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Abstract—Bounds on performance of a queueing model can
provide useful information to guarantee quality of service for
communication networks. We study the bounds on the mean
delay in a transient GI/GI/1 queue given the first two moments
of the service time and the inter-arrival time, respectively. We
establish a simple upper-bound, which then is used to show that
the true transient mean-delay is at most four times larger than
an asymptotic diffusion-approximation. We also prove that the
tight lower-bound is zero as long as the service time and the
inter-arrival time have finite variance and the load is below
one. Tightness of the trivial lower-bound is in contrast to the
stationary mean-delay, which has strictly positive lower-bound
when the service time is sufficiently variable. We also show how
our results can be applied to analyze the transient mean delay
of packets in the real-world Internet.

Index Terms—Queue, GI/GI/1, bounds, moments.

I. INTRODUCTION

Bounds on performance metrics of queueing models have
been studied extensively in the literature. The study is moti-
vated by both practical requirements and theoretical interests.
From a practical perspective, the bounds can be used to guar-
antee quality of service for communication networks. From a
theoretical perspective, bounds on a performance metric can
give an understanding of which parameters of a queueing
model affect the performance metric and how. In this paper,
we investigate the bounds on the mean delay of a transient
GI/GI/1 queue given the first two moments of the service time,
S, and the inter-arrival time, A, respectively.

Although the GI/GI/1 queue in steady state has been inves-
tigated extensively in the literature (e.g., see [16], [22]), its
transient behavior is not fully understood. We believe that the
study of the transient behavior is important particularly when
the load is high. Communication networks often experience
high load, but the high load often does not continue for a
long period. Notice that, if the period of high load is long,
one should add more resources to alleviate the load. Because
it takes a long time for a queue at high load to approach its
steady state, the queue is usually not close to the steady state
during the short period of high load.

Our focus is to bound the mean delay when only the first two
moments of S and A, respectively, are given. We study mean
delay, because mean is one of the most fundamental statistics
and allows an intuitive understanding. Bounds on mean delay
are also complementary to those on other statistics, such as
the tail distribution, of delay. Although bounds in terms of the
first two moments might not necessarily be the best bounds,
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they can complement the bounds in terms of other statistics
of S and A. What we can tell about the mean delay when
only the first two moments of S and A are given is also of
theoretical interest.

A. Contributions

Our primary contribution is simple lower and upper bounds
on the mean delay in a transient GI/GI/1 queue given the first
two moments of S and A, respectively. Specifically, let W,
be the delay of the n-th job arriving at a GI/GI/1 queue under
the condition that the O-th job arrives when the queue is empty
(i.e., Wy = 0). Throughout, we assume that jobs are processed
with the first-come-first-served policy.

We prove that

m/n (0% 1 72 C3)
E (W] < . ,
where A is the arrival rate, p is the load, and C4 (respectively,
Cy) is the coefficient of variation of A (respectively, S). This
upper bound holds for any n > 0, but we also es2tab12islé a
tighter upper-bound for a large n (specifically, n > %).

We also prove that the tight lower-bound is O for any
Ca,Cs < oo and p < 1. The tightness of this trivial bound
is nontrivial and might be counter-intuitive, because a strictly
positive lower-bound is known for the mean delay, E[W], in
a stationary GI/GI/1 queue when S is sufficiently variable
(see Equation (1) in Section II). However, our result does not
contradict with this existing result, because E[W,,] < E[W]
for any finite n.

To provide an insight on how far our upper-bound is from
the tight upper-bound, we compare it against a diffusion
approximation of E[WV,,] that we constructed with a standard
approach. We show that the diffusion approximation is asymp-
totically equivalent to \/n (C% + C2%)/(Av27) in the heavy-
traffic limit of p — 1. Hence, our upper bound is at most four
times larger than the diffusion approximation in the heavy-
traffic limit. We also show that the diffusion approximation
well approximates E[WV,,] for some S and A with the given
first two moments although it does not provide an upper
bound. This suggests that our upper bound is within a constant
factor from the tight upper-bound on E[W,,]. Our experimental
results suggest that the constant factor is at most two. We will
also discuss properties of a transient GI/GI/1 queue, which
hint that obtaining the tight upper-bound on E[W,,] given the
first two moments of S and A is not easy.




Finally, we show how our upper bounds can be used to
predict the transient mean delay of packets in the real-world
Internet traffic, where there are dependencies in inter-arrival
times and in service times. For this purpose, we use the traffic
datasets made public at the MAWI Working Group Traffic
Archive!. By substituting variance parameters, which capture
auto-correlations, for variances in the expression of our upper
bounds, we show that our upper bound is useful in predicting
the transient mean delay of the real-world packets even when
inter-arrival times and service times have correlations.

B. Related work

The upper bound proposed in this paper is constructed using
the upper bound that we have proposed in [18]. The upper
bound in [18] consists of several terms, which involve an
arctangent and logarithms, and provides little intuition because
of the complexity. Although bounds on E[W,,] given the first
two moments of S and A have only been studied in our prior
work [18], [17], there is a large body of literature that studies
the transient and stationary GI/GI/1 queue.

Bounds on delay and queue length in a transient GI/GI/1
queue have been proposed in various forms. We will see that
our bounds are complementary to the existing ones, because
the existing bounds and ours use different statistics of S and
A or are on different statistics of delay. Wang [19] proposes
bounds on E[WV,,] in terms of E[W] and the distribution of the
number of jobs served in a busy period. Gong and Hu [12]
propose bounds on the moments of W, including E[W,,], in
terms of the moments of S and the derivatives of the density
function of A evaluated at zero. Limén-Robles and Wortman
[15] propose a computational approach for calculating bounds
on Pr(Q; < k), the distribution of the queue length, @, at
time ¢. The bounds depend on the distribution of the index of
the first job that departs after time ¢ and the distribution of
the arrival time of the n-th job for each n. In [18], we derive
an upper bound on Pr(W,, > y) in closed form given the first
two moments of .S and A, respectively, which is also refined
using higher moments and evaluated numerically. Traditional
exponential bounds on Pr(W,, > y) can be obtained with
martingales and Wald’s identity (see Section 7.5 from [10])
or with large deviations (see Section 14.2 from [15]), as is
discussed in Section 4 from [17]. Such exponential bounds
depend on the generating functions of S and A.

