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Abstract

We study the accuracy of the estimators of mean response
time and throughput in closed interactive systems such as
Web systems. The response time law allows us to calculate
the throughput from the mean response time and vice versa.
However, we �nd that the accuracy of the two estimators
can be quite different. We re�ne the response time law using
the central limit theorem and study the asymptotic accuracy
of the estimators when the measurement time approaches
in�nity. Based on the asymptotic accuracy of the estimators,
we derive rules of thumb for the accuracy of the measured
mean response time and measured throughput. Extensive
simulation study suggests that the rules of thumb are often
valid under realistic measurement time.

1 Introduction

The performance of computer systems such as Web sys-
tems is measured to guarantee quality of service (QoS) or to
compare difference con�gurations of the systems. Mean re-
sponse time and throughput are popular metrics of the per-
formance of Web systems: the mean response time is the
average time between when a request is issued and when
the request is completed, and the throughput is the aver-
age number of requests that the system processes in a unit
time. In this paper, we consider the problem of whether we
should measure mean response time or throughput to better
guarantee QoS or to better compare different con�gurations
of a Web system. Speci�cally, is measured mean response
time or measured throughput more accurate, when the Web
system is measured for a �xed period of time?

Mean response time and throughput are often related: if
one is measured, the other can be calculated. Observe that
a Web system under measurement can often be modeled as
a closed interactive system as shown in Figure 1. A work-
load generator emulates a �xed number of users, sending re-
quests to the Web system. After a user issues a request, the
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Figure 1. A closed interactive system model.

user waits for the result of the request and thinks (pauses)
for a random period before issuing the next request. In such
a closed interactive system, there is a relation, known as the
(interactive) response time law [7, 10], between the mean
response time,r , and the throughput,x :

r =

m

x

� z ; (1)

where z is the mean think time andm is the number of
users. Note thatz and m are known, since they are speci-
�able parameters of the workload generator. Hence, if the
throughput is measured, the mean response time can be cal-
culated via the response time law, and vice versa.

However, our own experience in performance measure-
ment of Web systems [13] suggests that measured mean re-
sponse time and measured throughput can have quite dif-
ferent accuracy. The goal of this paper is to characterize
when measured mean response time has higher accuracy
than measured throughput in a closed interactive system.

The primary contribution of this paper is characteriza-
tion of when the measured mean response time has higher
accuracy than the measured throughput. We �nd that the
rules of thumb are that measured throughput tends to be
more accurate than measured mean response time when (i)



the think time has low variability, (ii) the service time has
high variability, (iii) the load is intermediate, and/or (iv) the
Web system induces high variability in the sample average
response time.

To derive these rules of thumb, we study the rela-
tionships between the asymptotic variabilities of measured
mean response times and measured throughputs when the
measurement times approach in�nity. Our results can be
seen as a central limit theorem (CLT) version of the re-
sponse time law, since the response time law relates the av-
erage response time and average throughput.

The rules of thumb are then validated via extensive simu-
lation studies. Our simulation studies suggest that the rules
of thumb derived from the asymptotic variabilities are often
valid for relatively short measurement times.

1.1 Related w ork

The mathematical techniques needed to prove the CLT
version of the response time law are introduced in [4, 5],
where a CLT version ofLittle's law is proved. Although the
CLT version of the response time law can be proved based
on what has been known in the literature, our interpretation
of the CLT version of the response time law is entirely new.
In particular, the problem of whether to measure mean re-
sponse time or throughput in a closed interactive system is
�rst studied formally in this paper. However, this problem
is related to the problems addressed byindirect estimation
techniques, which we brie�y review below.

Indirect estimation is a technique that estimates a met-
ric of interest by estimating another metric and calculating
the metric of interest using a known relationship between
the two metrics. Indirect estimation is often asymptotically
more ef�cient (i.e. the estimator has a smaller coef�cient
of variation) than directly estimating the metric of interest
when the simulation time approaches in�nity. For example,
Law shows that it is asymptotically more ef�cient to esti-
mate the mean number of jobs,L , in an M/G/1 queue by
estimating the mean delay,W , in the queue and calculating
L via Little's law, L = �W , than to estimateL directly [9].
The result in [9] is extended to a G/G/s queue in [8]. An
important assumption in [8, 9] is that the arrival rate,� , is
known. Glynn and Whitt show that indirect estimation and
direct estimation ofL have the same asymptotic ef�ciency
if � is unknown and needs to be estimated.

Another example of indirect estimation is the use of a
relationship between the delay and the idle period in the
GI/G/1 queue. The mean delay in the GI/G/1 queue can
be expressed as a sum of the mean equilibrium idle period
and a quantity that can be calculated from the service time
and the interarrival time distributions [17]. Minh and Sorli
show that, under heavy traf�c, it is more ef�cient to estimate
the mean delay in a GI/G/1 queue by estimating the mean

equilibrium idle period and calculating the mean delay via
the relationship between the delay and the idle period than
directly estimating the mean delay [11]. The mean equilib-
rium idle period is estimated by the �rst two sample mo-
ments of the idle period in [11]. Recently, Wang and Wolff
propose a superior method to estimate the mean equilibrium
idle period directly [16].

