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Abstract—We introduce a formal limit, which we refer to as

first K positions of the MTF list. McCabe [14] derives the

a fluid limit, of scaled stochastic models for a cache managed first two moments of the stationary position of a requested

with the Least-Recently-Used algorithm when requests aressued
according to general stochastic point processes, which maye
non-stationary. We define our fluid limit as a superposition
dependent replications of the original system with smalleritem
sizes as the number of replications approaches infinity. Weative
the average probability that a requested item is not in a cach
(average miss probability) in the fluid limit. The usefulnes of
the fluid limit is demonstrated in two ways. First, our numerical
experiments show that, when items are requested accordingt
inhomogeneous Poisson processes, the average miss probgbi
in the fluid limit closely approximates that in the original system
as long as there are sufficient number of items. Second, we sho
that the asymptotic characteristics of the average miss piability
as the cache size approaches infinity are often preserved ime
fluid limit. This preservation is attractive since the asympotic
analysis in the fluid limit appears to be simpler than that in
the original system. In addition, we show that the average nsis
probability in the fluid limit is asymptotically insensitiv e to
particular dependencies in the requests when the request tas
have a light tail, a property not known for the original system.

I. INTRODUCTION

item in an MTF list with an “independent reference model,”
which is essentially equivalent to the model where items are
requested according to independent Poisson processes. The
results of McCabe are extended to the probability distidbut

by Burville and Kingman [1] and to the generating function by
Flajolet et al. [6] and Fill and Holst [5]. Unfortunately,ebe
distribution and generating functions are computatigniaird

to evaluate numerically and provide little intuition duette
complexity of their expressions.

To gain greater insights from stochastic analysis and tb eva
uate performance more efficiently, researchers have sttioge
asymptotic characteristics of the MTF list ahdRU. Fill [4]
shows that the generating function of the stationary pusioif
a requested item is simplified in the limiting case where the
number of items approaches infinity. Jelenkovi¢ [8] stadie
the miss probability forLRU in the limiting case where the
cache size, K, approaches infinity. In particular, when the
request ratesp; for ¢ 1,2,..., have a heavy tail (i.e.,
Ai ~ c¢fi* fori = 1,2,... with ¢ > 0 anda > 1), it

Caching data is a widely used technique for scalability arisl shown that the miss probability fdrtRU decays with a
efficiency in today’s communication systems, including thpower law asK — oo. Jelenkovit [8] also studies a fluid
World Wide Web, sensor networks, and peer-to-peer networkmit of the stationary position of a requested item. Royghl
It is important to optimize the cache algorithms, since thepeaking, investigating the fluid limit results in breaking
response times perceived by users of these systems caredeh item intom items of sizel/m and formally taking the
strongly affected by the cache algorithms. There have been tlimit of m — oo. In particular, when the request rates have

dominant approaches for analytically evaluating the perfaa light tail (i.e., \; ~ cexp(—¢£i°) for i = 1,2,...

with

mance of cache algorithms: stochastic analysis and cotivgetic, £, 3 > 0), it is shown that the miss probability fdrRU
analysis. When stochastic analysis is applied properly, wlecays exponentially in the fluid limit. Hirade and Osogami
can understand the performance more precisely than wjij show that the miss probabilities f&RU and the 2Q cache
competitive analysis and also gain insights into the funelam algorithm [12], respectively, can be closely approximatsth

tal characteristics of the cache algorithms. Today, howevéhose analyzed in a fluid limit.

stochastic analysis is still limited in its applicability tache

An asymptotic analysis is also found to be useful in com-

algorithms. Our goal is to make stochastic analysis moparing the performance of cache algorithms. For example,

applicable to cache algorithms.

Jelenkovi¢ and Radovanovit [10] discuss the asymptagite o

Least-Recently-Used_RU) is a simple and popular cachemality of the Persistent-Access-Caching algorithnfas»> oo
algorithm and has been studied extensively with stochastitien the request rates have a heavy tail.