There is also a large body of literature on approximation
and numerical analysis of the transient GI/GI/1 queue. For
example, Abate and Whitt [2] present a diffusion approx-
imation of the queue length as a function of time when
the queue starts empty and suggest a way to extend it to a
GI/GI/1 queue, which is essentially equivalent to the diffusion
approximation summarized in Section 6.5 from [8]. The dif-
fusion approximation is further studied by Wang [19]. There

I'The datasets are collected daily from the WIDE backbone network, which
is a Japanese academic network connecting universities and research institutes
(see [6] for the details of the datasets). The datasets are available from http:
/Itracer.csl.sony.co.jp/mawi.

are many approaches for analyzing a transient GI/GI/1 queue
numerically [7], [15] and with simulation [3].

Bounds on E[WW] (stationary mean delay) in terms of the
moments of S and A have also been studied extensively
in the literature. The upper bounds on E[W] proposed by
Kingman [13] and Daley [10] are well known. Their bounds
depend on the first two moments of S and A. Notice that
an upper bound on E[W] is also an upper bound on E[WW,],
because W stochastically dominates W, for any n. Recently,
Bertsimas and Natarajan [5] propose a computational approach
for calculating the bounds on the moment, E[W’“], for a given
k, using the moments of S and A.

There was a conjecture that, given first two moments of
S and A, tight bounds on E[W] are achieved with extremal
distributions that have only mass probabilities at two particular
points [4], [11], [20]. This conjecture is shown to hold for a
limited class of the GI/GI/1 queue [9], [11], [20], but counter-
examples to the conjecture have been found [20].

C. Organization

In Section II, we prove that the trivial lower-bound on
E[W,,] is tight and present the simple upper-bound on E[WV,,].
In Section III, the simple upper-bound is compared against
an asymptotic diffusion-approximation of E[W¥,,] analytically.
In Section IV, we further evaluate the simple upper-bound
numerically and with trace-driven simulations, where we show
how the upper-bound can be applied when inter-arrival times
and service times have correlations. In Section V, we analyze
properties of the transient GI/GI/1 queue. In particular, we
show that the extremal distributions of S and A do not
maximize E[IV,,] given the first two moments of S and A.

II. SIMPLE BOUNDS ON TRANSIENT MEAN-DELAY

Consider a GI/GI/1 queue, where A denotes the inter-arrival
time and S the service time. Let A = 1/E[A] be the arrival
rate, u = 1/E[S] be the service rate, p = E[S]/E[A] be the
load, Cy = \/Var |/E[A] be the coefficient of variation for
A,and Cg =/ Var 1/E[S]. Let W,, be the delay of the n-th
job forn > 1, given that the O-th job arrives at an empty queue
(i.e., Wy = 0). In this section, we present simple lower-bound
and upper-bound on E[W,].

A. Summary of results

In Section II-B, we prove that the trivial lower-bound of 0
is tight for any finite n. The tightness is nontrivial, because
a nonzero lower-bound is known for the corresponding mean-
delay, E[W], in steady state as long as C% > (1 — p)/p:
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(see (6.4.4) from [16]).
Interestingly, the tight lower-bound on E[WV,,] is achieved

with extremal distributions that have mass probabilities at only
two particular points. Specifically, consider the parametrized
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family of random variables:
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where w.p. denotes “with probability.” For any ¢ € (0,1],
observe that E[A(e)] = 1/\, y/Var[A(e)]/E[A(e)] = Ca,
and the support of A(e) consists of two points. Analogous
properties hold for S(¢). For any n,C4,Cs < 0o and p < 1,
we will show that E[WW,,] can be made arbitrarily close to 0
by a pair of extremal distributions, A = A(e) and S = S(¢)
with ¢ — 0. Notice that our result does not contradict with
the existing result for steady state, because we assume that the
queue is empty at time 0, so that the queue does not reach the
steady state in finite n.

In Section II-C, we establish a simple upper-bound on
E[W,.]. Specifically, we find:

Theorem 1: For n < Cate® O we have

16 (1—p)2 °
E[W,] < % n (C3 + p2 C2). 3)
For % <n< %, we have

E[W,] < %Mn(C’%—l—pQC%). (4)

For succinctness, in the hereafter let us use
CL+ 2 C
16(1—p)?
At n = 16 k/€?, the upper bound given by (4) is equivalent
to Kingman’s upper-bound [13] on E[W]. For n > 16 k/e?,
Kingman’s upper-bound can be used as an upper bound on
E[W,.]. Let u2*" denote the upper bound given in Theorem 1
for n < 16 x/e? and Kingman’s upper-bound for n > 16 /e
Theorem 1 will be proved using more complex expressions
of the upper bound on E[WW,], which we have established
in Corollary 1 from [18] by formulating a semidefinite opti-
mization and constructing its optimal solution in closed form.
For completeness, we excerpt the relevant part of Corollary 1
from [18] in the following and provide an outline of its proof
in Appendix B:
Corollary 1: [18] ... Let v = (C% p* + C%) /(1 — p)?. ... If
v/16 < n < /4, then
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where £ = (C? + C%p?)/(2A (1 — p)) is Kingman’s upper
bound on E[W]. Let U be the right-hand side of (5). If n <

~/16, then
< U- % (;\/(;Tn— arctan ¢n>

2n(1—p)
~ e (Vo Ve 1), ©

E[W.]

where ¢, =v/(16n) — 1.

Let uy'® denote the smaller of Kingman’s upper-bound and the
upper-bound established in Corollary 1, where “org” stands for
“original.” We will see that u,°V is larger at most by a factor
of 1.16 than u)'®.

Observe that u;°" is significantly simpler than u2'®. Be-
cause of the complexity, we could not provide a theoretical
analysis on the tightness of u;'®. On the contrary, we will see
that )" is at a constant factor from the diffusion approxima-
tion (shown in Section III), which well approximates the true
E[W,,] for some distributions with the given two moments of
S and A. Unfortunately, at present we are not aware of the
distributions of S and A with the given two moments with
which E[W,,] becomes close to ul®V. In particular, E[W),]
with extremal distributions, S = S(1) and A = A(1), is away
from u,*" approximately by a factor of two, although we will
see in Section V that the tight upper-bound is not necessarily
achieved with S = S(1) and A = A(1).

B. Lower bounds

When the inter-arrival time is A(e) and the service time is
S(e), we find that E[W,,] can be made arbitrarily close to 0 by
choosing a sufficiently small €. Notice that A(e) (respectively,
S(g)) with e — 0 is a constant, 1/ (respectively, 1/x), almost
surely and infinite with an infinitesimal probability. Notice that
if it is always the case that S = 1/p and A = 1/, then
E[W,] = 0 because A < . It turns out that the infinite S and
A have negligible impact on mean delay for a finite number
of jobs. A formal statement with its rigorous proof follows.