Yet another example of indirect estimation is the use
of Little's law to estimate the blocking probability in the
G/G/s/0 model. Speci�cally, Little's law allows us to cal-
culate the blocking probability from the mean number of
busy servers, the arrival rate, and the mean service time.
Srikant and Whitt show that it is more ef�cient to estimate
the blocking probability by estimating the mean number of
busy servers and calculating the blocking probability via
Little's law than directly estimating the blocking probability
as the ratio of losses to arrivals [14, 15].

The response time law can also be used for indirect esti-
mation, but indirect estimation via the response time law has
not been investigated in the literature. Although the focus
of this paper is to compare the estimators of the throughput
and the mean response time, we also discuss the ef�ciency
of indirect estimation via the response time law in the asso-
ciated technical report [12].

1.2 Organization

The rest of the paper is organized as follows. In Sec-
tion 2, we introduce a CLT version of the response time
law. In Section 3, the CLT version of the response time law
is used to derive rules of thumb for the accuracy of the mea-
sured mean response time and the measured throughput. In
Section 4, the rules of thumb are validated via simulations.

2 A central limit theorem version of the re-
sponse time law

The response time law refers to the relationship (1)
among the number of usersm , the mean think timez , the
mean response timer , and the throughputx , in the closed
interactive system shown in Figure 1. To state the response
time law more formally, we introduce several notations. Let
N ( t ) be the number of requests completed up to timet .
Then the time average of the throughput at timet is

X ( t ) =

N ( t )

t

: (2)

Let R

i

be the response time of thei -th completed requests
for i = 1 ; 2 ; ::: . See Figure 2 for an illustration ofR

i

. Then
the sample average of the response times at timet is

R ( t ) =

P

N ( t )

i =1

R

i

N ( t )

: (3)
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Figure 2. The de�nitions of R

i

, Z

i

, and �( t )

when there are m = 4 users.

Let M ( t ) be the number of think times recorded up to time
t . Let Z

i

be thei -th recorded think time. Then the sample
average of the think times at timet is

Z ( t ) =

P

M ( t )

i =1

Z

i

M ( t )

: (4)

Observe thatX ( t ) , R ( t ) , andZ ( t ) , respectively, are nat-
ural estimators of the throughput, the mean response time,
and the mean think time at timet , and converge tox , r , and
z almost surely ast ! 1 if the strong law of large num-
bers holds for the natural estimators. The response time law
relates the limiting values of the natural estimators:

Proposition 1 (The response time law)Let m be the
number of users, and let

�( t ) = m t �

0

@

N ( t )

X

i =1

R

i

+

M ( t )

X

i =1

Z

i

1

A (5)

(see Figure 2 for an illustration of�( t ) ). Suppose that
�

X ( t ) ; R ( t ) ; Z ( t )

�

! ( x; r ; z ) (6)

�( t ) =t ! 0 (7)

almost surely ast ! 1 , where x , r , and z are constants
such that0 < x < 1 and 0 � r ; z < 1 . Then Relationship
(1) holds among these constants.

We note that Assumption (7) is usually satis�ed but could
be violated in real systems, for example when a particular
request is never processed by the Web server.

The CLT version of the response time law re�nes Propo-
sition 1. Under the assumptions made in Proposition 1, the
natural estimators converge to constants. When appropri-
ately normalized, we expect that the natural estimators con-
verge in distribution to normal random variables under the
conditions that the CLT holds for the natural estimators:

p

t ( X ( t ) � x ) ) N (0 ; V

X

) (8)
p

t ( R ( t ) � r ) ) N (0 ; V

R

) (9)
p

t ( Z ( t ) � z ) ) N (0 ; V

Z

) ; (10)

as t ! 1 , whereN ( �; V ) denotes a normal random vari-
able with mean� and varianceV , and ) denotes con-
vergence in distribution. Observe that (8) and (9) suggest
how quickly X ( t ) and R ( t ) converge tox and r , respec-
tively. SinceX ( t ) and R ( t ) , respectively, are well approxi-
mated byN (0 ; V

X

=t ) andN (0 ; V

R

=t ) for a larget , X ( t ) is
stochastically more accurate thanR ( t ) iff V

X

=x

2

< V

R

=r

2

for the larget . To study howV

X

and V

R

compare to each
other, we consider a CLT version of the response time,
which relates the limiting normal random variables in (8)-
(10):

Lemma 1 (A CLT version of the response time law)
Suppose that a closed interactive system satis�es the
assumptions made in Proposition 1 with (7) replaced by a
slightly stronger condition:

�( t ) =

p

t ! 0 : (11)

Under the condition that (10) holds, (8) holds iff (9) holds.
Furthermore, suppose that

p

t

�

R ( t ) � r ; Z ( t ) � z

�

) N ( 0 ; V ) ; (12)

as t ! 1 , where0 is a zero vector with two elements de-
noting the means, andV is a covariance matrix such that

V =

�

V

R

V

RZ

V

RZ

V

Z

�

:

Then
p

t

�

R ( t ) � r ; Z ( t ) � z ; X ( t ) � x

�

) N ( 0 ; W ) ; (13)

as t ! 1 , where 0 is a zero vector with three elements
denoting the means, andW is a covariance matrix such
that

W =

0

B

@

V

R

V

RZ

�

m ( V

R

+ V

RZ

)