analysis. The stochastic analysis ldRU originates from the

The prior work mentioned above assumes the independent

stochastic analysis of the Move-To-Front (MTF) list, where reference model, but stochastic analysis has also beeredppl
requested item is moved to the head of the list. The mifw various dependent request processes. When the request
probability (the probability that a requested item is not iprocess forms a Markov chain, Lam et al. [13] and Ro-

the cache) forLRU with a cache of size/ coincides with

drigues [16], respectively, derive the mean and the vaeianc

the probability that the requested item is not at one thud the stationary position of a requested item in an MTF list,



and Chu and Knott [2] derive an expression for the stationaifhomogeneous Poisson processes. In particular, we égalua

miss probability forL RU. Coffman and Jelencovi¢ [3] derivesthe accuracy of approximating with 5(°). In Section V,

the first two moments of the stationary position of a requisteve show thatp(>) is asymptotically insensitive to particular

item in an MTF list when the probability of requesting eacdependencies in the request process. Throughout, we omit

item depends on the state of a modulating process. proofs and details, which are provided in the associated
Similar to the case with the independent reference modtdchnical report [15].

the analysis of the asymptotic characteristics is found tcfl

provide insight into the fundamental natureld®U. Jelenkovit '

and Radovanovi¢ [9] and Sugimoto and Miyoshi [18] show In this section, we derive an expression for the average

that, when the request rates have a heavy tail, the mf§és probability forLRU when items are requested according

probability for LRU is asymptotically insensitive to the typed© general stochastic point processds, We first define the

of dependencies in the request process studied in Coffrdin &fdel of caching with.RU and state assumptions an. We

Jelenkovié [3] ask — oo. Jelenkovit et al. [11] characterizethen analyze the average miss probability f&U, which will

the critical cache sizes where the miss probability f®U Pe used in Section Iil to study the fluid limit.

becomes insensitive to the dependencies. We consider a system withy' items of size 1 and a cache
In this paper, we define a fluid limit of a stochastic model fo?f size K, where0 < K < N < oco. The items are requested

a cache managed withRU when the requests follow generafccording to stochastic point process#s= (¥,..., ¥y),

stochastic point processes. Our fluid limit is a non-triviavhere®; = {t", ¢ € Z} denotes the request process for the

extension of the fluid limits for the independent referenceth item,e;. For eacte;, we Iettéi) <0< tgi) andtﬁi) < tﬁ’ll

model in [8], [7]. We will explain how the dependencies irfor ¢ € Z, so thatt\’ denotes the epoch of theth request
the request process would disappear wittrigial extension g, e; after time 0 for/ > 0, althoughty) is also defined for
of their fluid limits. Then we formally derive an analyticaly « ().
expres_sioppl(”), for the average miss probability flRU I \when a requested item is not in the cach®U removes
our fluid limit (Theorem 1). The definition of the fluid limit he item that was requested least recently from the cache,
and the analysis of(>) constitute the primary contributionsgg the requested item is placed in the cache. When a
of this paper. The analysis in a fluid limit is useful in tWQequested item is in the cache, the cache remains unchanged.
ways, and our secondary contributions are to demonstrate {e assume that exactli items are always stored in the
usefulness with simulation and asymptotic analysis. cache. Also, we assume that items are requested one at a

First, P(Oo) can be used to approximate the average migge, since simultaneous requests would require a tie brgak
probability forLRUin the original systemy, whose numerical e Formally, we assume the§f) ” tﬁf) for any ¢, .4, . In
analysis is intractable. We will study>>) when the requests _, ... ’ ) G !
follow inhomogeneous Poisson processes (Theorem 2) Whal dition, we assume th_a@_’ — 00 8st — oo andt, o

9 P WY —o0, SO that a finite number of requests are issued in

are non-stationary. All of the prior vyork on stochastic 38&l .,y qeq interval. When these assumptions hold, we say that
of cache algorithms assumes stationary request procaxsesqj is simple

.tractablht)./. Oltj.r nym.?rr:c_a(l!me)x.petrlmenltls W'!Its_hoj\f\é/thfat ?‘Vrezr The metric of interest is the miss probability, the probigpil
N approximaungp with p* IS typically within L4 10rV 2 that a requested item is not in the cache. In contrast to ibe pr

128 and smaller for a largeiN. : - .
AR . ork, ¥ may be non-stationary in this paper. Thus, instead of
Second,p(>) can provide insights into the fundamentayv Y : v 'S pap us, |

