-
tem configuration having the best simulated performance. TSSD is also suitable
for selecting the best configuration when the system performance is measured via
physical experiments instead of computer simulations. Note that changing system
configurations may be difficult in physical experiments, but TSSD requires changing
the system configurations only infrequently.

In theory, TSSD can be applied to any number of candidate configurations, but
in practice TSSD is suitable for a relatively small number of candidate configura-
tions (1 < k < 20). When there are more candidate configurations, TSSD may be
combined with local search algorithms to selectively evaluate only promising config-
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urations. We remark that TSSD and the ideas in TSSD can be used to improve key
components of the local search algorithms proposed in [Osogami and Itoko 2006;
Pichitlamken and Nelson 2003], specifically the neighborhood search for finding a
configuration that is better than the current configuration.

For readability, this paper considers only a single shape of the continuation re-
gion, but this can be generalized. For example, the slope of the upper and lower
boundary of the continuation region is fixed at £6/2 throughout this paper, but it
is straightforward to extend the slope to £4/(2¢) for any cin 0 < ¢ < oo.

ELECTRONIC APPENDIX

The electronic appendix for this article can be accessed in the ACM Digital Li-
brary by visiting the following URL: http://www.acm.org/pubs/citations/
journals/tomacs/2009-19-3/pl-osogami.
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A. PROOF OF THEOREM 2.1 FOR SOLO BEST CONFIGURATION

In this section, we prove Theorem 2.1 for the case where |B| = 1. Our proof uses
Lemma C.1 in Section C, which differs from the proof of HN [Hong and Nelson 2005]
that uses Fabian’s theorem. Fabian’s theorem provides a bound on the probability
that a random walk with (deterministic) drift exits a triangular area through the
lower edge (recall Figure 3), while Lemma C.1 provides a bound for a “random
walk” with stochastic drift. Lemma C.1 is proved using Lemma 2.2, which provides
a bound on the probability that a Brownian motion with (deterministic) drift exits a
triangular area through the lower edge. In Section A.1, we prove that TSSD selects
mp, with a pre-specified high probability under the condition that configurations are
not sorted at the end of Stage 1. The proof will be modified in Section A.2 to cover
the case where the configurations are sorted.

A.1  Without sorting

Throughout this section, we assume that B = {7} and that the configurations are
not sorted at the end of Stage 1. We will prove that, with probability > 1 — a,
m, becomes a provisional best, and m; € YV does not become a provisional best
after m, becomes a provisional best. Let Cper and Cag, respectively, be the sets of
configurations that are sampled before and after 7, in Stage 2. Note that m, ¢
Cher U Cari- Let ICS; be the event that TSSD makes the incorrect selection that
m; € W is better than m,. That is, Pr(ICS; | m; € Cper) is the probability that
does not become a provisional best given that X' = XZ-(Ni) immediately before
is sampled in Stage 2, and Pr(ICS; | m; € Cag) is the probability that m; becomes
a provisional best given that 7' = 7, immediately before 7; is sampled in Stage 2.
Since 7 is selected as the best configuration if no m; € W becomes a provisional
best, the probability of an incorrect selection, Pr(ICS), (i.e., 7, is not selected as
the best configuration) is bounded as follows:

Pr(ICS) < > Pr(ICS; | m € Cher) + Y Pr(ICS; | mi € Cart)

i €Cper T ECart

Permission to make digital/hard copy of all or part of this material without fee for personal
or classroom use provided that the copies are not made or distributed for profit or commercial
advantage, the ACM copyright/server notice, the title of the publication, and its date appear, and
notice is given that copying is by permission of the ACM, Inc. To copy otherwise, to republish,
to post on servers, or to redistribute to lists requires prior specific permission and/or a fee.
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We will prove the following two inequalities:
Pr(ICS; | m; € Cper) < T (11)

and

a
Pr(ICS; | m; att) < ——.

r(ICS; | m; € Cast) < ]
Note that Inequalities (11)-(12) imply Pr(ICS) < a, since |[Chet| + |Catt] = W] =
k—1.