Theorem 2: Let W, (e) be the delay of the n-th job in a
GI/GI/1 queue given that Wy(e) = 0, where the inter-arrival
time is A(e) and the service time is S(¢), which are defined
with Equation (2). Then, for any fixed n, we have

ImE (W, ()] = 0.

Proof: Tt is well known that the delay in a GI/GI/1 queue
can be expressed as the maximum of a random walk (e.g., see
Section 9-1 from [22]):

k

0B, 2 Kile)

Wn(&‘) =d
where =, denotes equality in distribution, X;(¢) =4 S(e) —
A(e) with independent A(e) and S(e), and we define
Z?:l X; =0,

For 0 < ¢ < 1, we construct a random variable, Y;(¢),
that stochastically dominates X;(e) (i.e., X;(e) <y Yi(¢e)).
Notice that X; is dominated by S(¢) — (1 — €)/\, because
A(e) > (1 — €)/A surely. Further, when S(¢) = (1 —¢)/pu,
we have S(g) — (1 — &)/A < 0 surely. Therefore, X;(¢) is
dominated by the following Y;:
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Then E[W,,(¢)] is bounded as follows:
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where the equality follows from the fact that the maximum
of Zle Yi(e) for 0 < k < n is always achieved at k = n,
because Y; > 0 surely.

Because 0 < E[W,], it suffices to show that
ED", Yi(e)] — 0 as e | 0. Observe that the expectation of
the sum is equal to the sum of the expectation and therefore,
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which approaches 0 as € | 0. This completes the proof of the
theorem. u
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C. Upper bounds

The proof of Theorem 1 is largely algebraic and hence
is postponed to Appendix A. Essentially, the proof in Ap-
pendix A shows that ul®¥ — w2, is non-negative at the
minimum value of n and increasing with n both for the case
with n <  and for the case with k < n < 16K /e

To gain more insights into the relation between u,,*" and
uy'® (as to why the term 7 appears in the upper bounds), we
show the following asymptotic upper bound:

Proposition 1: For any fixed n, we have

m
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where f(p) < g(p) denotes that lim,_.; f(p)/g(p) < 1.

Proof: Using C? = C% + p>C% as a shorthand, we start
by noting that u0'® for n < k can be rewritten as V;, ¢ ,/A,
where

Vicp = Vn C? arctan <\/?>
—2n(1—p) 1n< % (1+H>>
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For any n, there exists pg < 1 such that n < 6 =po)2’
so that the bound, V,, ¢ ,/A, is valid for p > py. Now, the
proposition follows immediately, because, as p — 1, the first
term converges to m C'/n/2, and the other terms converge
to 0. ]

The proof of Proposition 1 implies that u,®" is asymp-
totically equivalent to u'® (i.e., the ratio of the two bounds
approach 1) in the limit of p — 1. In the rest of this section,

we discuss the gap between the two bounds for general p.

EW.] <

For n < k, u;®" given by (3) is derived using u'® given

by (6) from [18]. We find that u,°" is larger than u{"® at most
by a factor of 48 7/(97 +241n4) ~ 1.157. This factor can be
shown as follows. First, we find that the gap between the two
upper-bounds is increasing with n (see the proof of Theorem 1
in Appendix A). The maximum value of n is n = k. At this
n, we have

new _ TC4+ 97 C3
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The new upper-bound (4) in Theorem 1 is derived using the
original upper-bound (5) in [18]. Again, the gap between the
two bounds is increasing with n (see the proof of Theorem 1
in Appendix A). At the maximum value of n = 16 x/e?, we
have

d u°re =
" 384
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Thus, u;®" is larger than w;'® at most by a factor of

12e%/(16 +3¢e* +24¢€2 (4 — In4)) ~ 1.018.

III. A GUARANTEE ON DIFFUSION APPROXIMATION

The upper-bound established in Theorem 1, for example,
can be used to provide a guarantee on the accuracy of an
approximation of E[W,]. In this section, we will compare
up™ against a diffusion approximation, which is a stan-
dard approach to approximating the transient GI/GI/1 queue.
(We should note that the diffusion approximation does not
necessarily give upper or lower bounds). With a diffusion
approximation, when a GI/GI/1 queue is empty at time 0, the
workload, Z(t), in the queue at time ¢ is approximated with
a reflected Brownian motion as follows (page 144 from [8]):

Z(t)~ Z(t) = %RBM (t A=, A (C5+C2)), (7)

where RBM(t, 0, 02) denotes the state of the reflected Brow-
nian motion with drift § and variance o2 at time ¢ given that
the state is O at time O.

By applying Corollary 2.3.1 from [1] and then Corol-
lary 1.1.1 from [1] to Equation (7), we obtain a general
formula for p < 1 to approximate E[Z(t)] as

E[2(1)
G0 (=2,
ISy E{RBM<A<O,%+C§>“ “ﬂ

L PP(CAHCE) (53— + 1) (1 — (1)) + 7,6 (n))
= 8)
Al —p)

where ®(-) is the standard normal distribution function, ¢(+)
1-p [/ __ At

P (C3+C2)"

The expression of E[Z(t)] in Equation (8) is simplified in
the heavy-traffic limit of p — 1. Specifically, as p — 1, we
have 77, — 0, so that ®(n,) — 1/2 and ¢(n,) — 1/V2m.

is its density, and 7, =



Thus, we have a simpler asymptotic formula to approximate

E[Z(t)] as

A 1
E{Zt}w At (C2% + C32), 9
where f(p) ~ g(p) denotes f(p)/g(p) —1asp—1.

Approximations for E[TV,,] can be constructed from E[Z(¢)]
by replacing the arrival time, t, of the n-th job with its
expected value, n/A. This will result in two types of approxi-
mations. Specifically, the first approximation, w,, is obtained
from Equation (8) by replacing At with n, and the second
approximation, @/, is obtained from the simpler asymptotic
Equation (9):

B — % (% — (2 +1) (1= @(7)) + il ¢ (ﬁp)) (10)

s 1 \/7
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Observe that the simpler asymptotic approximation, @/, is
proportional to v/n and quite similar to u2®" (see Theorem 1).
This enable us to prove that the true E[W,,] is at most four
times larger than @/, for any S and A with the given first two
moments.