" ¢ he alaorith We find that totic ch the stationary miss probability, which may not exist, wel wil
hature of cache algontnms. Ye find that asymptolic charac gtudy the average miss probability. Specifically,get be the

iStiCS.OfLRU are often preservedlin our fluid !imit. .Specm.c?”y’probability that thel-th request fore; is a miss (i.e., the;
we will see that, ag( — oo, 5 is asymptotically insensitive is,_not in the cache). The averagezmiss probability e‘pri;

to particular dependencies in_ the request processes Wleenot fined ag; = limy, o, L ZLf i

reque St. rates h?\./e a heavy tail (Theo_rem 3), which agrebs_ Wit 1o formally studyp;, WLe uszé 1not’ations from [17] and make
the findings forp in [3], [18]. We also find that the asymptotic o 4 yitional assumptions abodt. Let 6, be the shift operator

analysis ofpp'>*) appears to be simpler than a correspondirmat shifts time byt and relabels the indices so that the

analysis .Of.ﬁ' Th'.s. _S|mpI|C|ty allows us to find that theindex of the first request epoch after time 0 is 1. Formally,
asymptotic insensitivity of(> to the particular dependencies

also holds for the case of a light tail (Theorem 4). Note thit ¥ = {(tgw)“)(t)w N t),L € Z}, where M) (t) is the
asymptotic characteristics gfas K — oo is not known even maximum¢ such thaitgz) <t Letd,¥ =(6,9y,...,60,Tn).
for the independent reference model. Recall that Jeleak8)i We assume that¥ is time-asymptotically stationary, so
studies the asymptotic characteristics for the case ohatfal that there exists a distribution defined B*(¥ € &) =

LRU WITH GENERAL STOCHASTIC POINT PROCESSES

in his fluid limit. anoo%f(fP(eu\I: € &)du. Note that a non-stationary
The rest of the paper is organized follows. In Section Il can be time-asymptotically stationary. For simplicity, we
we derive an expression fgp. In Section 1ll, we define assume thafr is ergodic with respect t®*.

the fluid limit and formally derive a general expression for Finally, we assume that the average request rateof e;
5(°°). In Section IV, we studyp(>) when requests follow satisfies0 < \; < oo for i = 1,...,N. Formally, \; =



E*[M () (1)], where M (?)(1) denotes the number of requestgach other. Specifically, if;™, we assume tha®, ; for
for e; in (0,1], and E* denotes the expectation with respect < k < m have the same sample path (ifé’},k) - ty’k') for
to P*. When N = oo, we also assume th@f\il Ai < 00. anyl € Z and1 < k, k' < m) and that®, for 1 < k < m
Under the above assumptiong; is event-asymptotically are conditionally independent gived; ;. Formally, for any
stationary, so that the distribution defined BY-*(¥; € £) = measurable sets], for 1 < k < m, it holds thatP (¥, €
limy, o % Ef:l P(Otm\Ili € 5) exists for 1 <i <N Ek:, Vk € {]_,. . .,m} | ‘I’i,l) = H?:l P(‘I’k €& | \Ifi71).
(see Theorem 2.9 from [17]). Them; can be expressed To clarify the assumptions o, consider a way to simulate
conveniently using?®: B = (®,,...,%,,) in 7,"™ for a bounded interval0, T7.
Lemma 1: When ¥ is simple, time-asymptotically station-We first simulate¥; in the original system. This gives us a
ary, ergodic, an@ﬁil A; < o0, the average miss probabilitysequence of epoch®,;(w) = {tgi) (W), .. .,t(Lif(W)(w)}. Then,
of e; for LRUs i = P (X, I{tl) <t} > K) for for 1 < k < m, we let & 4(w) = W;(w) (.. " (w) =
1 <i < N, wherel is the indicator random variable. tff) (w) for 1 < ¢ < L;(w)) be the simulated epochs of the
Lemma 1 can be explained intuitively as follows. We mayequests fok; ; in 7;(”1)_ Next we simulate¥; for all j # i
see P%/(£) as the probability of an event, when we in the original system in such a way thit; (w) and ¥; for
‘randomly observe way out at” [17] the epoch of a request - ; have the desired dependency. This gives us a set of
for e;, letting the time of the obfserv.atlon l?e zi)ero. The Ne¥equences of epoch®,; (w;) = {tgj)(wl), o >t(L])(w1)(W1)}
request fore; after th ob_servauon is at tlrr’ré1 and IS @ for j £ i Then, forj # i, we letd (1) (w;) = W, (w0, ) be the
miss iff at least/ distinct items have been requested in the. )
. (i) . . Simulated epochs of the requests &y, in 7,""". We repeat
!nterval 0,44 ) Smcg ltems ar‘;)re?“e%}?d onc(ei)at a time, simulating ¥; for j # ¢ in the same way but independently
is requested in the intervaD, ¢,”) iff ;7 < ;7 for any o e previous repetitions. Far< k < m, the results of the
e; # ei. Hence, the request far; at time¢,” is a miss iff j_th repetition can be used to construct the simulated epochs
2 iy <’} > K. ®; 1 (w) for j # i, of the requests foe; ; in 7™ .
To avoid introducing a tie-breaking rule, we assume that, in
7;(”‘), the items except; ., for 1 < k < m are requested one
In this section, we introduce a fluid limit of the stochasti@t a time almost surely. This means, in the original system,
model for caching with_.RU and formally derive the averagethat there is no mass probabiliﬂj’.(tff) =t) =0 for any/,
miss probability forLRU in the fluid limit. t, ande;.
We consider a sequence of scaled systems, wheresthe We say that a request fef is a miss inﬁ(m) iff more than
th scaled system has N items,e;, for 1 < k < m and half of e; for 1 < &£ < m are not in the cache upon the