( r + z )

2

V

RZ

V

Z

�

m ( V

Z

+ V

RZ

)

( r + z )

2

�

m ( V

R

+ V

RZ

)

( r + z )

2

�

m ( V

Z

+ V

RZ

)

( r + z )

2

m

2

( V

R

+ V

Z

+2 V

RZ

)

( r + z )

4

1

C

A

:

Proof: We will �rst prove (13) under the condition that (12)
holds. Let ^

R and ^

Z , respectively, be the normal random
variables to which

p

t ( R ( t ) � r ) and
p

t ( Z ( t ) � z ) converge
in distribution ast ! 1 . That is,

p

t

�

R ( t ) � r ; Z ( t ) � z

�

) (

^

R ;

^

Z ) (14)

as t ! 1 , and(

^

R ;

^

Z ) is equal in distribution toN (0 ; V ) .
We will represent the normal random variable which

p

t ( X ( t ) � x ) converges to in terms of^

R and ^

Z . First ob-
serve that by (2) and (5)

p

t

�

X ( t ) � x

�

=

p

t

 

m N ( t )

P

N ( t )

i =1

R

i

+

P

M ( t )

i =1

Z

i

+ �( t )

� x

!

:



By Proposition 1,
p

t

�

X ( t ) � x

�

=

p

t

 

m N ( t )

P

N ( t )

i =1

R

i

+

P

M ( t )

i =1

Z

i

+ �( t )

�

m

r + z

!

= m

p

t

r + z �

�

P

N ( t )

i =1

R

i

N ( t )

+

M ( t )

N ( t )

P

M ( t )

i =1

Z

i

M ( t )

+

�( t )

N ( t )

�

�

P

N ( t )

i =1

R

i

N ( t )

+

M ( t )

N ( t )

P

M ( t )

i =1

Z

i

M ( t )

+

�( t )

N ( t )

�

( r + z )

:

Now, by (3)-(4),

p

t

�

X ( t ) � x

�

= � m

p

t

�

R ( t ) � r

�

+

p

t

�

Z ( t ) � z

�

�

R ( t ) +

M ( t )

N ( t )

Z ( t ) +

�( t )

N ( t )

�

( r + z )

+ m

p

t

N ( t ) � M ( t )

N ( t )

Z ( t ) �

p

t

�( t )

N ( t )

�

R ( t ) +

M ( t )

N ( t )

Z ( t ) +

�( t )

N ( t )

�

( r + z )

;

and by (2)
p

t

�

X ( t ) � x

�

= �

m

�

p

t

�

R ( t ) � r

�

+

p

t

�

Z ( t ) � z

��

�

R ( t ) + Z ( t ) +

Z ( t )

M ( t ) � N ( t )

t

+

�( t )

t

X ( t )

�

( r + z )

+

m

�

N ( t ) � M ( t )

p

t

Z ( t ) �

�( t )

p

t

�

X ( t )

�

R ( t ) + Z ( t ) +

Z ( t )

M ( t ) � N ( t )

t

+

�( t )

t

X ( t )

�

( r + z )

(15)

Note thatj N ( t ) � M ( t ) j � m by the de�nitions of N ( t )

and M ( t ) , and hence( N ( t ) � M ( t )) =

p

t ! 0 as t ! 1 .
Thus, by (6) and (11)-(14), the right hand side of (15)
converges in distribution to a normal random variable as
t ! 1 :

p

t

�

X ( t ) � x

�

) �

m (

^

R +

^

Z )

( r + z )

2

(16)

by the continuous mapping theorem [3]. Therefore,

p

t

�

R ( t ) � r ; Z ( t ) � z ; X ( t ) � x

�

)

�

^

R ;

^

Z ; �

m (

^

R +

^

Z )

( r + z )

2

�

;

as t ! 1 , which implies (13).
Observe that we have shown that (8) holds if (8) holds

under the condition that (10) holds by proving that (12) im-
plies (13). It only remains to prove that (9) holds if (8) holds
under the condition that (10) holds. Suppose that

p

t

�

X ( t ) � x; Z ( t ) � z

�

) (

^

X ;

^

Z ) : (17)

We will represent the normal random variable which
p

t ( R ( t ) � x ) converges to in terms of^

X and ^

Z . Similarly
to (16), it can be shown that

p

t

�

R ( t ) � r

�

) �

m

x

2

^

X �

^

Z (18)

as t ! 1 , which implies (9). We provide a complete proof
of (18) in the associated technical report [12].

3 Ef�ciency of the estimators

The CLT version of the response time law allows us to
compare the accuracy of the estimators of mean response
time and throughput. In Section 3.1, we introduce a formal
framework to compare the accuracy of the estimators. In
Section 3.2, we discuss rules of thumb for the accuracy of
the estimators.