Corollary 2: Let w,, be as defined by Equation (11). Then

an

where 1), =

3/2

I—w, ~3.93w, forn<k
EW. <3 Y& 7 0 o~ (12)
77 Wn ™ 3.40w,, formn > k.
Proof: When n < &, the upper bound (3) is valid. Hence,
T 32
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because p < 1. An analogous argument can be used to show
(12) for k < n < 16 H/€2, because the upper bound (4) is
valid in this range of n. It turns out that (12) holds for n >
16 1 /e? as well. Notice that the upper bound (4) is still valid
for n > 16 x/e?, because (4) is larger than Kingman’s upper
bound (which is an upper bound on E[WW,,]). [ |

I'V. NUMERICAL EVALUATION

Next, we further study the characteristics of the diffusion
approximations (w,, and w/,) and our upper bounds (u2*" and
u>'®) with numerical evaluation.

A. Diffusion approximation

In this section, we show by experiments that neither w,
nor w,, give an upper bound of E[WW,,]. Although w,, might
approximate E[WW,,] well for some S and A with the given
two moments, there are cases where w,, is far from E[WV,,].

Figure 1 shows w,, with a dashed line and w/, with a dotted
line, where we set p = A = 0.9 and C'y = Cs = 2. Observe
that w], < w, for n < 560 and @, > w, for n > 560.
The figure also shows the simulated values of E [W,,] for two
settings of the pair of S and A, where p = A = 0.9 and
Cy = Cg = 2 are fixed. Specifically, the solid circles show
E [W,] when S = S(1) and A = A(1), using the definitions
of A(e) and S(e) in (2); the crosses show E [W,,] with S =

800 1000

Fig. 1. The dashed line shows w/,, the dotted line shows iy, the solid
circle shows E [W,,] simulated with S(1) and A(1), and the cross shows
E [Wy,] simulated with S(0.01) and A(0.01), where p = A = 0.9 and
Cyp=Cg=2.

S5(0.01) and A = A(0.01). For each setting, the simulation
is repeated 100,000 times, and we have confirmed that the
99 % confidence-intervals (not shown in the figure for clarity)
are sufficiently small (specifically, smaller than the size of the
solid circle).

We find that w,, well approximates E [W,,] when S = S(1)
and A = A(1). Taking a closer look, we see that w,, slightly
overestimates the E[W,,] for n < 350 but underestimates
the E[W,] for n > 400. Also, W] can underestimate or
overestimate E[W,,] depending on n. This shows, despite the
good approximation values, neither w,, nor w,, gives an upper
bound of E[W,,].

Moreover, w,, is a poor approximation of E [IW,,] when the
service time is S(0.01) and the interarrival time is A(0.01),
even though the first two moments of S(0.01) (respectively,
A(0.01)) are the same as those of S(1) (respectively, A(1)).
This is not surprising, because Theorem 2 states that E [IW/,,]
can be arbitrarily close to 0 as long as the first two moments of
S and A are finite and p < 1. The limitation of approximating
E [W,] with first two moments is evident in this example
shown in Figure 1.

B. Bounds

Recall that u,°" is provably close (within a factor of 1.16)
to uS'® and differs from W], at most by a factor of 4. We now
compare the upper bounds and the diffusion approximations
in more detail with numerical evaluations.

Figure 2 shows ,;,*" and u2'® in solid lines. Notice that the
two solid-lines overlap with each other, but u,"¢ < )" holds
for all n. A detail is that u;°" drops at n ~ 79, 000, switching
from (3) to (4). Also, up°" flattens out at n ~ 170,000,
switching from (4) to Kingman’s upper-bound. The dashed
line shows w,,, and the dotted line shows w!,. We find that
ul®v = 2,. Because w, well approximates E[W,] with
S = S(1) and A = A(1) as we have seen in Section IV-A,
the upper bounds in Theorem 1 (u;;*") could be improved at
most by a factor of two. Here, we set Cy = Cs = 8 and
p = 0.99. Such high variability and high load might be too
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Fig. 2. Upper bounds, u®V and u,, &, and approximations, @, and @/, of
E [W,] are shown when C4 = Cs = 8 and p = 0.99.

extreme for some applications; thus we next study how the
results change with lower variability and lower load.

Figure 3 shows the upper bounds and the approximations
similar to Figure 2. In the top two rows, p = 0.99 is fixed, and
C4 = Cg is varied as specified in the figure. In the bottom two
rows, C'y = Cg = 8 is fixed, and p is varied. Observe that the
upper bounds and the approximations have relations that are
qualitatively similar to those in Figure 2. A major difference
is in the range of n where u;°" and wu;'® are non-trivial in
the sense that they are strictly smaller than Kingman’s upper-
bound. Note that n < 108 is shown in Figure 2, n < 10° in
Figure 3 (a)-(c), and n < 10* in Figure 3 (d).

Figure 4 shows contour lines that illustrate the maximum
n such that u)®" is below Kingman’s upper-bound. For
simplicity, we assume Cs = (4. The vertical axis shows
C = C4 = Cg, and the horizontal axis shows p. We vary p
between 0.8 and 1.0, because u,,°" is rarely useful at p < 0.8.

Note, however, that bounds on E [IW,,] are usually needed
at high load. As n increases at low load, E [I¥,] converges
quickly to E [WW], the mean delay at steady state. Hence, an
existing upper-bound? on E [IW] should be used as an upper
bound on E[W,], although, at low load, one would rarely
be interested in bounding E [WW,,], which is known to be short.
Our expectation is that u,,°" gives insights into the delay when
high load persists for a short period, so that the steady state
is not reached during the period of high load.

C. Transient Mean Delay of Internet packets

In this section, we show how to use our upper bounds
for bounding the transient mean delay of Internet packets of
the MAWI Working Group Traffic Archive, where there are
dependencies in inter-arrival times and in service times. We
use the daily traces at the Samplepoint-F on the 29th and
30th of November 2010 (respectively, 201011291400.dump
and 201011291400.dump files). The dumpfiles produced by
tcpdump contain various information of IP packets, but we

Daley’s upper-bound [10] is superior to Kingman’s [13] at low load.

100 5 1 2 3 v 5
10 10 10 10 10 10
n
(@) Cyp=Cs =4, p=0.99
10*

0 L L L T
10, 40 10! 10° 10° 10* 10°
n
b)) Ca=Cs =2, p=0.99
10*

10! 10° 10° 10*
n

d Ca=Cs=8,p=095

Fig. 3. Upper bounds, u°V and wu;®, and approximations, 1, and 0/,
of E [W,] are shown with varying values of C4 = Cg and p, which are as
specified right below each figure.
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only use the fields of arrival time and size of IP packets which
are recorded at its header’.