1<i <N, of sizel/m. The first scaled system correspondeequest. Legngj?) be the probability that thé-th request for

to the original_ systgm, and we call the scaled system Wigl] is a miss inﬂ(m). We study the average miss probability,
m — oo the fluid limit of the original system. Far < k <m, . (m) _; 1L (m) ,

Py =lmp oo 7Y Py » Of €; @SM — 00,
let B, = (exr, ..., en ) and Iet(:I>k,§ = (Pr,- PNk) P& pegrem 1 10 addition to the conditions of Lemma 1,
the request processes . Lett, ™’ be the ep(zch of thé-th suppose thaP(tEi) — 1) = 0,Y((, ,). Thenlim_ o ﬁgm) —
request fore; ;, after time 0, so that; : tﬁ” ),.6 €Z;. PO Z;\; E I{tg’) < tgl)} 0] > K - % _

Such scaled systems are also considered in [7], [8]. FOrThe theorem should be compared against Lemma 1, which
example, them.'Fh scal_ed system§ (), (.)f [.7] can be S€eN characterizey; = 1721). In particular, a random variable,
as a superpos_ltllon of !ndependent replications of the malgi 1Y < t(i)}, in p; is replaced with a conditional expectation,
system. Specifically, inS(™, &, for 1 < k < m are Lo Lo () .
independent and stochastically identical®o Unfortunately, E [I{tl <t }|\I’i]’ in p; . This suggests that some
the dependencies i% would disappear ir5(>) in the sense randomness disappears’ﬁﬁ""). Roughly speaking, iff; (o),
that S(°) with general® is identical to that when¥ is a whether or not a request fas; is a miss is determined only
vector of independent Poisson processes. We formally prawe¥; and by the expected impact thiif has on¥; for j # ¢
the above observation in [15]. via the dependencies betwe@n and ¥; for j # i.

We will define our scaled system as a superposition of
dependent replications of the original system. Also, in contrast
to [7], [8], we will define a sequence of scaled systems In this section, we study thp?g‘x’) derived in Section Il
for eache;, so that the scaled systems for different itemi& more detail for the particular case when the requests are
have different dependencies ;. Let 7;(’“) be them-th issued according to inhomogeneous Poisson processes. We
scaled system foe;. For eache;, we will study the miss first derive an explicit expression fqi£°°) in this particular
probability for thee; in 7;(°°). In 7;(”‘), we assume tha®, case. Our derivation uséd = A G, an extension of Little's
is stochastically identical t& (i.e., for1 < k < m, it holds law, to convert the event-average expression in Theorem 1
that P(®;, € &) = P(¥ € &) for any measurable sef). to a time-average expression. We then study the accuracy of
However, we assume thak, for 1 < k < m depend on approximatingg; with ;55"").

. FLUID LIMIT

IV. INHOMOGENEOUSPOISSON REQUESTS



Theorem 2: Let A;(t,u) = [ Xi(v)dv and letr;(t) be
the maximumu such that). . (1 —exp(=A;(t,u))) < 2
K — % for 1 < i < N. In addition to the conditions é - g
of Lemma 1, if ¥; is an inhomogeneous Poisson pros s 5
cess with rate);(¢t) at timet¢ for 1 < 7 < N, then 5

p

_(oco . T ht
) = )\%hmT_m; L [P exp (—Ai(t,75(t))) Ai(t) dt, where = N . I

R H 1 X 0 8 16 24 32 0 8 16 24 32
)\Z - hmT%oo T fo )\Z(t) dt. cache size cache size

