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Abstract

We study time-consistency of optimization problems, where we say that an optimization problem is
time-consistent if the optimal solution, or the optimal policy for choosing actions, does not depend on
when the optimization problem is solved. Time-consistency is a minimal requirement on an optimization
problem for the decisions made based on the solution to the optimization problem to be rational. We
show that the reward that we can gain by taking “optimal” actions selected by solving a time-inconsistent
optimization problem can be surely dominated by the reward that we could gain by taking other actions
that are suboptimal with respect to the time-inconsistent optimization problem. We establish sufficient
conditions on the objective function and on the constraints for an optimization problem to be time-
consistent. We also show when the sufficient conditions are necessary. Our results are relevant in
stochastic settings particularly when the objective function is a risk measure other than expectation or
when there is a constraint on a risk measure.

1 Introduction

We solve an optimization problem today and determine the actions to take today and tomorrow to maximize
our benefit in future. We might solve an optimization problem tomorrow for the same purpose again, but
the optimization problem to be solved tomorrow will be slightly different, because we will have obtained
information that is uncertain today. Are the optimal solutions today “consistent” with the optimal solutions
tomorrow? When can we guarantee that they are “consistent”? In this paper, we investigate the new
concept, time-consistency of an optimization problem.

Roughly speaking, if an optimization problem is not time-consistent, the optimal actions suggested by
the optimal solution today can become suboptimal (and sometimes worst) tomorrow simply because the
time has passed and a piece of uncertain information is revealed. For instance, tomorrow might be sunny
or rainy. Today, the weather being uncertain, the optimal solution to an optimization problem suggests
that we should go picnic tomorrow, so we pack our baggage. Tomorrow, the weather will turn out to be
sunny or rainy. If the optimization problem is not time-consistent, the optimal solution tomorrow can
suggest that we should not go picnic no matter what the weather is. Time-consistency is thus a minimal
requirement for optimization problems when they are solved at multiple periods in order for the decisions
made based on their optimal solutions to be rational.

Time-consistency has been discussed in the literature of finance in the context of a risk measure (RM)
[5, 6, 14]. In finance, an RM is a function that maps a random variable (risk) to a real number to quantify
the riskiness of the random variable. Regulations based on a Basel accord require a bank to reserve the
capital appropriate to the risk associated with its investment practices, and an RM is used to determine
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Figure 1: An example illustrating time-inconsistency of CTE. Each table in the figure shows the 99%-CTE
of the amount of payment evaluated at the associated state.

the amount of the capital to be reserved. Time-consistency is widely considered to be a necessary property
of such an RM, which will be discussed further in Section 2.

We find, however, that an optimization problem can be time-inconsistent (as defined in this paper) even
if the objective function and the function that defines the feasible region are time-consistent (as defined
in [5]), which will be discussed in Section 3. Notice that a time-consistent RM has the desirable property
when it is used to quantify the risk. However, the goal of a financial institution is not simply to quantify
the risk but to maximize the expected profit, or other functions of the profit, under the constraints on the
risk given by regulations. For example, a regulation might require the financial institution to prove that
the value of an RM is below a limit at the end of every month.

A primary contribution of this paper is a sufficient condition for an optimization problem to be time-
consistent (see Section 5). We formally define time-consistency of an optimization problem (see Definition 3
and Definition 7) and prove that a certain form of an optimization problem is time-consistent (see Theorem 1
and Corollary 2). We also discuss the necessity of the sufficient conditions (see Lemma 1, Lemma 2, and
Corollary 3).

2 Background: Time consistency of risk measures

Conditional tail expectation (CTE), also known as conditional value at risk, is a popular RM that has
various desirable properties when it it used in a static setting (i.e., the risk is evaluated once) [4, 15], but
CTE has been criticized for not being time-consistent [6]. We start by illustrating the undesirable property
of a time-inconsistent RM. We will then state a formal definition of time-consistency and review examples
of time-consistent RM.