We will first prove Inequality (11). Given that X' = X™**) immediately before
sampling from 7, in Stage 2, m, does not become the provisional best only when
X,ST) crosses a lower edge, X’ — W, (r), before crossing an upper edge, X' + Wj(s)

(12)

(see Figure 2). Formally, ICS; occurs only when there exists an r such that X,ET) <
X' — Wy(r) and r < s for any s such that X,SS) > X'+ Wy(s). Thus,

Pr(ICSi | ™ € Cbef)
< Pr (7rb does not become 7' | X' = Xi(N’))

= Pr (Elr < Ny s.t. X,ET) < X'—Wy(r) and r < s Vs s.t. X,Es) > X'+ Wy(s)
| & =5, (13)

for any m; € Cpes-

We will now find an upper bound on the right-hand side of Inequality (13), so that
Lemma C.1 can be applied to the upper bound. Observe that X ét) becomes more
likely to cross a lower edge, X' — W, (t), before crossing an upper edge, X'+ W(t), if
both the lower edge and the upper edge are shifted up. Formally, since up > p; + 9,
we have X,Et) < X' — Wy(t) + (up — pi — 6) whenever X,Et) < X' — Wy(t), and
X,St) > X'+ Wy(t) + (up — pi — 0) implies X,St) > X' + W,(t) for any t. Hence,
Inequality (13) implies that 7; € Cher remains the provisional best after sampling
from m, only if )_(ZET) crosses the shifted lower-edge, X’ — Wy (r) + ps — i — 6, before
crossing the shifted upper-edge, X' + W;(s) + pp — pi — 8. Therefore,

PI‘(ICSi | i € Cbef)
< Pr (ar <Ny st X < X Wi (r) + pp — i —

and r < sVs s.t. Xés) >X'+Wb(s)+ub—ui—6). (14)

The right-hand side of Inequality (14) is the probability that (X" — X') exits
the continuation region through the lower edge when the continuation region is
shifted up by (s — p; — 0), and thus is an upper bound of Inequality (13). Now,
let Zpo = (Xpo — pp)/op for £ = 1,2,... and Z; = —(X' — p;)/+\/0? /Nl, where
we recall that X' = XV Observe that N; is a random variable with support
on {ng,ng + 1,...}. Since the sample mean and the sample variance of a normal
distribution are independent (see Section 4.10 of [Grimmett and Stirzaker 2001]),
N; is independent of 221 X even though N; is determined using the sample
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variance of X; 1,...,X; »,. Therefore, Lemma C.3 in Section C implies that Z; is a
standard normal random variable, and that Z; and N; are independent. Also, the
Zy,¢’s are standard normal random variables, and the Z; ,’s and Z; are independent.
Now, observe that, by Equation (3),

X,§”<X'_Wb(t>+ub—ui—6
t 22
Op hS
@7;:1ZM+\/ Z+6< max{O 2t< 52 t>},

X,Et) >X’+Wb(t)+,ub—ui—5

t
Z be-f—“ Z+5>max{0 2t< 52 —t)}.

Thus, by Inequality (14), m; € Cher remains the provisional best after sampling from

mp only if
D=3 (2 g, (5 V)

=1

and that

@|q

crosses a lower edge, —h?S?/(2804) + dr/(203), before crossing an upper edge,
h*S?/(260v) — 6r/(204). Therefore,

Pr(ICSi | T € Cbef)

. sy 6
< Pr{3dr < Nps.t. R(r) <min<0, — + —r
2(505 20’b
2 G2
and 7 < s Vs s.t. R(s) > max {0, Z&iz - %ﬂ)s}) : (15)

We will now apply Lemma C.1 in Section C to Inequality (15), and simplify
the formulas to obtain Inequality (11). To apply Lemma C.1, we condition on S}
and N; in Inequality (15). Given S7 and N;, ¢ = h?S}?/(204) and a = §/(20%)
are constants and (6 + \/02-2 /N; Zi) /oy is a normal random variable with mean
d/op > 0. Lemma C.1 now implies

Pr(ICSi | i € Cbef)

1
< E|E - - - Sy, N.
h2S s h2S 5 o?
1+exp (2< 2o 3oy Lt mer (H%\/mzz‘)))
L 2
= EIE SNi| | (16)
2
1+ exp (\/ <1+ Vs Z))
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where Z is a standard normal random variable. Since Z and Z; are independent
by Lemma C.1, Inequality (16) is simplified to

Pr(ICSi | T € Cbef)

1 .
< E|E SZ,N:| |,

h2S2 h252\2 52 h2S2
1+exp <\/ sz +( UZb) 3TN, Z' + o'2b>
b b z b

where Z' is a standard normal random variable. Note that Z' is independent of S}
and N;, since Z and Z; are independent of S7 and N;. Since E[E[f(A,B) | A]] =
E[f(A,B)] for a function, f, when random vectors, A and B, are independent, it
follows that

1
Pr(ICSi | T € Cbef) = E (17)

h2S2 h252\2 52 h2S52
1+ exp <\/ trfb -|-( agb) a4+ U§b>

By Lemma C.2 in Section C, the expression inside the expectation of Inequality
(17) is a nonincreasing function of N;. Since N; > h%2S2 /6% from Equation (1), we
obtain