Now, we study the accuracy of approximatimgwith pg""). . N:712HS

Letr; = A/ Z;V:l ); denote the fraction of the requests fo
e;. We will estimate the overall average miss probability:

vazl r; Pi, With a simulation, and we will compare it agains
P = 3N r > as evaluated numerically. Recall that>
P> is defined for eachr;*. We will refer to the formal = _ ‘ ‘ ‘ o ‘ ‘ ‘
averagep(>), as the overall average miss probability in the o 32 64 96 128 0 32 64 96 128

fluid limit. The error (%) ofp(>) is defined ad00 |5(>) — 5|. cache size 519 cache size

For each data point, the simulation is run at least 20 times,™ -
where 10* N requests are generated in each run. Hence, on
average, each item receivég* requests in each run. When§ w |
the 20 runs do not suffice to provide the confidence level that®
the estimated value is within 1% with probability 0.95, the.
simulation is repeated until this confidence level is aohiev ~ o
Before the first run, we warm up the system by generating
requests until every item is requested at least once. Eagh ne
run is started from the last state of the previous run.

In Figure 1, we consider the settings where the values @§. 1. The accuracy of approximatimgwith 5(>) when requests follow
/\Z() for 1 < i < N fluctuate as trigonometric functions.inhomogeneous Poisson processes, whérs set as shown in each row. In
i - - .20 x i Column (a), solid lines show(=), and x marks showp. Column (b) shows
Specifically, we set\;(t) = 2 sin® (It + ¢7) for eache;. e error (%) ofp().
Observe that, for any;, the period of\;(-) is 4 N and its
average rate i3; = 1, so thate; is expected to be requested

four times in a period. The phase bf(0) is chosen depending V. ASYMPTOTIC ANALYSIS WITH FLUID LIMIT

on (i mod8). Therefore, items are classified into eight types, | this section, we study the request processes that are

and items _with different types become popular (requestefilar to those studied in 13, [9], [11], [18]. Specificall

frequently) in different epochs. let J(-) be a stationary and ergodic semi-Markov chain on
Figure 1(a) shows>) with solid lines angy with x marks. a finite state space that determines the request rate; fat

The number of items)V, is set as shown in each row. Theaime ¢ with );(J(¢)) for 1 < i < N. Thus, givenJ(-), ¥;

horizontal axis represents the cache sizeAlthough we have is an inhomogeneous Poisson process with pate/(t)) at

definedp andp(>) only for1 < K < N-1, Figure 1(a) shows time ¢. Observe that¥; for i = 1,...,N are conditionally

the range o) < K < N. Here, we defing = p(>) = 0 for independent giver/(-). Note that¥ is stationary, which is

K =0andp = p(>) =1 for K = N. Observe that the also assumed in [3], [9], [11], [18], so that the stationarigsn

solid lines and thex marks are on top of each other wherprobability exists (see Lemma 2.1 from [18]) and agrees with

N > 128. We can see thai(>) slightly underestimates for the average miss probability.

N =32. We first derivepgm) for the particular request processes
To take a close look, Figure 1(b) shows the error (%) afnder consideration.

p(>°). Observe that the error gf>) is within 3% for N = 32 Lemma 2: Let A;(u;J) = [)'Xi(J(v))dv and 7;(K; J)

and within 1% forN > 128. We find that, in general, the be the maximumu such thaty .. (1 —exp (—A;(u; J))) <

error of 5> is smaller for a largefV. This makes intuitive K — 1. In addition to the conditions in Lemma 1, suppose that

sense, since the original system approaches its fluid limit &, is an inhomogeneous Poisson process with #gtd(t))

N — oco. We find thatp(>) < p for all of the data points in at time ¢t for 1 < i < N, where J(-) is a stationary

Figure 1. Also, observe that the error@f®) tends to become and ergodic semi-Markov chain on a finite state space. Then

smaller ask approaches 0 oN. It appears that, for a fixed lim,,,_, oo pgm) = +E [exp (—Ai(ri (K5 J); 1)) Ai(J(0))].