Figure 1 illustrates the time-inconsistency of CTE. Suppose that, on Day 0, we purchase a product and
must choose a way of payment, either “fixed” or “variable.” We know that the probability distribution
of the amount of the payment is determined based on an economic condition on Day 1, which recovers
with probability 0.9 and recesses otherwise. On the event of recovery, the amount of the “fixed” payment
is $600, and “variable” is $1,000 with probability 0.01 and $500 otherwise. On the event of recession,



“fixed” is $1,200, and “variable” is $2,000 with probability 0.01 and $1,000 otherwise. Let us choose the
payment-method that minimizes the 99%-CTE of the amount of payment. Evaluating the 99%-CTE on
Day 0, we find that “variable” is the optimal choice, because the 99%-CTE is $1,200 for “fixed” and
$1,100 for “variable.” On Day 1, we find out the economic condition. Given the economic condition, let
us re-evaluate each payment-method to study whether the choice of “variable” was indeed optimal. If the
economic condition has recovered, the 99%-CTE is $600 for “fixed” and $1,000 for “variable” payment
(i.e., “fixed” is optimal). If the economic condition has recessed, the 99%-CTE is $1,200 for “fixed” and
$2,000 for “variable” (i.e., “fixed” is optimal). Therefore, even though we found that “variable” was our
optimal choice on Day 0, we find that “fixed” is optimal for any realization of the economic condition.
Here, we assume that we cannot change the payment-methods on Day 1, so that we simply regret surely
(with probability one) on Day 1 if we chose the the payment-method that was optimal on Day 0. The
disagreement between the optimal choice on Day 0 and that on Day 1 is possible, because CTE is not
time-consistent.

Roughly speaking, if an RM is time-consistent, the optimal choice with respect to the RM at some
time m must be optimal with respect to the RM at future time n > m with nonzero probability. To
formally state the definition of time-consistency, it is important to understand the RM, p, in a dynamic
setting (i.e., p needs to be understood as a dynamic RM). Let X be a random variable, and let p,(X)
be value of the RM of X evaluated at time n. Note that p,(X) is a random variable before time n and
becomes deterministic at time n, because p,(X) depends on the state that is random before time n and
becomes deterministic at time n. In this sense, p,(X) is called F,-measurable, which can be understood
more precisely with measure theory. Throughout, let Z; denote the set of integers in the interval I, and
Z(4,00) = Zja,00) U {0} for a < co. Formally, a dynamic RM is defined as follows:

Definition 1 Consider a filtered probability space, (2, F, P), such that Fo C Fy C ... C Fn = F, where
N € Zjy o), and, if N = 00, Foo is defined as the o-field generated by U2y Fy. Let Y be an F-measurable
random variable. We say that p is a dynamic RM if py(Y') is Fy-measurable for each £ € Zy -

Now, the time-consistency of a dynamic RM is formally defined as follows:

Definition 2 A dynamic RM, p, is called time-consistent if, for any F-measurable random variables X,Y
and for any 0 < m <n < N, it holds that p,(X) < pn(Y) surely implies pp(X) < pm(Y') surely.

Our definition follows closely with Artzner et al. [5]. For related definitions of time-consistency (also called
dynamic consistency), see [14, 6].

In our example illustrated with Figure 1, we have N = 2 periods. Let Xy and Xy, respectively, be
the amount of payment with “fixed” and “variable.” Notice that X and Fy are Fs-measurable, because
their values become deterministic by Day 2. Let p be 99%-CTE. We have seen above that “fixed” has
lower 99%-CTE than “variable” on Day 1 regardless of the economic condition (i.e., p1(Xr) < p1(Xv)
surely). If p were time-consistent, we must have po(Xp) < po(Xy) surely on Day 0. However, with pg
being 99%-CTE, we have po(Xr) > po(Xy). Thus, indeed 99%-CTE is not time-consistent in the sense of
Definition 2.

An example of a time-consistent dynamic RM is entropic risk measure, ERM., which maps a F-
measurable random variable, X, to an F,,-measurable random variable as follows:

1
; InE [exp(y X) | Sy],

where S, is the state at time n, and 7 is the parameter that specifies the sensitivity to riskiness [1, 10].
When v — 0, ERM, [X | S,] converges to E[X | S,], so that the decisions based on ERM, become risk-



neutral. The decisions become risk-averse with v > 0 and risk-seeking with v < 0. Another example of a
time-consistent RM is iterated conditional tail expectation [6].

We can verify the time-consistency of ERM in Figure 1. Let v = 1. On Day 0, we find that ERM;[XF] =
$1,197 and ERM[Xy| = $1,993, so that “variable” is riskier. Let S; denote the economic condition on
Day 1. Then ERM;[Xr|S; = recovery] = $600 and ERM; [Xy/|S1 = recovery] = $995. Also, ERM;[Xr|S) =
recess| = $1,200 and ERM; [Xy/|S] = recess] = $1,995. Hence, “variable” is surely riskier on Day 1, which
is consistent with the result on Day 0.