1

K252 S2\ 2 52 K282
1+exp<\/0—§”+h2(a—§) = 7+ g§b>

Let Qp = (no — 1)S7/0? and Q; = (ng — 1)S?/o?. Then @y and @; are x* random
variables with ng — 1 degrees of freedom, and Qp, @;, and Z are all independent.
Note that ); and Z; are independent due to a property of the sample mean and

sample variance of a normal distribution (see Section 4.10 of [Grimmett and Stirza-
ker 2001]). Therefore,

PI‘(ICSl | i € Cbef) < E

1
1+exp< 2O (1+%)z+ ’;:)%)

Now, Inequality (11) follows from the way we choose h (see Inequality (2)). This
completes the proof of Inequality (11).

It only remains to prove Inequality (12). Recall that when 7, becomes the pro-
visional best, X’ is updated to X,EN") if X,SNI’) > X' and remains unchanged if
X,SN”) < X'. Since X' is only updated to a larger value in TSSD, X' > X,SN”)
always holds after m, becomes the provisional best. Therefore, given that m, be-
comes the provisional best, m; € Cas becomes the provisional best only when X i(r)

crosses an upper edge, X'+ W;(r), before crossing a lower edge, X' — W;(s), where

PI“(ICSl | i € Cbef) < E

(18)

ACM Transactions on Modeling and Computer Simulation, Vol. 19, No. 3, Article No. 12, June 2009.



Finding probably best systems quickly via simulations . App-5

. Formally, the event ICS; occurs only when there exists an r such that
X'+ Wi(r) and r < s for any s such that X\* < X’ — W;(s). Thus,

Pr(ICSi | T € Caft)
< Pr (m becomes 7' | X' > X,EN"))

— Pr (EIT < Nist. X' > X+ Wir)
and r < sVsst. X < X' —W;(s) | X' > XzENb)>
< Pr (Eir < N; s.t. Xi(r) > X,ENZ’) + Wi(r)
and r < s Vs st. X7 < X;Nb) - Wl(s)) (19)
= Pr (m becomes 7' | X' = )_(;N”))
< Pr (Eir < N; st — Xi(r) < —X,SNI’) —Wi(r)
and r < s Vs s.t. — Xi(s) > —X,SN”) + Wl(s)) .

Since —p; > —pp + 9, the last expression is equivalent to Inequality (13) and can
be shown to be < a/(k — 1). This completes the proof of Theorem 2.1 for the case
without sorting and B = {m}.

A.2  With sorting

In this section, we prove that sorting the configurations at the end of Stage 1 does
not change (the upper bound of) the probability of an incorrect selection. When the

configurations are sorted, X éno) <X i(”“) implies m; € Cher. Hence sorting increases

Pr(ICS; | m; € Chpet), since T(Xér) - )_(i(N")) at r = ng is more likely to be in the
lower region of Figure 2 when X;”O) < )_(i(”“). However, Pr(ICS; | m; € Cag) is also
larger when X\™ < X[™) since (X" — XN at r = ng is more likely to be in
the upper region of Figure 2. Thus, the increase in Pr(ICS;) is not due to sorting
but due to the outcomes of the sample means in Stage 1. Before formalizing the
above idea, we will briefly discuss related prior work.

Boesel et al. also prove that sorting based on the sample means in Stage 1 does not
increase the probability of an incorrect selection for their sort-and-iterative-screen
procedure (Section 6.2 of the online companion for [Boesel et al. 2003]). Their
proof relies on the fact that sorting does not stochastically change the number
of samples collected in Stage 2 for each configuration. This means that Pr(ICS |
Chet) = Pr(ICS | Cast) holds given any sample means in Stage 1. Since TSSD collects
samples from a configuration up to the upper bound if the configuration is found to
be the provisional best, sorting may change the number of samples actually collected
in Stage 2. We thus cannot prove Theorem 2.1 using the techniques introduced by
Boesel et al. [2003].

Jennison et al. [1982] argue that the difference between the sample means of two
configurations cannot be embedded on a Brownian motion (with a constant drift)
if the sampling rule depends on the sample means of individual configurations. The
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sampling rule depends on the sample means of individual configurations when the
configurations are sorted. This is why HN uses, instead of X', a weighted average
of the sample mean in Stage 1 and the sample mean in Stage 2. In our proof, we
embed the difference between the sample means on a Brownian motion with a drift
having a normal distribution, so it is in agreement with the results from Jennison
et al.