N, the largest error is achieved whéh= N/2. Now, we consider the overall average miss probability in
In [15], we show the results with other choices)of-). We the fluid limit, 5> (K) = 322, r; p{>, for a cache size(

find that the qualitative findings from Figure 1 hold for otheas K — co. We assume thalV = oo and thatzj.\’:1 A =1

settings ofA;(+). (without loss of generality), so that = \;.

r dBabi | |

5y

© Z
= [

IS 5]

@

T 1 T T 1
128 256 384 512 0 128 256 384 512
cache size cache size

(a) miss probability (b) error (%)



We first consider the case whey has a heavy tail. We limits in [8] and [7] are discussed in [7]. We find that these
find that5(>) (K) decays with a power law a& — oo and differences become negligible when we study the asymptotic
characteristics.

is asymptotically insensitive td(-). Formally,

Theorem 3: In addition to the conditions in Lemma 2,
suppose that\; ~ ¢/i* for i = 1,2,..., wherea > 1,
¢ > 0, and a; ~ b; denoteslim; ., a;/b; = 1. Then
p>°)(K) is asymptotically insensitive to/(-) as K — oo,

VI. CONCLUDING REMARK

We hope that the fluid limit and the average miss probability
derived in the fluid limit will find applications beyond those

and it holds thatp(*™®) (K) ~ £T(1 — 1/a)® K*~<, where investigated in this paper. An interesting future directis

[(z) = [;7 e ¥y*~* dy denotes the gamma function.
Theorem 3, which is obtained for the fluid limit, is in

to seek an optimal cache algorithm with dependent and non-
stationary request processes in the fluid limit. To this end,

agreement with the asymptotic results for the originaleyst Hirade and Osogami [7] show that, in a fluid limit, t12€

derived in [9], [18]. However, an asymptotic analysis o

gache algorithm [12] can be made to have a lower miss prob-

5>, such as Theorem 3, appears to be simpler than ARility thanLRU by choosing the right value of the parameter

corresponding asymptotic analysis @f

Next, we consider the case whex;y has a light tail.
This case has not been fully investigated in the prior wor
Jelenkovi€ [8] studies asymptotic properties of the oNeta-
tionary miss probability in his fluid limit when; has the ligh
tail, assuming that requests follow the independent rafare
model (equivalently, independent Poisson processes)ndut 1
asymptotic results are known for other request processes. \JV
find that5(°) (K) decays exponentially ak — oo and is [2]
asymptotically insensitive td'(-). Formally, 3

Theorem 4: In addition to the conditions in Lemma 2, sup-
pose that\; ~ c exp(—¢i°) fori = 1,2,..., wherec, ¢, 3 >
0. Thenp(>)(K) is asymptotically insensitive td(-) asK —
o0, and it holds thatp™)(K) ~ S K7 exp(—¢ K7),
wherey = [ exp(—y) Iny dy ~ 0.577 is Euler's constant. [

Finally, we discuss the case whéit-) is a constant (i.e., [g]
each¥; is an independent Poisson process) to gain further
insights into our fluid limit. The following corollary can be [7]
compared against the stationary miss probabilities in thd fl
limits obtained in [8], [7].

Corollary 1: If ¥; is an independent Poisson process witH®!
rate \; for eache;, thenﬁgm) — exp(—\; 7:(K)) asm — oo,
where 7;(K) = C;7*(K — 1/2), and C;"!(-) is the inverse [
function of Ci(t) = 3, (1 — exp(=A; t)).

The corollary can be understood as follows. Suppose thad]
e;,1 1S requested and move to the head of the MTF list at timle1
0. Then, untile; ; is requested again, the position @f; in
the MTF list of Ti(°°) is C;(t) at timet. Note that the term,

1 —exp(—A\; t), is the probability that, in the original system,[12
e;j is requested in the intervdD,t). Also, this term agrees
with the fraction ofe; for 1 < k < m that are requested

in (0,t) asm — oo. In 7;(°°), the position ofe; ; reaches

K —1/2 att = 7;(K). The probability that the next requesf14]
for e;; is issued aftet = 7;(K) is exp(—A; :(K)). In the
MTF list of 7;(“), e;,1 moves up following a deterministic [15]
function untile; ; is requested at a random time.

Since our fluid limit differs from the fluid limits defined ¢!
in [8], [7], our p\°° differs from those derived in [8], [7].
However, the only difference between ogf™ and that [17]
in [7] is that, in [7], 7;(K) is replaced with7(K) 18]
C~Y(K), where C~1(-) is the inverse function of’(t) =
Z;.V:l (1 —exp(—A;t)). The differences between the fluid

(4

] E. G. Coffman and P. Jelenkovit.

of 2Q, assuming that the requests follow independent Poisson
processes. However, it is also shown that 2G@that has the
g]inimum stationary miss probability can have a high tramisie
miss probability, which suggests the importance of stuglyin
t the optimality with non-stationary request processes.
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