3 Time-inconsistent optimization problem

Time-consistent RMs, including ERM and iterated conditional tail expectation, are considered to be more
desirable than time-inconsistent RMs, including CTE, in determining the capital that a bank needs to
reserve given the risk associated with its investment practices [5, 6, 14]. Now, we will see undesirable
outcomes if a decision maker seeks to minimize expected loss (or equivalently to maximize expected profit)
when there is a regulation that requires that the decision maker keep the value of the ERM of the loss
below a threshold.

Specifically, consider the optimization problem of minimizing the expected loss, X, under the constraint
on risk that ERM,[X] is below a threshold, ¢:

min. E[X]
st.  ERM,[X] < 4. (1)

We will see that solving the optimization problem (1) at multiple epochs can lead to contradicting decisions
over time (i.e., (1) is not necessarily time-consistent), even though E and ERM,, are both time-consistent
RMs.

To demonstrate why an optimization problem must be time-consistent, we return to the example
illustrated by Figure 1 with the following modifications. We can now change the payment method on
Day 1 from “fixed” to “variable” or vice versa. On the event of recession, however, a fee of z = $300
is required to make the change. On the event of recovery, no fee is required for the change. Figure 2
illustrates this modified example. Because the amount of payment on Day 2 depends not only on the
economic condition on Day 1 but also on the payment method chosen on Day 0, we have the following
three states on Day 1:

e State a: “variable” is chosen on Day 0, and the economic condition has recessed,
e State b: “fixed” is chosen on Day 0, and the economic condition has recessed,
e State c: the economic condition has recovered.

We consider the optimization problem (1) with v = 0.01 and 6 = $1,500 in the setting of Figure 2,
where X denotes the amount of payment including the fee for changing payment-methods. Solving (1)
on Day 0, we find that the optimal policy, 7, is to choose “variable” on Day 0 and does not change the
payment-method on Day 1 regardless of the economic condition. With my, we have E™[X] ~ $555 and
ERMg%, [X] ~ $1,309 < 6 = $1,500. Following g, we choose “variable” on Day 0. Although 7y suggests
that we should not change the payment-method on Day 1, let us solve (1) on Day 1 to verify that we indeed
should not change the payment-method. Suppose that the economic condition recesses and we transition
into state S1 = a, whose probability is 0.1 with my. Surprisingly, we find that “variable” is infeasible (and
so is mp) from S; = a, because ERM{%;[X | S1 = a] ~ $1,539 > $1,500. Therefore, we must pay the
fee and change the payment-method to “fixed.” That is, the optimal policy that we find by solving (1)
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Figure 2: An example illustrating a time-inconsistent optimization-problem. Each table in the figure shows
the expectation, E, and ERMg; of the amount of payment, including the fee x for changing payment
methods, evaluated at the associated state. The policy of changing the payment methods upon any
economic condition or only when the economic condition recesses is inferior to other policies and not
shown in the table associated with the state on Day 0.

from S; = a is different from the policy that is obtained from my by restricting the domain to the states
reachable from S; = a. When the optimal policy depends on when the optimization problem is solved, we
say that the optimization problem is not time-consistent, which will be formalized in Section 4.

Making decisions with time-inconsistent optimization-problem is problematic. By making decisions
based on the solution to (1) every day, we end up in using the policy, 7, where we select “variable” on
Day 0 and change the payment-method to “fixed” on Day 1 if and only if the economic condition recesses.
As a result, we have the expected payment of E™0[X] = $605 that is larger than E™[X] ~ $555, what we

anticipated upon solving (1) on Day 0. Here, ERMg.‘I)01 [X] = $1,270 satisfies the constraint. Now, consider
a policy m*, where we choose “fixed” on Day 0 and changes the payment-method if and only if the economic
condition recovers. Observe that 7* is feasible from any state (e.g., ERMZ ;[X] ~ $972). The expected
payment with 7* is E™ [X] ~ $575, which is smaller than that with 7(,. In fact, if the economic condition
recesses, the amount of payment with 7* is smaller than that with 7(); otherwise, 7* and {, result in the
same amount of payment.