3.1 Asymptotic e�ciency

The accuracy of an estimator can be evaluated using the
asymptotic variance parameter. For example, the asymp-
totic variance parameter ofR ( t ) is V

R

, which determines
how quickly R ( t ) converges tor , sinceR ( t ) � N ( r ; V

R

=t )

for a large t . To compare the asymptotic ef�ciency of
R ( t ) and X ( t ) , we normalize the asymptotic variance pa-
rameters, since the asymptotic variance parameter tends to
be larger simply because the mean of the metric is larger.
Speci�cally, we compare the asymptotic accuracy of esti-
mators using the following de�nitions:

De�nition 1 Let A ( t ) and B ( t ) be estimators such that, as
t ! 1 , A ( t ) ! a and B ( t ) ! b almost surely, and
p

t ( A ( t ) � a ) ) N (0 ; V

A

) and
p

t ( B ( t ) � b ) ) N (0 ; V

B

) .
We say thatA ( t ) is asymptotically more ef�cient than
B ( t ) iff V

A

=a

2

< V

B

=b

2 . Also,
p

V

A

=a is called the
asymptotic relative error of A ( t ) .

Now the following theorem follows from Lemma 1.

Theorem 1 Suppose that the assumptions made in
Lemma 1 hold. ThenX ( t ) is asymptotically more ef�cient
than R ( t ) iff

V

Z

+ 2 V

RZ

z

2

+ 2 r z

<

V

R

r

2

: (19)

Proof: By Lemma 1 and (1), the asymptotic relative error
of X ( t ) is

c

X

=

1

x

�

m

p

V

R

+ V

Z

+ 2 V

RZ

( r + z )

2

=

p

V

R

+ V

Z

+ 2 V

RZ

r + z

;

(20)
and the asymptotic relative error ofR ( t ) is

c

R

=

p

V

R

=r : (21)



Hence,X ( t ) is asymptotically more ef�cient thanR ( t ) iff
c

X

< c

R

. Since

c

X

< c

R

,

V

R

+ V

Z

+ 2 V

RZ

( r + z )

2

<

V

R

r

2

,

V

Z

+ 2 V

RZ

z

2

+ 2 r z

<

V

R

r

2

;

the theorem is proved.

Theorem 1 allows us to discuss whenR ( t ) is asymptoti-
cally more ef�cient thanX ( t ) . Below, we discuss how the
asymptotic ef�ciency of the estimators is affected by the
parameters of the Web system and the users in the closed
interactive system, including the service time distribution,
the think time distribution, the number of users, and the
scheduling policy (how the requests are processed) at the
Web system.

First, Theorem 1 implies thatX ( t ) tends to be asymp-
totically more ef�cient thanR ( t ) when V

Z

is lower. Notice
that V

Z

is usually known, since the think time is a parame-
ter of the workload generator. In particular, when the think
time is independent and identically distributed (i.i.d.),then
V

R

is simply the variance of the think time. Observe that
V

Z

is lowest (V
Z

= 0 ) when the think time is determin-
istic. In fact, whenV

Z

= 0 , we can prove thatX ( t ) is
always asymptotically more ef�cient thanR ( t ) . Formally,
the following corollary follows directly from the proof of
Theorem 1:

Corollary 2 Suppose that the assumptions made in
Lemma 1 hold. If the think time is a nonzero constant, then
X ( t ) is asymptotically more ef�cient, strictly, thanR ( t ) . If
the think time is zero, thenX ( t ) and R ( t ) have the same
asymptotic ef�ciency.

Proof: When V

Z

= 0 , we also haveV

RZ

= 0 . Thus,c

X

=

p

V

R

= ( r + z ) and c

R

=

p

V

R

=r . Therefore,c
X

� c

R

, and
the equality holds iffz = 0 .

Note that Corollary 2 holds under very general condi-
tions. As long as the assumptions made in Lemma 1 hold,
the service times can have an arbitrary distribution and can
be correlated arbitrarily; the Web system can process re-
quest in an arbitrary manner (e.g.it can preempt and resume
requests); and we can have an arbitrary number of users.

Second, Theorem 1 implies thatX ( t ) tends to be asymp-
totically more ef�cient thanR ( t ) when the sample average
think time and the sample average response time are neg-
atively correlated (i.e. V

RZ

< 0 ), and the correlation is
strong. Observe that, when the think times are shorter, the
Web system is likely to receive more requests, which in turn
makes the response times longer. Hence, we expect that the
sample average think time and the sample average response

time are often negatively correlated. However, when the
load of the Web system is very low or very high, the neg-
ative correlation may not be strong. For example, when
the load is very low, the request may be issued only when
the Web system is idle regardless of the think time. When
the load is very high, the request may be issued only when
( m � 1) requests are waiting or processed at the Web server
regardless of the think time. Note that the load depends on
the number of users, the mean think time, the mean service
time, and also the scheduling policy at the Web system in
the closed interactive system.

Third, Theorem 1 implies thatX ( t ) tends to be asymp-
totically more ef�cient thanR ( t ) when V

R

is higher. It is
obvious thatR ( t ) is asymptotically more ef�cient thanX ( t )

when V

R

= 0 unlessV

Z

= 0 as well, in which case the
two estimators have the same asymptotic ef�ciency. Note
however that, unlike the think time, the response time is
usually unknown and uncontrollable, and thatV

R

= 0 is
possible only under extreme cases, for example when the
service time is deterministic and the load is very low so that
the Web server is always idle when a request is issued and
no other requests are issued until the request is completed.
We expect thatV

R

is most affected by the service time vari-
ability so thatV

R

is higher when the service time is more
variable. There are also other factors that can affectV

R

,
including the scheduling policy at the Web server.