Each of the dumpfile contains samples of IP traffic data for
15 minutes, where more than 40 million packets are recorded.
We use the information from the first N = 19,000,000
packets, dividing them into 1,900 intervals each of which
contains 10,000 contiguous packets4. For each interval 7, we
compute the transient delay of the n-th packet W; ,, from its
inter-arrival time A; ,, and its service time .S; ,, according to

Wint1 = max (0, W, — A; i1 + Sin)s (13)

where W; o = S; o = 0. The transient mean delay, E[IV,],
is the average of W; , over all intervals <. The service time
Sin is obtained from the size of the packet 7 divided by the
bandwidth of the link, which is set to 40 Mbps, so that the load
p ~ 0.99 on November 30, instead of the over-provisioned
150 Mbps to simulate the short period of high load.

In the real-world Internet traffic, there are dependencies
between the interarrival times (respectively, the service times),
and the trace under considerations is not an exception. Figure 5
illustrates the dependencies in inter-arrival times and in service
times. Specifically, the solid line with circles shows the sample
variance parameter of batch size k, which is defined as
follows>:

) 2
W Zzivl/kj (Z;’i(i_l) k41 Aj —k A)
2 )
where A; is the j-th inter-arrival time for 1 < j < N, and
A= Z£1 A;/N is the sample average of the inter-arrival

times on November 29. The batch size k is varied along the
horizontal axis. Notice that (14) is an estimate of the variance

(14)

3The details of traffic trace information on November 29, 2010 are listed
at http://tracer.csl.sony.co.jp/mawi/samplepoint-F/2010/201011291400.html

4The choice of the first 19 million lines is solely due to the limitation of the
tcpdump/wireshark we use to retrieve the header information of the packets
from the dumpfiles.

SNotice that the variance parameter is not normalized by the corresponding
mean unlike the index of dispersion for intervals.
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Fig. 5. The sample variance-parameter of the inter-arrival times (solid

lines) and the service times (dashed lines) on November 29 (circles) and
on November 30 (crosses) in 2010.

parameter of batch size k:

Var[A1+A2+~-~+Ak}
k

If Ay, Ao, ... were i.i.d., the variance parameter would equal
to the corresponding variance, Var [A;]. When the inter-arrival
times have positive auto-correlations, variance parameter be-
comes greater than the corresponding variance, Var[A;]. In
Figure 5, the solid line with circles increases with k and does
not appear to converge. That is, the inter-arrival times appear
to have long-range dependence. The solid line with crosses
shows the sample variance-parameter for the inter-arrival times
on November 30. The dashed line with circles (respectively,
crosses) shows the sample-variance parameter for the service
times on November 29 (respectively, November 30). Observe
that all of these lines are increasing with the batch size k.

Recall that our upper bounds in Section II are derived under
the assumptions that the inter-arrival times and the service
times, respectively, are independent. Because the strong de-
pendency is evident from Figure 5, our upper bounds are not
directly applicable to the delay that the packets experience
in our settings. Therefore, in this section, we consider an
approximate bound, or a quasi-bound, that appears to be
effective when there are dependencies in inter-arrival times and
in service times. The quasi-bound is motivated by a diffusion
approximation for correlated stochastic processes.

A standard approach for a diffusion approximation of a
correlated stochastic process is to use the asymptotic variance
parameter of the correlated stochastic process in place of the
variance in the expression of the diffusion approximation for
a corresponding uncorrelated stochastic process (see Section
4.4 from [21]). The asymptotic variance parameter can be
defined as (15) in the limit as k& — oo. In our context,
this corresponds to replacing the variance, which appears as
a squared coefficient of variation (i.e., C3 and C3), in the

. (15)



expression of the bounds in Theorem 1 with the corresponding
asymptotic variance parameter. However, Figure 5 suggests
that the asymptotic variance parameter is unbounded for the
inter-arrival times and for the service times under considera-
tions. Also, the delay of the first k packets is independent of
the inter-arrival times and the service times of the packets that
arrive after the k-th packet. Hence, it does not make intuitive
sense to use the asymptotic variance parameter, which captures
the correlation between infinitely many inter-arrival times, in
a quasi-bound for E[W,,] of a finite n.

The above arguments lead us to propose the following upper
quasi-bound on E[W,] when there are dependencies in the
inter-arrival times and/or in the service times. Namely, in the
expressions of the bounds on E[I¥,,] in Theorem 1, we replace
the variance with the variance parameter of batch size n. For
example, C% in the right-hand side of (3) is replaced with the
variance parameter (15) of batch size k = n divided by E[A]2.
We will now study the effectiveness of this quasi-bound.

The solid line in Figure 6 (a) shows the transient delay
of the 10,000 packets, averaged over the 1,900 intervals, on
November 30. Recall that the delay is calculated with (13). The
dotted line shows the upper bound according to Equation (3)
without considering the dependency in the inter-arrival times
and in the service times. The dashed line shows the upper
quasi-bound, where we use the variance parameter of batch
size 10,000°. In Figure 6 (a), all values of parameters in Equa-
tion (3) and in the corresponding quasi-bound are obtained
from the corresponding sample averages, sample variances,
and sample variance-parameters of size 10,000, using all of the
N packets on November 30. Specifically, E [A] = 18.73 usec,
E[S] = 18.69 usec, /Var[4] = 42.92 usec, +/Var[S] =
16.45 psec, and the sample variance-parameters are shown in
Figure 5 with circles.

Meanwhile, in Figure 6 (b) those values are obtained using
the N packets on the previous day (November 29). Specifi-
cally, E[A] = 21.76 usec, E[S] = 18.61 pusec, \/Var[A] =
45.85 psec, +/ Var[S] = 16.75 usec, and the sample variance-
parameters are shown in Figure 5 with crosses. From both
plots in Figure 6, we can see that the upper bound shown
with the dotted line is only good for approximately the first
1000 packets: the upper bound given by Equation (3) is lower
than the realized average-delay for » > 1000, because there
are dependencies that are ignored in Equation (3). We can
observe that the upper quasi-bound is always greater than the
realized average-delay, and the difference between the upper
quasi-bound and the realized average-delay is within a factor
of three. Comparing Figure 6 (a) and Figure 6 (b), we can
observe that it is possible to use the values of parameters from
the previous day to obtain upper bounds of the transient mean
delay time because the values of the corresponding variance
parameters do not vary much as shown in Figure 5.