Making decisions everyday by solving the optimization problem (1), we have ended up in following the
policy 7, even though we would have paid less by following 7*. The reason we cannot find 7* on Day 0 by
solving (1) is that (1) is not a time-consistent optimization problem. This motivates us to formally define
the time-consistency of an optimization problem and to characterize the conditions for an optimization



problem to be time-consistent.

4 Time-consistency of an optimization problem

In this section, we define the time-consistency of an optimization problem. Suppose that the goal of
a decision maker is to maximize the worthiness of a random quantity, X, while keeping the riskiness
associated with X at an acceptable level. The value of X will be determined in future, on or before time
N, but is random before that. To achieve the goal, the decision maker solves an optimization problem at
time 0 to select the policy, o, that determines the action to take for each state at each time n € Zjg n. At
a future time ¢ € Z; y, the decision maker might solve an optimization problem that can depend on the
state, Sy, at time ¢, where Sy can include the belief of the decision maker, conditions of the environment,
and other information available to the decision maker by time ¢. We want the policy selected by solving
the optimization problem at time ¢ to be consistent with 7.

We allow N to be either finite or infinite. There are multiple ways to interpret X when N = oo.
For example, we can see X as a random quantity, X , that is determined at a stopping time, 7, when S,
becomes a particular state, where 7 is finite almost surely but unbounded. Notice that S, can include some
information about X,,. Alternatively, we can see X as a limiting value. For example, X = lim, .o, X,, for
Xn=(Ro+ -+ Rp—1)/n, where Ry is a random reward that the decision maker receives at time /.

4.1 Process of optimization problem

More formally, for n € Zg y, let P,(s) be the optimization problem that a decision maker solves at time n
under the condition that S,, = s € S, where S,, is the set of all of the possible states at time n. Specifically,
we consider the optimization problem, P,(s), of the following form:

. MaXgperr, fn(XTr(*s?n))
Pale) s g gn(X7™(s,n)) € Bn, ¥

where X7 (s,n) denotes the conditional random variable, X, given that S, = s and 7 is the policy used on
and after time n. The decision maker seeks to find the optimal policy from the candidate set, II,,, where
IIL,| > 1. A policy, m, € II,, determines an action, as, to take for each state, sy € S,, at each time,
t € Zp, n). For two distinct policies, m,, 7, € II,,, we assume that the actions taken with m,, and those
with 7/, # 7, differ for at least one state, sy € Sy, l € Z, Ny

In (2), the objective function, f,, is an RM that maps a conditional random variable, X™(s,n), to a
real number. For example, setting f,,(X™(s,n)) = E[X™(s,n)], the decision maker can select the optimal
policy from II,, that maximizes the expected value of the random quantity, X, given that S, = s.

The constraint in (2) specifies the acceptable riskiness at time n. Here, g, is a multidimensional
function that maps X™(s,n) to real numbers, and B,, specifies the feasible region in the codomain of g,.
For example, the constraint could be specified with an entropic risk measure such that

ERM,[-X"(s,n)] < bp,

where b,, denotes the upper bound of the acceptable risk. Here, the value of ERM represents a magnitude of a
loss, so that the negative sign is appended to the reward X. Recall, however, that the optimization problem
is not necessarily time-consistent even when the objective function is expectation and the constraint is on
the entropic risk measure.



Observe that the optimization problems that the decision maker is solving can be seen as a stochastic
process, POP(X, S, p), which we will refer to as a Process of Optimization Problems (POP):

maXzrerl f(Xﬂ—)

POP(X,S,p): (. g(X™) € B. ®)

Here, X™ denotes the conditional random variable of X given that policy 7 is used. For simplicity, we
assume that the initial state Sy at time 0 is known to be sg € Sg (i.e., [So| = 1), but it is trivial to extend
our results to the case with [So| > 1. For n € Zy y), the decision maker solves P, (s) at time n under the
condition that S, = s € S,,. Note that the optimal policy at time n depends on how the state transitions
after time n (i.e., the set of transition probabilities, {pm | £ € Zj, )}, where

D = {p}r(s’ |5) | s €8s €8Spy1,0 € Zppy ), T € Hn},

and pj (s’ | s) denotes the probability that Syy1 = s’ € Syq; under the condition that S, = s € Sy and
7 € II,, is used to decide actions to take). Namely, the decision maker knows or assumes the set of transition
probabilities, {py, | £ € Zp, vy}, when he solves P, (s). In (3), S = {S, | n € Zj n)} represents the state

space, and p = {pn |n e Zy, N)} represents the set of transition probabilities that the decision maker uses
in solving the optimization problems.