Finally, observe that the mean think time,z , and the
mean response time,r , do not directly affect the asymp-
totic ef�ciency of the estimators, since the asymptotic vari-
ance parameters are simply normalized byz and r in (19).
However, since the load depends onz and r , z and r can
indirectly affect the asymptotic ef�ciency of the estimators.

Note that the above argument is by no means exhaustive.
There are other factors, such as the correlation between the
think times and the correlation between the think time and
the service time, that can affect the asymptotic ef�ciency of
the estimators. The impact of these factors can be studied
similarly based on Theorem 1.

3.2 Rules of th um b

Our conjecture is that, if an estimatorA ( t ) is asymptot-
ically more ef�cient than an estimatorB ( t ) , then A ( t ) has
higher accuracy thanB ( t ) even when the measurement time
is �nite, or at least when the measurement time is long. To
compare the ef�ciency of the estimators under �nite mea-
surement times, we introduce the following de�nitions:

De�nition 2 Let C

A

( t ) and C

B

( t ) , respectively, be the co-
ef�cients of variation (the standard deviation divided by
the mean) of the estimatorsA ( t ) and B ( t ) at time t . We
say that A ( t ) is more ef�cient than B ( t ) at time t iff
C

A

( t ) < C

B

( t ) . Also, C

A

( t ) is called therelative error of
A ( t ) at time t .



Based on the asymptotic ef�ciency discussed in Sec-
tion 3.1, we expect that the ef�ciency of the estimators can
be explained via the following rules of thumb. The esti-
mator of throughput is more ef�cient than the estimator of
mean response time when

1. the service time has high variability;

2. the think time has low variability;

3. the Web system is operated at an intermediate load;

4. the scheduling policy at the Web system creates high
variability in the sample average response time.

These rules of thumb will be validated via simulations in
Section 4. Notice that the last rule is not as speci�c as the
�rst three rules, since it is not clear which scheduling pol-
icy creates more variability in the sample average response
time. We will also investigate how the scheduling policy
affects the variability of the sample average response time.

4 Validation by simulation

We start by describing the conditions of the experiment
in Section 4.1. In Section 4.2, we will see that the rules of
thumb derived from the asymptotic ef�ciency of the estima-
tors are often valid for realistic measurement times. In the
associated technical report [12], we also discuss when the
rules of thumb become invalid.

4.1 Conditions of the exp erimen t

We study the ef�ciency of the estimators of mean re-
sponse time and throughput in the closed interactive sys-
tem shown in Figure 1. Throughout the experiments, we
compare the relative error,C

R

( t ) , of the estimator of mean
response time and the relative error,C

X

( t ) , of the estimator
of throughput for a range of simulated measurement times,
t . Let t = 0 be the time when the measurement is started in
the simulation.

Throughout, we assume that the think times are i.i.d.,
the service times are i.i.d., and the service times and the
think times are independent. In the simulation, users be-
have identically as follows. A user issues a request to the
Web server, where the service time of the request is cho-
sen independently from a common service time distribution.
The request is processed by the Web server, possibly after
waiting for other requests and/or being interrupted by other
requests, and the result of the request is returned to the user.
After receiving the result of the request, the user thinks be-
fore issuing the next request, where the think time is chosen
independently from a common think time distribution.

To study the system at the steady state, we start the sim-
ulation before time0 , and the events during the warm-up

period (t < 0 ) are ignored. Speci�cally, the simulation is
started at timet

0

< 0 such that each user is expected to
have issued ten requests by time0 if the Web server is al-
ways busy. Formally, we chooset

0

= � 10 m ( z + s ) , where
z is the mean think time,s is the mean service time, and
m is the number of users. To increase the speed of conver-
gence to the steady state, we choose the number of requests
being processed at the Web server and the number of users
thinking at timet

0

from the steady state distribution assum-
ing that the steady state distribution has a product form [2].
Then we choose the remaining processing time and the re-
maining think time from the service time distribution and
the think time distribution, respectively. In general, thestate
at timet

0

is not the steady state, and this is why we start the
simulation at timet

0

< 0 .
In our experiments, the estimator of throughput at time

t is de�ned to beX ( t ) = N ( t ) =t , whereN ( t ) denotes the
number of requests completed between time0 and timet .
The estimator of mean response time at timet is de�ned
to be R ( t ) =

P

N ( t )

i =1

R

i

, whereR

i

is the response time of
the i -th completed request after time0 . Note that a request
completed after time0 may be issued before time0 .

The simulation is run 1,000 times in each setting. Then
C

R

( t ) (respectively,C

X

( t ) ) is calculated using the sam-
ple mean and the sample variance ofR ( t ) (respectively,
X ( t ) ) of the 1,000 runs. For example, we obtainC

R

( t )

as C

R

( t ) =

p

S

2

R

( t ) = M

R

( t ) , whereM

R

( t ) and S

2

R

( t ) , re-
spectively, are the sample mean and the sample variance of
R ( t ) .

4.2 Results

Below, we discuss the results of our simulation experi-
ments. Although we show a limited set of �gures, our dis-
cussion is actually based on the results of extensive simula-
tions under a wider range of conditions.