A result of Stein [1945] (page 245) requires that the rule of allocating the number
of samples to be collected in Stage 2 should be specified initially and should not
depend on the sample means in Stage 1 for two-stage algorithms that do not make
decisions sequentially. For TSSD, the result of Stein corresponds to the requirement
that the upper bounds on the number of samples collected from a configuration
should not depend on the sample means in Stage 1. Although sorting may change
the number of samples actually collected in Stage 2, it does not change the upper
bound determined with Equation (1). As we will prove below, sorting does not
increase the probability of an incorrect selection for TSSD.

Let E; be the event that 7 is eliminated by m; # m in TSSD (with sorting)
given that the two configurations are compared directly with each other. Recall
Inequality (13) and Inequality (19), where we show that

Pr(ICS; | ; € Chet) < Pr(m, does not become 7' | X' = X))
and
Pr(ICS; | m; € Cag) < Pr(m; becomes 7' | X' = X,SNI’)).
This argument carries over to the case when the configurations are sorted, so that
Pr(ICS;) < Pr(E;). Observe that, for m; # s,
Pr(E;) = Pr(E; | m € Cag and X" < X" Pr(X(™) < X™))
+Pr(E; | 7 € Coer and X > X)) pr(X (™) > ")) (20)

since Xi(no) < )_(ZE”O) implies m; € Cag, )_(i(
X = X" has zero probability.

To prove Pr(E;) < a/(k — 1), we introduce two configurations, 7¥ and 7, that
are obtained by exchanging the variances of 7; and m. That is, 7} has mean y;
and variance o7, and 7} has mean g, and variance 0. We will prove that

o) )_(ZE”O) implies m; € Cper, and

Pr(E; | mi € Cper and X" > X))
= Pr(Ef | 7} € Cf, and X:("O) > X;(HO)); (21)

where the right-hand side is the probability that 7 becomes a provisional best
given that (i) X' is the sample mean of 7} when TSSD starts sampling from 77 in

Stage 2 (i.e., XZ-*(”O) > X;(no)) and that (ii) 77 has a larger sample mean than 77
in Stage 1 (i.e., 7} € C¥;)- Let

r N;
Dy(r) = ZXb,z — % ZXi,e
=1 te=1
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and
r Ny
X X
7,0 N* bl ?
=1 b p=1

where X7, is the (-th sample from 7} for j = i,b, and N; is the upper bound,
calculated in TSSD, of the number of samples collected from ;. Observe that
the left-hand side of Equation (21) is the probability that Dy(r) first crosses the
lower edge of the continuation region shown in Figure 2 when S? is replaced by

the sample variance of m, given that X; (no) X (no) . Similarly, the right-hand side
is the probability that D;(r) first crosses the lower edge when S? is replaced by

the sample variance of 77 given that X (no) > X, (") " Therefore Equation (21)
holds if Dy(r) and D;(r) are stochastically equivalent given that Xi("o) < X,S"O)
and X7 > X7 Let X, = pj + oAz for j = i,b, X}, = p; + 0,A%,, and
Xaf = lp +JiA§7Z, where A, and A;J are i.i.d. standard normal random variables
for j =i,b and 1 </ < ng. We now have

r N;
o;
Db(r) = oy E Ab7z +r ((ub — ,ui) — N E Ai7z>
(=1 =1

and

D;(r) = —UbZAzg-l-?" (o — N*ZA
(=1

b op=1

Equation (1) implies that IV} is stochastically equivalent to NN; given that Xi(no) <
Xi™) and X7 > ™) since 77 and m; have the same variance, and the
sample variance is independent of the sample mean for normal random variables
(see Section 4.9 of [Grimmett and Stirzaker 2001]). Now we consider a coupling
where A, = —A;‘J and A = —Ajiz. Under this coupling,

no no
Xi(nO) < XénO) & nopi + 0 Z Az’,l < noup + op Z Ab,l

=1 =1
no no
* *
& Noli + oy Z Az’,l < nolp + 0 Z Az’,l
=1 (=1

& Xi*("") < Xb*("‘))

and
r Ny
(2
D;(r) = abZAH-I-r (o — pi) — N*ZAM
=1 b =1

Since D;(r) and Dy(r) are stochastically equivalent and the conditions, XZ( o) <

X,&"O) and X" > Xb*(”o), are stochastically equivalent, Dy(r) and D;(r) are
stochastically equivalent given these conditions. This implies Equation (21).
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Equations (20) and (21) imply
Pr(E;) = Pr(E; | 7 € Cage and X" < X" Pr(X(™) < X™))
+Pr(E | 7F € C and X)) > X0l pr(xr0) 5 xx0)y (22)
By symmetry,

Pr(E;) = Pr(E; | 7 € Cag and X" > X" Pr(X(™ > x™))
+Pr(E} | 7F € €y and X)) < Xp0)) pr(x0) < 0Ny (23)

By taking the average of Equations (22) and (23), we have

1 1
Pr(Ei) = 5 PI“(Ei | T € Caft) + 5 PI“(E: | 7TZ( S C;ft)
(0]
< PR
— k-1

where the last inequality follows from Section A.1. This completes the proof of
Theorem 2.1 for the case in which B = {m}.