%The smaller the batch size, the smaller the sample variance parameter
tends to be (see Figure 5). Hence, the upper quasi-bound would be between
the two lines in Figure 6 (a), if a smaller batch size is used.

0 | - approximate upper bound
N —— real data
Equation (3)

o
N

o

3

Ee

<

T e
o -
o 4

T T T T
4000 6000 8000 10000

n

T
0 2000

(a) Parameters are estimated from the data on November 30

- approximate upper bound
— real data
B Equation (3)

E[Wn] (msec)

T T T T
4000 6000 8000 10000

n

T
0 2000

(b) Parameters are estimated from the data on November 29

Fig. 6. The solid line shows the realized delay of the 10,000 packets averaged
over 1,900 on November 30, the dotted line shows the corresponding upper
bound of the mean according to Equation (3), and the dashed line shows the
corresponding upper quasi-bound.

V. PROPERTIES OF TRANSIENT GI/GI/1 QUEUE

We have shown that the trivial lower-bound on E[W,,] is in
fact tight (see Theorem 2), but the upper bounds in Theorem 1
and Corollary 1 (u)*" and u)'®), do not appear to be tight. In
this section, we illustrate the difficulty in establishing the tight
upper-bound on E[W,,] given the first two moments of A and
S, using extremal distributions that have mass probabilities at

two particular points.

A. Summary of results

We will see, by constructing an example, that a pair of
extremal distributions as in Equation (2), A(1) and S(1), do
not necessarily maximize E[WW,,] given the first two moments
of S and A. Recall that E[I¥,,] can be made arbitrarily close
to zero by the other pair of extremal distributions, A(s) and
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Fig. 7. The solid line shows E[WW1], and the dashed line shows E[W>] as a
function of ¢, the parameter of the service time S(e). The inter-arrival time
is A(1), and we set A\ =0.95, p=1,and Cy = Cg = 1.

S(e) with e — 0. We will also provide other reasons why
establishing a tight upper-bound is nontrivial.

Let A be a set of random variables whose first two moments
are fixed so that the mean is 1/)\ and the coefficient of
variation is C'4. Let S be defined analogously. Let AAc A
and S ,S€S. Let W, be the n-th delay in the GI/GI/1 queue
with A= A and S = S, and let W,, be defined analogously.

One might expect that E[W,,] > E[W,,] for some n implies
E[W,] > E[W,] for any n. If this were true, it would suffice
to find the inter-arrival time A* € A and the service time
S* € § such that E[T¥;] is maximized. Then the tight upper-
bound on E[W,,] would be obtained by evaluating E[W,,] with
A= A*and S = S*. However, we will find an example where
E[W,.] > E[W,,] and E[W,,] < E[W,,] for m # n.

One might also suspect that if E[I¥,,] is smaller with S = S
and A = A than with S = S and A = A, then this order
does not change after scaling Aand A by the same amount
without changing the shape of each distribution (i.e., only the
load changes). If this were true, the tight upper-bound would
be obtained by finding A* € A and S* € S that maximize
E[W,] at a load (e.g., at the light-traffic limit of p — 0).
Unfortunately, we will find a counter example.

B. Analysis

In this section, we consider a GI/GI/1 queue with A =
A(1) and S = S(g), where A(1) and S(e) are as defined by
Equation (2) with 4 = 1, and Cy4 = Cs = 1. We will vary
A as specified in the following. With these settings, the inter-
arrival time is O with probability 0.5 and 2/X with probability
0.5. In other words, a batch of jobs arrives according to a
Poisson process with rate A\/2, and the size of a batch has
a geometric distribution (i.e., the size is k with probability
1/2’“ for k > 1). We study the delay, W,,(¢), of the n-th job
in this GI/GI/1 queue. Notice that we can evaluate E[WV,,(g)]
analytically for small n (specifically n = 1, 2), using Lindley’s
equation, Wy = 0 and W;,11 = max{W, + S, — A,,0}
for n > 0, in a straightforward way. Recall that the first job
may experience a non-zero delay, ¥/, because the zero-th job
arrives at the empty queue in our settings.

[~ 10ad=0.95
0.58L= load=0.6

_—

0.0 0.1 0.2 . 0.3 0.4 0.5

0.50

Fig. 8. The lines show E[WW1] as function of e, the parameter of the service
time S(g), where A is varied as labeled. The inter-arrival time is A(1), and
weset u=1and Cy =Cg = 1.

Figure 7 shows E[W;(g)] with a solid line and E[W5(¢)]
with a dashed line as a function of &, where we set A\ =
0.95. Notice that E[W7(1)] is the mean delay with the pair of
extremal distributions A(1) and S(1), but E[W;(1)] is smaller
than E[W; ()] for a wide range of €. A similar observation
can be made for E[W5(1)]. Therefore, the pair of extremal
distributions, S(1) and A(1), does not maximize E[W,,] for
some n, although the other pair of extremal distributions, S(¢)
and A(e) with e — 0, minimizes E[WW,,] for any n.

Also, in Figure 7, observe that E[WW;(0.05)] > E[W(1)]
and E[W5(0.05)] < E[W>(1)]. That is, in expectation, the
first job experiences more delay with S(0.05) than with S(1),
but the second job experiences more delay with S(1) than
with 5(0.05). Here, S(0.05) takes a value (i.e., 0.95) that is
close to the expected value (i.e., 1) most of the time (i.e., with
probability 1/(1+0.05%) ~ 0.997) and takes a huge value (i.e.,
21) with a small probability. On the other hand, S(1) takes an
infinitesimal value (i.e., 0) or a large value (i.e., 2) with equal
probabilities. Notice that a job of size 0 experiences a delay
in the queue but does not contribute to the delay of the other
jobs.

In Figure 8, we study only E[W;(e)] = E[max{S(e) —
A(1),0}] but with varying A\: A = 0.6 (low load) and A\ = 0.95
(high load). Figure 8 shows E[W¥/; (¢)] with the solid line when
the load is low (A = 0.6) and with the dashed line when the
load is high (A = 0.95). Now, we investigate E[1¥/1(0.2)] and
E[W1(0.4)]. At low load, S(0.4) causes shorter expected-delay
to the first job than S(0.2) (i.e., E[W1(0.4)] < E[W1(0.2)]).
At high load, however, E[I¥(0.4)] > E[WW1(0.2)]. Notice that
S5(0.2) takes a value (i.e., 0.8) that is close to the expected
value most of the time (i.e., with probability ~ 0.96) and a
large value (i.e., 6) with a small probability. On the other hand,
S5(0.4) is more balanced in that S(0.4) = 0.6 with probability
~ 0.86 and S(0.4) = 3.5 otherwise.