4.2.1 Ef�ciency and asymptotic ef�ciency

We �rst study whether an estimator having good asymp-
totic ef�ciency also has good ef�ciency for realistic mea-
surement times. Recall that Lemma 1 suggests that the rel-
ative error approachesc=

p

t when t becomes large, where
c is the the asymptotic relative error of the estimator. We
will study how well c

R

=

p

t and c

X

=

p

t approximateC

R

( t )

and C

X

( t ) , respectively, for a range oft . If it turns out that
C

R

( t ) � c

R

=

p

t and C

X

( t ) � c

X

=

p

t for a small t , then
the ef�ciency of R ( t ) and X ( t ) at the smallt can be deter-
mined fromc

R

and c

X

.
Figure 3(a) showsC

R

( t )

p

t by a solid line andC

X

( t )

p

t

by a dashed line for a range oft . Here, the service time has
an exponential distribution with mean 1, the think time has
an exponential distribution with mean 10, the number of



t

C
(t

)
t

10 102 103 104 1050

1

2

3 mean response time
throughput

(a) relative error
t

B
(t

)
t

10 102 103 104 1050

1

2

3 mean response time
throughput

(b) relative bias

Figure 3. The relative error (a) and the relative
bias (b) of R ( t ) and X ( t ) for a range of t .

users is 10, and the scheduling policy at the Web server is
processor sharing (PS). Under PS, the requests at the Web
server receive equal shares of the processing capacity. PS
is a popular model of the scheduling policy at a Web server
(seee.g.[6]).

Note thatC

R

( t )

p

t and C

X

( t )

p

t are surprisingly insen-
sitive to t . We expect thatC

R

( t )

p

t and C

X

( t )

p

t , respec-
tively, well approximatec

R

and c

X

at the right end of the
�gure, where t = 10

5 . At the left end of the �gure, the
simulated measurement time is 10, when only several re-
quests have been completed. We �nd thatC

R

( t ) andC

X

( t )

are well approximated byc
R

=

p

t and c

X

=

p

t , respectively,
even when the simulated measurement time is relatively
short. Hence, an estimator that is asymptotically more ef-
�cient is also more ef�cient under realistic measurement
times. In particular, under the conditions of Figure 3, it
appears thatc

R

< c

X

, and in factC

R

( t ) < C

X

( t ) for any t

such that10 < t < 10

5 .
Figure 3(b) shows the relative bias of the two esti-

mators. The relative biases ofR ( t ) and X ( t ) are de-
�ned to be B

R

( t ) =

�

� E
�

R ( t )

�

� r

�

�

=r and B

X

( t ) =

�

� E
�

X ( t )

�

� x

�

�

=x , respectively. Here,r and x are derived
analytically [2], andE

�

R ( t )

�

andE
�

X ( t )

�

are estimated
by the averages of the 1,000 runs. Note that the relative bias
evaluates the consistent inaccuracy of an estimator, while
the relative error evaluates the uncertainty of an estimator.
To compare the magnitude of the relative error and the rel-
ative bias, we showB

R

( t )

p

t and B

X

( t )

p

t in Figure 3(b)
so that the relative error and the relative bias are scaled by
the same factor.

Observe that the relative bias is signi�cantly smaller than
the relative error for the range oft studied. This suggests
that the superiority of an estimator should be discussed
based on the relative error instead of the relative bias. In
theory, it can also be shown that the relative error is of or-
der 1 =

p

t , while the relative bias is of order1 =t and can be
reduced too (1 =t ) (seee.g.[1]). Below, we will not discuss
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Figure 4. Impact of service time variability.

the relative bias, but we �nd that the relative bias is sig-
ni�cantly smaller than the relative error in all of the cases
studied (we have not studied the relative bias in Figure 8(a),
where the steady state distribution does not have a product
form).

In the rest of this section, we study the impact of various
parameters in the closed interactive system on the ef�ciency
of the two estimators. Throughout, we keep the mean ser-
vice time at 1, and other parameters are changed.

4.2.2 Impact of service time variability

Recall that the �rst rule of thumb suggests thatX ( t ) tends
to be more ef�cient thanR ( t ) when the service time has
more variability. Figure 4 illustrates the impact of service
time variability on the ef�ciency of the estimators. The con-
ditions of the experiment are the same as in Figure 3 except
that the service time is less variable in Column (a) and more
variable in Column (b). Speci�cally, in Column (a), the ser-
vice time is deterministic such that the mean is 1 and the
variance is 0. In Column (b), the service time has a Weibull
distribution with shape parametera = 1 = 2 and scale pa-
rameterb = 1 = 2 such that the mean is 1 and the variance
is 5. Recall that the Weibull distribution with shape param-
eter a and scale parameterb has the following cumulative
distribution function:

F ( x ) = 1 � exp( � ( x=b )

a

) ;

for x � 0 .
Observe thatR ( t ) is more ef�cient thanX ( t ) when the

service time has low variability (Figure 4(a)), butX ( t ) is
more ef�cient than R ( t ) when the service time has high
variability (Figure 4(a)). This observation agrees with the
rule of thumb. Figures 3(a) and 4 also suggest that both
R ( t ) and X ( t ) become more ef�cient as the service time
becomes less variable, butR ( t ) is more sensitive to the vari-
ability of the service time. This makes intuitive sense, since
the variability of the service time can directly affect the vari-
ability of the response time.
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Figure 5. Impact of think time variability.