B. PROOF OF THEOREM 2.1 FOR MULTIPLE BEST CONFIGURATIONS

In this section, we discuss the case in which |B| > 2. Unfortunately, Pr(7 € B) >
1 — « for |B] > 2 does not follow immediately from the arguments in Section A.
This is because m; € VW can become a provisional best while 7, has been eliminated,
if m; € B eliminates m, and m; eliminates 7;. Since m; € B can eliminate m
with probability > a/(k — 1) and m; € W can eliminate m; € B with probability
> a/(k — 1), it is unclear whether TSSD selects m € B with probability > 1 — a.
The proof that HN makes a correct selection with a pre-specified high probability
when |B| > 2 does not appear to formally take into account the such cases [Hong
and Nelson 2005].

We will show that TSSD selects # € B with probability > 1 — « for a wide
range of parameter settings. Alternatively, TSSD can be modified so that 7 € B
is guaranteed to be selected with probability > 1 — « for any parameter settings.
We will show, however, that the modified TSSD is often equivalent to the original
TSSD.

We first consider the case when no configurations in B are sampled before 7, in
Stage 2, i.e., Cper C W. In this case, the argument in Section A implies that m,
becomes a provisional best with probability > 1 — |Cher|a/(k — 1), and that any
7; € Cage NV becomes a provisional best with probability < a/(k—1), since X' can
only be updated to a larger value. Therefore, TSSD selects 7 € B with probability
> 1— |W]a/(k — 1), which is greater than 1 — a.

Now suppose that a m; € B\ {m} is sampled before m, in Stage 2. The argument
in Section A implies that a m, € W is selected by TSSD with probability at most
a/(k — 1) if the m, is sampled before 7; in Stage 2, since the 7, is more likely to
be eliminated by 7; and 7, than by m, alone. However, the argument in Section A
does not immediately imply that a m, € W is selected by TSSD with probability
< af(k—1)if am; € B\ {m} is sampled before the m, in Stage 2. Suppose

that a m; € B\ {m} becomes a provisional best and TSSD updates X' = )_(J(NJ).
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Now a m,, becomes a provisional best if r(XS) — X') exits the continuation region
from the upper edge, which can occur with probability > «a/(k — 1), and X' is
updated as X' = max{X’,X&N”)}. Then m, becomes a provisional best only if
r(X" — X') exits the continuation region from the lower edge. In Section A,
we showed that 7, becomes a provisional best with probability > 1 — a/(k — 1)
if X' = XM Since X' = max{)_(’,XﬁuN‘”)} > XV) | the probability that
becomes a provisional best decreases from when X’ = X{¥*). Therefore, the error
probability, Pr(ICS,,), increases. Observe however that a 7 € B is selected with
probability > 1 -3 ), Pr(ICS,). Therefore, even though each Pr(ICS,) may
become larger, the sum of Pr(ICS,) may be smaller when |B| > 2 than when
|B] = 1.

We will now formalize the above argument. Let V (7;,z) be the event that there
exists an r such that X" — 2 < —Wi(r) and r < s for any s such that X'* — 2 >
Wi(s) (ie., X" — & exits the continuation region from the lower edge, —W;(r)).
Let A(m;,z) be the event that there exists an r such that XZ-(T) —a > W;(r) and
r < s for any s such that X” —z < —W;(s) (i.e., X\") — & exits the continuation
region from the upper edge, W;(r)).

Let P"¢I(z) be the probability that TSSD selects m, € W N Cper as the best
configuration when X’ = 2 immediately before sampling from 7, in Stage 2. Since
TSSD selects the 7, only if the m,, becomes a provisional best and m,, is still the
provisional best after samples from 7, are collected in Stage 2,

Pbef(z) < Pr (A(ﬂ'w,x) and V(Wb,max{x,)_(fuN“’)}» .

The value of X is at least max{z, X"*'} when we start sampling from 7 in Stage
2 given that m, becomes a provisional best. By conditioning on whether or not
> XN we have

Pief(x) < Pr (A(ﬂ'w,él?) and z > XI(UN“’) and V(ﬂ'b,él?))
+Pr (A(my, @) and < XN and V(m, X))

< Pr(A(my,z) and V(mp,x)) + Pr (V(”val(uN‘")))

= Pr(A(mu, 2)) Pr (V(m, ) + Pr (V(m, X)) (24)

where the last equality follows from the independence of A(my,,z) and V(m, x).