VI. CONCLUSION

We have studied lower and upper bounds on E[WV,,] given
the first two moments of the service time, S, and the inter-
arrival time, A, respectively. We have proved that the E[W),]



can be made arbitrarily close to zero with a pair of extremal
distributions, S(e) and A(e) with ¢ — 0. Thus, the trivial
lower-bound of zero is tight. On the contrary, the other pair of
extremal distributions, S(1) and A(1), does not necessarily
maximize E[W,]. We have constructed counter examples,
where S(¢) and A(e) with € < 1 can make E[V,,] larger than
the extremal distributions, S(1) and A(1). Our results with
extremal distributions may be compared against the existing
results with extremal distributions for the GI/GI/1 queue in
steady state (see the last paragraph of Section I-B). We have
also seen that tight upper-bound cannot be obtained by simply
studying E[V,,] for a particular n or at a particular load and
extending it to the general case.

Because establishing the tight upper-bound appears to be
hard, we have constructed a simple upper-bound. The new
upper-bound is effective when the load is high, and .S and A
have high variability, which is when such bounds are needed
and interesting. As a way to study the tightness of the new
upper-bound, we compare it against a standard diffusion-
approximation of E[V,,], because the diffusion approximation
has a small approximating error for some distributions with
the given first two moments. Our numerical experiments
suggest that the new upper-bound is within a constant factor
(approximately two) from the tight upper-bound.

We emphasize that a bound is not an approximation. For
example, the trivial lower-bound is useless as an approxima-
tion. However, the tightness of the trivial lower-bound implies
that a diffusion approximation or another approximation based
on the first two moments of S and A can overestimate the
true E[W,,] by an arbitrarily large factor, which might be
a useful information for practitioners who use the diffusion
approximation to estimate E[IV,]. Also, given the first two
moments of S and A, our upper-bound can give a provable
guarantee that E[1V,,] is below a certain value, a new result
that cannot be obtained with approximation approaches.

When there are dependencies in inter-arrival times and
in service times, we have shown that our upper bound can
be modified to provide an approximate upper bound on
the transient mean delay. The approximate upper bound is
motivated by the use of asymptotic variance parameters in
diffusion approximations for correlated stochastic processes,
but we suggest that a variance parameter with a finite batch
size should be used in our approximate upper bound. The
effectiveness of the approximate upper bound is validated with
traces from the real-world Internet traffic.
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APPENDIX
A. Proof of Theorem 1
We begin with a simple proof for the case x < n < 16 x/e%.
From the bound of (5) in Corollary 1, we have

A 1€k n?
—E[W,] < 2 1 — =08,
(1-=p) Wal = 2r+nln n Jr24/% Un

For k <n < 16k/ €2, We will show that vy'8, the right-hand

side of the above inequality, is at most v°", defined as

n(C% + Cép?) =2evnk.

new e
T 2=
This is accomplished by showing that f(n) = vl — v2'8
is nonnegative when k < n < 4k (notice that the range of
rk < n < 4k is wider than what is needed, ie. K < n <
16 /€%, but the expressions appearing in the following are
simplified by considering this wider range of n). First, it is
straightforward to verify that

d3f(n) _ 3evEn—4n

dn3 4n3

v

>0




for Kk < n < 16K/e?, so that < (2”)
range of n. Now, because

is increasing for this

d*f(n) _ 3e-—8 <0
dn? n=4rx a 48 K ’
we have di{:}f) < 0for k < n < 4r, so that L g

decreasing for this range of n. Then because

df (n) _3e—8
dn 6

>0,

n=4k

we have % > 0 for k < n <4k, so that f(n) is increasing

for this range of n. Finally, because

1
2e—4—In4 - — 0
<e n 24)> s

it follows that f(n) > 0 for k < n < 4k.

Next, we analyze the more complicated case when n <
k. For this range of n, recall that u0"® is V,, ¢ ,/A, where
Vin,c,p 1s as defined in the proof of Proposition 1. Letting
¢n = Kk/n— 1, we can rewrite E[W,,] <V,, ¢ ,/\ as follows:

ANE [W,.]
1—p

f(r)=r

o
24 (¢, + 1)

—4@(;\/@—arctan ¢n)
—2nIn (/o + /o + 1)

org
n -

2k+nln(4e* (¢ + 1)) +

= v

Here, notice that the term, n In(4 €2 (¢, + 1)), in v*® does
not directly correspond to the term, n In(e? C?/4n), yielded
from V, ¢ ,/(1 — p). The former term can be expanded into
n In(e? C%/4n) — 2n In(1 — p), the second term of which is
canceled out with a term that yields analogously from the term,
2n In(v/¢n + Vo + 1), in 028,

Similar to the previous case, in the hereafter we will show
that v;'® is at most

new

n(Ci+C5p%)
upeV =
2(1=p)

by proving the nonnegativity of g(n) = ul®™ — uS™8. The
nonnegativity of g(n) is derived from the followmg three
observations: (i) g(k) > 0, (ii) g(1) > 0, and (iii) dd‘;(;l <0.

We give formal proofs below.
First, it is easy to notice that g(x) > 0 since by substitution,

1
27 —4—1n4 — — .
/i(ﬂ' n 24>>0

Second, to prove g(1) > 0, let ¢; = k — 1. Then g(1) can
be considered as a function, §(¢1), of ¢ as the following:

g(#1)

=2m/nk

g(k) =

=27 ¢1+1—2(¢1—|—1) ln4—2—ln(¢1—|—1)

24(¢ +1) T2V (o1 +1)
—4 (bl+1arctan\/71+21n(\/¢71—|—\/¢1+1>.

Notice that ¢; can take a value in [0, 00), because x > 1 for
the case under consideration. Hence, it suffices to show that
g(0) > 0 and % > 0. We can observe by substitution that

g0)=27r—4—1nd—1/24 > 0.

To show % > 0, observe that

dg(¢r) T — 2arctan /¢y Y o
dor Vor+1 ¢1+1

1
i (" wmn)
¢1+1 24 (g1 +1)
dg(¢1)
doy

so that % — 0 as ¢1 — oo. Hence, is nonnegative

if it is non-increasing for ¢; > 0. In fact, % is non-
increasing, because
den
_ VaGiAh-(aity) 1
(¢1 +1)3/2 16(¢y +1)5/2 =

where the last inequality holds, because ¢; > 0 and

(Vor (o + D)% — (¢1+;)2:—1<0.