4.2.3 Impact of think time variability

The second rule of thumb suggests thatX ( t ) tends to be
more ef�cient thanR ( t ) when the think time is less vari-
able. Figure 5 illustrates the impact of think time variability
on the ef�ciency of R ( t ) and X ( t ) . The conditions of the
experiment are the same as in Figure 3 except that the think
time is deterministic in Column (a) and has a Weibull distri-
bution with shape parametera = 1 = 2 and scale parameter
b = 1 = 2 in Column (b).

The impact of the variability of the think time is in con-
trast to the impact of the variability of the service time. Ob-
serve thatX ( t ) is more ef�cient thanR ( t ) when the think
time has low variability (Figure 5(a)), butR ( t ) is more ef-
�cient than X ( t ) when the think time has high variability
(Figure 5(b)). Note that this observation agrees with the rule
of thumb. Figures 3(a) and 5 also show that bothR ( t ) and
X ( t ) become more ef�cient as the service time becomes
less variable, butX ( t ) is more sensitive to the variability of
the service time. This sensitivity is also in contrast to the
service time variability but makes intuitive sense, since the
variability of the think time can only affect the variability
of the response time indirectly: the variability of the think
time affects the variability of the number of requests being
processed at the Web server, which in turn affects the vari-
ability of the response time.

4.2.4 Impact of load

The third rule of thumb suggests thatX ( t ) tends to be more
ef�cient than R ( t ) when the load is intermediate. In a
closed interactive system, the load primarily depends on the
mean service time, the mean think time, and the number of
users (although the load can also depend on the schedul-
ing policy at the Web server). Note however that the mean
service time affects the load only through the ratio between
the mean service time and the mean think time. We study
the impact of the load on the ef�ciency of the estimators by
changing the number of users in Figure 6 and by changing
the mean think time in Figure 7, while holding the mean
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Figure 6. Impact of the number of users.

service time at 1.

The conditions in Figure 6 are the same as in Figure 3 ex-
cept that there are fewer (�ve) users in Column (a) and more
(�fteen) users in Column (b). Hence, the load is lower in
Column (a) and higher in Column (b). As the rule of thumb
suggests,R ( t ) becomes more ef�cient thanX ( t ) when the
load becomes lower or higher than the intermediate load.

An interesting observation from Figures 3 and 6 is that
both R ( t ) and X ( t ) become more ef�cient as the number
of users increases (i.e. as the load increases), but the rate
of increase is quite different between the two estimators.
Speci�cally, X ( t ) is more sensitive to the number of users
when there are fewer users, andR ( t ) is more sensitive to
the number of users when there are more users. This ob-
servation may be explained as follows. The service time
has an exponential distribution and the scheduling policy at
the Web server is PS in Figures 3 and 6. Hence, the output
process from the Web server is Poisson as long as the Web
server is busy. At the intermediate to high load, the Web
server is busy most of the time, and the output process from
the Web server does not depend much on the load. Thus
the ef�ciency of X ( t ) does not depend much on the load,
either. At the low to intermediate load, the Web system is
idle most of the time. Hence, the output process from the
Web server depends heavily on the load, and the ef�ciency
of X ( t ) can also depend on the load.

The conditions in Figure 7 are the same as in Figure 3
except that the mean think time is shorter (�ve) in Column
(a) and longer (�fteen) in Column (b). Hence, the load is
higher in Column (a) and lower in Column (b). Again,R ( t )

becomes more ef�cient thanX ( t ) when the load becomes
lower or higher than the intermediate load. Also, Figures 3
and 7 suggest that both estimators become more ef�cient as
the mean think time decreases (i.e. as the load increases),
but X ( t ) (respectively,R ( t ) ) is more sensitive to the mean
think time when the load is lower (respectively, higher).
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Figure 7. Impact of the mean think time.

4.2.5 Impact of scheduling policy

The fourth rule of thumb suggests that the scheduling pol-
icy at the Web server also has an impact on the ef�ciency
of the estimators. Throughout, we assume that the schedul-
ing policy at the Web server is work conserving (the Web
server does not become idle as long as it has requests). We
primarily consider scheduling policies that do not use the
size of the request,i.e. the processing time needed to com-
plete the request, in determining which requests are pro-
cessed at any moment. Observe that PS does not use the
size of the request, since the requests at the Web server
receive equal shares of the processing capacity regardless
of the sizes of the requests. Other scheduling policies that
do not use the size of the request include �rst-come-�rst-
serve (FCFS), preemptive-last-come-�rst-serve (PLCFS),
and least-attained-service (LAS). Under FCFS, the requests
are processed in the order in which they are issued. Under
PLCFS, the Web server processes the request that is most
recently issued. Under LAS, the Web server processes the
request that has received least processing time.

We �nd that C

R

( t ) and C

X

( t ) are insensitive to the
scheduling policy as long as the service time has an expo-
nential distribution and the scheduling policy does not use
the size of the request. For all of the cases studied above
(speci�cally, under the conditions of Figures 3, 5, 6, and 7),
we �nd that C

R

( t ) 's (respectively,C

X

( t ) 's) under FCFS,
PLCFS, LAS, and PS are indistinguishable.