Let P%(z) be the probability that TSSD selects 7, € W N Cug as the best
configuration when X’ = z immediately before sampling from 7 in Stage 2. Note
that TSSD selects the 7, only if the 7, becomes a provisional best. By conditioning
on whether or not m, becomes a provisional best,

Pi"(z) < Pr(V(m, o) and A(my,)) + Pr (A(m,z) and A(m,, maxiz, X)),

since the value of X' is at least x if 7, does not become a provisional best and is

at least max{m,X,SNb)} if m, becomes a provisional best. Therefore, as with the
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previous argument, we have

P2t () < Pr(V(mp,z)) Pr(A(mw, z)) + Pr (A(ww,max{x,X;Nb)})). (25)

Let P, be the probability that TSSD selects a m, € W as the best configu-
ration. The arguments in Section A can be used to show that the last terms of
Equation (24) and Equation (25) are at most «/(k — 1). Therefore, it follows that
P, <max, P,(z), where

Pu(z) = Pr(V(m,z)) Pr (A(Tw, ) +%.
Observe that Pr (V(mp,x)) < 1/2if & > pp and that Pr (A(my, z)) < 1/2if 2 < .
Since Lemma C.4 in Section C can be proved in a way similar to Inequality (18),
we have

-1
h2Q h’Q py—u ;

Pr(V(m,2)) < E[(HQXP( 7+ dest) ]‘f’”fub (26)

if x> up

1
2

and

-1
h?Q h’Q w—py ;
PI" (A(ﬂ—w,.’l}')) S E |:(1 + exp ( TLO*]-Z + no—1 § )) :| lf T Z /'I”LU (27)
% if ¢ < o,

where @ is a x? random variable with ny — 1 degrees of freedom, Z is a standard
normal random variable, and () and Z are independent. Note that Lemma C.4
provides a bound on the probability that a random walk with a deterministic drift,
x, crosses a lower edge before crossing an upper edge, while Lemma C.1 used in
Section A provides a corresponding bound for a random walk with a stochastic
drift.

Let Py be the probability that TSSD selects one of the configurations in W.
Observe that Py < 3 ), P,. When |B| > 3, Py can be shown to be smaller
than « for a wide range of parameter settings. When |B| = 2, however, a tighter
analysis is often needed. Let B = {m,7;} so that u, — 0 < p; < pp. Since we
reorder the configurations in decreasing order of the sample means at the end of
Stage 1, m, is sampled before 7; in Stage 2 with probability > 1/2. If m, is sampled
before 7;, we have seen above that a m, € W is selected by TSSD with probability
< af(k—1). When |B| =2, we thus have

1 el 1
< Z(k-2)— 4= .
Py < 5k 2)k_1+2ZPw
TwEW
Therefore, for any |B|, we have
1 «@ 1
PW S max{(k—?))Pw, 5(k—2)m+§(k—2)Pw}, (28)

where P, < max, P, (z) and P, (x) is bounded from above via Inequalities (26)-
(27).

Figure 11 shows an upper bound of P)y. Specifically, the figure plots, as a function
of z /4, the right-hand side of Inequality (28) with P, replaced by the upper bound
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T T T T
1.0 0.0 1.0 2.0

x/d

,0.00

Fig. 11. An upper bound of Py, from Inequality (28). We set a = 0.05.

of P, (z) given via Inequalities (26)-(27). We set k = 10, np = 10, and o = 0.05.
In these settings, the confidence parameter is h = 4.69. The figures suggest that
Py < a for these parameter settings. We omit the figure here, but we found that
Py < a when k = 10, ng = 10, and @ = 0.1. Of course, Pyy < « does not hold
for all parameter settings, particularly when k£ is large. Note, however, that the
above analysis is not tight, and P)y may be much smaller than the upper bound
derived above. Also, one may set h larger so that Py, < « is guaranteed for a given
parameter setting.

C. TECHNICAL LEMMAS AND PROOFS

In this section, we present technical lemmas used in Section A, and prove Proposi-
tion 2.3.

Lemma C.1. Leta, ¢, L(r), and U(r) be as defined in Lemma 2.2. Let X1, X, ...
be standard normal random variables and A be a normal random variable with mean
1> 0 and standard deviation o > 0. We assume that A and the X;’s are indepen-
dent. Let Sa(r) =Y,_, Xe+7rA, and E be the event that Sa(r) crosses the lower
edge, L(r), before crossing the upper edge, U(s). Formally, E is the event that there
exists an r such that Sa(r) < L(r) and r < s for any s such that Sa(s) > U(s).
Then

1
Pr(E) < E 1 +exp2(vacZ + cA))

where Z is a standard normal random variable that is independent of A.