4
Third, we prove dzgn(zn ) < 0. We start by computing 22
as follows:
d
9(n) = 2v¢n+1 (z — arctan qi)n)
dn 2

—1—In4—1In(¢p, +1) —

o

12 (¢ + 1)
+21n( O + ¢n+1)

= h(on),

where recall that ¢, = x/n — 1, and notice that h(¢,,) is a
function of ¢,,. By the chain rule, we have

dg(n) _ dh(6,) _ dbn dh($,)
dn? dn dn do¢,
Because df; < 0, we have dfﬁl(g" ) < iff %fi") > (). Now,
observe that
dh(¢,) /2 —arctan /¢, N 1 B 1
don, Von +1 12(¢n +1)2 (¢ +1)
=0,
where the last equality holds because limg, .o df;f;il") =0,
and %t") is non-increasing as can be shown from
dh’ ¢n)
A(VEFTHE)  VaB+a6)-a0 o0t
don, 8vVbn(1+ ¢,)3 ’

where the last equality follows from

(Von@+160) - (10+60)2)

= —(16+39¢, +24¢2) < 0



B. Proof outline of Corollary 1

Our analysis of E[IW,,] hinges on an analysis of a random
walk, T; = Xy + ---+ X, for ¢ > 1 and Ty = O,
where X1, ..., X, are independent and their first two moments
are respectively identical. We study the bound on m ,, the
probability that 7; crosses b in n steps. We say that T;
crosses b, when T;_; < b < T;. Let ;1 = E[X;] and
xy = E[X?] for any j. We define 0% = 22 — 27 > 0 and
n=2x1(nz —b)/o%.

Our proof is organized as follows. We will first derive
equalities that hold among the moments of the measures
that we will define below. The problem of finding an upper
bound on m,,, will then be formulated as a semidefinite
programming (SDP), a primal problem. We will then formulate
the dual problem of the SDP, so that a feasible solution to the
dual problem provides an upper bound on the solution to the
primal problem. Finally, we will construct a feasible solution
to the dual problem. The upper bound on 7, can be translated
into an upper bound on the tail probability of W,,, which will

then be integrated into an upper bound on E[W,,].

We first derive equalities that hold among the moments
of some measures. Let ¥, , = {{0,...,p} x {0,...,¢}} \
{(p,q)}. Then, for any 1 < i < n, we have

PTE = ((—1) + )P (Tim1 + X;)?

Z (Z) <Z> (Z - l)k X;F[ Tf_l + (Z - 1)p Tiq71

(k)€Y ¢

i—1
ﬂWQ:ZIQX%Wﬂﬁ

7=0 (k€W q

(16)

where the last equality follows from taking a telescoping sum.

Let N = min{i | T; > b or i = n} be a stopping time, so that
Pr(Tn > b) = mp 5. Substituting ¢ = N into (16) and taking
expectations, we can derive, for p =0,1,2 and ¢ =0, 1, 2,

N—-1
EN"TE] =07+ ) (i) <§> 2qeE [Z !
j=0

(k,0)E¥p 4

More details about the derivation of (17) are provided in
Section 2.2.2 from [17]. For 0 < m < n and y < b, we define
te(m,y) = E[Zf\gl [{i <m & T; < y}] be the expected
time that (7, 7;) spends in region [0, m] x (—o0, y] before T;
crosses b or i reaches n. For 0 < m <n and —oc0 < y < 00,
let ps(m,y) = Pr(IN <m & Tn < y) be the probability that
(N, Tx) hits a point in [0, m] x (—o0,y|. For k =0,1,2 and
¢ =0,1,2, we define the following moments:

n—1 b b
m% = Z/ (i/n)* y'du.(i, y), mgr) = /
i=0 Y~

mi = [ i),
=0

For p = 0,1,2 and ¢ = 0,1, 2, we can express the expected
values appearing in (17) using the moments:

i+ =0 55w (1) (§) ool a9
(k,£)ETy, 4

)

yFdus(n,y),

Next, we consider the positive semidefinite (PSD) condi-
tions that follow from the fact that mY"” (respectively, mi”,
and mgu)) for ¢ = 0,1,2, are moments of some measures
with given supports. Specifically, the following matrices must

be PSD (see Section 2.2.2 from [17] for more details):

o= (o) o) 5O = b — ),
- ~ (T ~ (T I
my My e =1 © _ @
m e @ n b0 RO
MO = [ @ @ | L =bml) —m),
S W T 5 i AN OV R S
mgf()) mﬁ mg% L™ =mj g —my,
s mE miLOY = b,
o= (o ol il ).
mffo mqul mzifo

Now, observe that m{"”) = Pr(Tly < b), the probability that
i reaches n before T} crosses b. Therefore, the solution to the
following SDP gives an upper bound on 7y,

max. 1 — m(()r)

st M@ MO A plew) pley) [ plwe) plwy) g
19)
where we have eliminated mgfg from the expressions of M (%),
L) and L(*¥) using Equation (18).
The following lemma shows an upper bound on the objec-
tive value, 1 —my ’, of the optimal solution to (19).
Lemma 1: Consider the 1 — mér) of any feasible solution

to (19). Let 0% = zo — 2% > 0. If 21 < 0, then

1 1 22,6\ 4bx; 21,6
SR NNV [ e Ly L L
2 2 ox ox X

where 6 = nxq —b. If 21 < 0 and 0% < 4nz? —2bxy, then

b2
1-m) <1- (

(20)

2
dnoy

i 1) QD

Lemma 1 can be proved by formulating the dual problem of
(19) and constructing a feasible solution of the dual problem
(see Appendix A.l from [17]).

The expression of an upper bound on 1 —my, ’ can be used
to derive the bounds on the tail probability of W,,. Let X; =
S; — A;, where A; is the interarrival time between the i-th job
and the (7 4+ 1)-st job, and S; is the service time of the i-th
job for i =0,1,.... We assume that the O-th job arrives when
the system is idle (i.e., its delay is Wy = 0). Then we have
Pr(W,, >b)=1-— m((f) (see Section 4.5 from [14]).

We can integrate the bound on Pr(W,, > b) to obtain the
bound on E[W,]. Specifically, we obtain (5) by integrating
(20) fromb=0to b = 3 = —0%/(221) + 2nx; and (21)
from b = 0 to b = co. We obtain (6) in the same way as
we obtain (5) except that we integrate (21), instead of (20),
from b = b; to b = by, where b; and by are the solutions of
the quadratic equation specified in the proof. We show these
integrations more formally in Appendix B of [17].
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