The insensitivity ofC

X

( t ) to the scheduling policy may
be explained as follows. The output process from the Web
server is stochastically equivalent as long as the service time
has an exponential distribution and the scheduling policy
does not use the size of the request. SinceC

X

( t ) is deter-
mined by the output process from the Web server,C

X

( t )

does not depend on the particular scheduling policy as long
as the scheduling policy does not use the size of the request.

It may be counterintuitive thatC

R

( t ) is also insensi-
tive to the scheduling policy, since themarginal distribu-
tion of the response time can depend heavily on the par-
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Figure 8. Impact of scheduling policy.

ticular scheduling policy even when the service time has
an exponential distribution and the scheduling policy does
not use the size of the request. An intuitive explanation
may be given by considering the time of renewal when the
Web server becomes idle. Note that the busy period of the
Web server is stochastically equivalent under any schedul-
ing policy that does not use the size of the request when the
service time has an exponential distribution, since the out-
put process is stochastically equivalent and the remaining
work in the Web system is also stochastically equivalent.
At the time of renewal, the sample average response time
becomes stochastically equivalent, since the sum of the re-
sponse times is stochastically equivalent and the number of
requests completed by the time of renewal is also stochasti-
cally equivalent. Therefore,C

R

( t ) is equivalent at the time
of renewal. It turns out thatC

R

( t ) 's under FCFS, PLCFS,
LAS, and PS are indistinguishable for anyt under our con-
ditions.

When the service time does not have an exponential dis-
tribution, C

R

( t ) and C

X

( t ) can depend on the particular
scheduling policy even when the scheduling policy does
not use the size of the request. Figure 8 showsC

R

( t )

p

t

and C

X

( t )

p

t when the service time has a Weibull distribu-
tion and the scheduling policy is FCFS in Column (a) and
PLCFS in Column (b). Except for the scheduling policy, the
conditions are the same as in Figure 4(b). In Figure 4(b),
we have seen thatX ( t ) is more ef�cient thanR ( t ) under
PS for t > 10

3 . By contrast, when the scheduling policy is
FCFS,R ( t ) is more ef�cient thanX ( t ) for t > 10

3 . Taking
a closer look, we see thatC

R

( t ) under FCFS is similar to
C

R

( t ) under PS fort > 10

3 , but C

X

( t ) under PS is smaller
than C

X

( t ) under FCFS. That is, when the service time has
high variability, FCFS creates more irregularity in the out-
put process from the Web server than PS.

Figure 4(b) and Figure 8(b) show thatC

R

( t ) and C

X

( t )

under PLCFS are very similar to those under PS fort >

10

3 , although they are quite different fort < 10

3 . This
suggests thatc

X

and c

R

under PLCFS are very similar to
those under PS even when the service time does not have an



exponential distribution. Although PLCFS and PS process
requests quite differently, they have similar properties.For
example, the stationary distribution has a product form for
both PLCFS and PS. This similarly might be related to the
similarity in the asymptotic ef�ciency under PLCFS and PS.
Further investigation is left as future work.

The scheduling policy can use the size of the request
to provide better performance. An example of a schedul-
ing policy that uses the size of the request is the shortest-
remaining-processing-time (SRPT) policy, where the Web
server always processes the request having the least remain-
ing processing time. When the scheduling policy uses the
size of the request, the ef�ciencies of the estimators can
depends on the particular scheduling policy even when the
service time has an exponential distribution. In general, we
�nd that the scheduling policy can have counterintuitive ef-
fects on the ef�ciency of the estimators. It requires more
investigation both mathematically and with simulation ex-
periments to provide a clear explanation as to how the ef�-
ciency of the estimators depend on the scheduling policy of
the Web system.

5 Conclusion

We have studied the ef�ciency of the estimators of mean
response time and throughput in closed interactive systems.
This problem is motivated by our own experience with mea-
suring the performances of a Web system. Although the
mean response time and the throughput are related in the
sense that one can be calculated from the other via the re-
sponse time law, it turns out that the measured mean re-
sponse time and the measured throughput can have signi�-
cantly different accuracy.

To formally account for the difference in accuracy, we
derive a central limit theorem (CLT) version of the response
time law, which relates the asymptotic ef�ciency (accuracy)
of the estimator of the mean response time and the asymp-
totic ef�ciency of the estimator of the throughput. The CLT
version of the response time law allows us to consider when
an estimator is asymptotically more accurate than another.
In particular, we �nd that when the think time is determin-
istic, the estimator of the throughput is asymptotically more
accurate than the estimator of the mean response time under
quite general conditions.

Our simulations suggest that the asymptotic ef�ciency
of an estimator is a good indicator of the ef�ciency of the
estimator for a �nite measurement time. Hence the rules
of thumb derived from the asymptotic ef�ciency are often
valid for a �nite measurement time. We �nd however that
the rules of thumb can become invalid when the measure-
ment time is very short or when the variability of the service
time and/or the think time is very high.

Although we have a clear exposition as to how the think

time, the service time, and the number of users affect the
(asymptotic) ef�ciency of the estimators, we feel that the
impact of the scheduling policy of the Web system on the ef-
�ciency of the estimators is only partially understood. Fur-
ther investigation is left as future work.
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