Proor. Let S,(r) = Y,_, X; +ra, and let E, be the event that S, (r) crosses
a lower edge, L(r), before crossing an upper edge, U(r). Formally, E, is the event
that there exists an r such that Sy(r) < L(r) and r < s for any s such that
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Se(s) > U(s). Lemma 2.2 can be used to show that (see p. 170 of [Anderson 1960])
there exists a function e(z) satisfying e(z) < 0 for z > 0, e(z) > 0 for x < 0, and
€(0) = 0 such that

1

Pr(E,) = E L +exp2(VacZ + cx))

} + €(x). (29)

Observe that

> 1 _(e=w?
PI'(E) = Pr(Ew) \/ﬁ e 202 dx

o0 y?
=E [1+exp(2(\/1a_cZ-|—cA))] + \/21_7/7006(56)67( = da, (30)
Notice that S, (r) can be coupled with S_,(r) so that S, (r) crosses L(r) whenever
S_.(r) crosses U(r) and vice versa. Then it follows that
Pr(E_.) = Pr(S_.(r) crosses L(r) before crossing U (r))
Pr(S,(r) crosses U(r) before crossing L(r))
= 1-Pr(E,).
Since Pr(E;) + Pr(E_,) = 1, Equation (29) can be used to show that

1 } LE [ 1
1+exp(2(vacZ +cx)) 1+exp(2(vacZ —cx))

The first term is the probability that the Brownian motion with drift = crosses
L(r) before crossing U(r). The second term is the probability that the Brownian
motion with drift —z crosses L(r) before crossing U(r), which is equivalent to the
probability that the Brownian motion with drift 2 crosses U(r) before crossing
L(r). Therefore, the sum of the first two terms is one. Thus, e(z) = —e(—=z), which
implies that

>~ (=p)? 0 (=2 —oe (co—p)?
/ e(x)e” 22 dr = / e(xz)e” 222 d:n—/ e(—x)e” 2t dz
0

— 00 — 00

0 _@=p? _(etp)?
= e(x) e 202 —e 22 | dx
— 00

<0, (31)

+e(z) +e(—z) = L

where the last inequality follows from the fact that €(z) > 0 for z < 0. Equations
(30) and (31) prove the lemma. [

LEMMA C.2. Let Z be a standard normal random variable. Then

1
E |:1 ¥ erZ+p
is a nondecreasing function of o for o >0 and p > 0.

Proor. Note that Y = 0Z + p is a normal random variable, N(u, o). Thus,

6 1 6 e 1 1 _ (y—p)?
—E|l— | = — e 202 Y.
0o |1+eZtn 0o J_oo 1+ €Y\ 2r52
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The dominated convergence theorem can be used to show that the derivative and
the integral can be exchanged. Hence,

EE 1 :l/ 1 1 y—m\"_4 e_(z;;) dy
0o |1+ e7Z+p o )_o1l+e¥ 2102 o

1 1 Y —p)\? .
o |1+¢eY o

lE Z? -1

o |1+e7Ztn

(32)

It remains to prove that the right-hand side, ¥ (), of Equation (32) is nonnegative
for p > 0 and o > 0. Below, we will show ¥(0) = 0 and ¢ (u) > 0 for any p > 0.
First, consider ¢(0). By symmetry of the standard normal random variable,

(—2)% - 1} _ 1 {(22 - 1)602} '

1+e 92 o e’Z +1

(o) = EE{

a

Summing ¥ (0) and the last expression, we obtain

1 [22-11 1_[(2%-1)e?
2 = SE| 2 |y lp|
v o [1+egz]+a { e’ +1 }
E[Zz%] -1
= 7[ 0] (33)
= 0.
Next, consider ¢(u) for p > 0.
1 o221 2
1/’(#) - /—271'0'2 /;oo 1+€az+ue dz
1 Rl )
= W/o (22 — 1De T, (2)dz
where we define
B 1 1
Eul2) = 1+ eo=tr + 14 e-o=tn’

Note that £,(2) is a nondecreasing function of z for z > 0, since
g () = T — e 1)
H (]_ + 60’z+u)2(1 +e az+u)2
for p >0, 0 >0, and z > 0. Hence, &,(z) < &.(1) for 2 <1, and ,(z) > £,.(1) for
22 L2
z > 1. Since (22 —1)e”7 <0for z <1land (22 —1)e== >0 for z > 1,

vV

v > = ([ (@ - DeF e, + [ @ -neFome:)

_ &) [Fa 2,
- Voro? Jo ( D d
(1) ¥(0),
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where the last inequality follows from Equation (33). Since 1(0) = 0, this completes
the proof of the lemma. O

LeEmMA C.3. Let N be a random variable with support on {ng,no+1,...}, where
no 15 a natural number. Let X1, Xo, ...be i.i.d. normal random variables with
mean p and o such that Y ,_, X¢ and N are independent for any r > ng. Then

zZWN) = ((Z,{,\f:l X¢)/N — u) /\/02/N is a standard normal random variable. Also,
ZWN) and N are independent.

PROOF. Let ®(-) be the standard normal distribution function. Observe that
Pr(Z(") < z) = ®(z) for any constant r. Also, Z(") and N are independent for any
constant r > ng, since y_,_; X; and N are independent for r > ng. Hence,

Pr(ZzV) < z) = Z Pr(Z" < z|N =r) Pr(N =)
r>ng
= > Pr(z") <2) Pr(N =)

r>ng

= Y @(z) Pr(N=r)

r>ng
= ¥(2)
Thus, Z(N) has a standard normal distribution. Also, Z(N) and N are independent,
since Z(M) is a standard normal random variable for any given N = > ng. [

LemMAa C.4. Let A(m;,x) and V (7w, ) be as defined in Section B. If © < s,
then we have

1
’
1—|—exp( h2Q Z+ :02_Ql l’fb6—$)

ng—1

Pr(V(m,z)) < E

(34)

where Q is a x* random variable with ng — 1 degrees of freedom, Z is a standard
normal random variable, and Q) and Z are independent. Also, if p, < x, then we
have

Pr(A(my,z)) < E ! . (35)

h2Q h2Q a—piw
1+exp ( n071Z+ ’I’Lo*l (SH )

Proor. We prove only Inequality (34), since Inequality (35) follows from the

symmetry. Recall that V(m,,z) is the event that Xbr — x crosses a lower edge,
—W(r), before crossing an upper edge, Wy(r), so that

Pr(V(mp, z))
= Pr (Elr <Nyst. X7 <a—Wy(r) and r < s Vs s.t. X\ >z + Wb(s)) ,

2Q2
Nb = IIla,X{TLU, ’V—h(sfb-‘}
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where we recall that
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T‘

> X

=1

5 (h2S?
Wy (r) = max{0,2—T< 52 —r>}.

Let Zg = (Xb7g — Nb)/Ub- Then

X"

Pr(V(mp,x)) = Pr (Elr < Ny s.t. % ZZZ <x—Wy(r) —
=1

Op "
d Vs s.t. — Z %% — .
and r < s Vs s r; >z + Wy (r) /u,>
By Equation (3), we have

Pr(V (s, z))

h:S2 § }

- r
= Pr|dr < N s.t. A — — — 0
r(r_ b S Z; e+Ub(ub x) < max{ 250y 200

and r < s Vs s.t iZ—l—r( x) > ma {0 WS¢ 57“}
. — (e — x40, - — .
=1 ¢ Op Ho 250[, 20’{,

Given S?, a = §/(20%) and ¢ = h?S?/(2603) are constants. Hence Lemma 2.2 can
be used to show that (see p. 170 of [Anderson 1960])

1
Pr(V(m,z)) < E|E S?

2qg2 2qQ2
1+ exp <2 (\/ ik -7 + ot W;,j))
Since Q@ = S?/(no—1) is a x? random variable with ng — 1 degrees of freedom, this
implies Inequality (34). O

PRrROOF OF PROPOSITION 2.3. Let ®(-) be the standard normal distribution func-
tion. We use Inequality (4.65) from [Anderson 1960]:

‘@(z) < 0.01, (36)

C14e s
for —o0 < z < 00. By Inequality (36),

1 * oz + 1 2
El— | < ® (- 01) ——e* /24
[1+€"Z+”] _/—oo< < K >+00>\/27r6 ‘

/ o (—(’Z+“> L =g 00t

o K V2T
Z”
—pr(z < -T2 TR ool 37
K

where Z' and Z" are independent standard normal random variables. Let Z"' =
(Z'"+0Z"|k)//1+ 0%/k?. Then Z"" is a standard normal random variable. By
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Inequality (37),

1 4
E|———| < Pr|2"<——rnr= 0.01
[1+e‘7z+” - r< = ,/52+02>+ ’
which proves the upper bound of Inequality (6). The lower bound can be proved
similarly.
Also, by a property of the normal distribution function, g(h) is a decreasing
function of h. O
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