For simplicity, we assume that the state s, € S, includes all of the information about the history of
prior states, s;, € Sy, for m € Z,), and the actions taken before time n. Then we limit II to be the
set of Markovian policies, with which the action to take at s € S,, depends only on s (i.e., the action is
conditionally independent of the history of the prior states and actions given s).

We assume that the decision maker knows the state at any moment, so that he solves P,,(s) if he knows
that the state is s € S;, at time n € Zjy n). Notice, however, that the state might just be the belief of the
decision maker, and in that case he only knows what he believes and the relevant history. Alternatively,
the state might represent the conditions of the environment, and in that case our assumption implies that
the decision maker knows the exact conditions of the environment.

4.2 Time-consistent process of optimization problems

Our goal is to determine whether the optimization problems that the decision maker is solving lead to
contradicting decisions over time. Toward that end, we define time-consistency of a POP. We start with
the case where the distribution of X and p, which the decision maker is using in solving the optimization
problems, are known to a verifier who determines whether a POP is time-consistent. In Section 5.3, we will
show that the results for this case can be easily translated into those for the case where the distribution of
X and p are unknown to the verifier.

Consider a decision maker who takes actions based on the optimal policy for a Markov decision process
(MDP). The decision maker might want to verify that the POP associated with the problem of finding the
optimal policy for the MDP is time-consistent. Because the decision maker is a verifier, the verifier knows
the distribution of X and p that the decision maker is using.

At time 0, the decision maker finds the optimal policy, 7, for the MDP that starts from sg. At time
0, w4 is most appealing to the decision maker, because the constraint, go(X ”5) € By, is satisfied, and the
value of the objective function cannot be made greater than fo(X i) ) by any feasible policy 7 € IIy. Notice
that 7 can be used to determine the action that the decision maker should take for any s, € S,, at any
time n € Zp ). We expect that 7j continues to be the most appealing policy to the decision maker at
any time n € Zp ).



Suppose, however, that the decision maker reevaluates the optimality of 7 at time 1. The state at

time 1 can be any state s; € Sy such that pga(sl | so) > 0. The decision maker finds the optimal policy,
7% (s1), for the MDP that starts from an s; at time 1. The constraint, g1 (X7 (1)(s1,1)) € By, is satisfied,
and no feasible policy can make the objective function greater than fi(X7™(*1)(s1,1)). Notice that the
optimization problem that the decision maker solved at time 0 is different from that the decision maker
solves at time 1, so that the optimal policy found at time 1 could be different from that found at time 0.
Our expectation is, however, that 7 is one of the optimal policies for the MDP that starts at time 1 from
the s1, if the associated POP is time-consistent.
We formally define time-consistency of the POP as follows:

Definition 3 We say that POP(X,S,p) is time-consistent if the following property is satisfied. For any
n € Zp Ny, if ™ is optimal from s € S,_1 (i.e., 7 is an optimal solution to P,_1(s)), then 7 is optimal
from any ' € S,, such that pf_1(s' | s) > 0.

Observe that Definition 3 matches with our intuition about optimizing a standard MDP, where the optimal
policy found at time 0 is optimal at any time n € Zg -

We now revisit the optimization problem studied in Section 3. The optimal policy, 7y, that we find by
solving the optimization problem at time 0 becomes infeasible (hence not optimal) for the optimization
problem at time 1 if the state at time 1 is a. The transition probability to state a is 0.1, which is strictly
positive. Hence, the optimization problem is indeed time-inconsistent in the sense of Definition 3.

5 Conditions for time-consistent optimization problem

In this section, we provide conditions that the objective function and the constraints should satisfy so that
the POP is time-consistent.

5.1 Definitions about dynamic risk measures

Given 7, the objective function can be seen as a dynamic RM (recall Definition 1). In our context, X™
is a random variable before time N, but its value becomes deterministic by time N, so that X7 is Fy-
measurable. Because S,, is random before time n, the value of the objective function, f,(X™(Sy,,n)), is
random before it becomes deterministic at time n, Hence, the value of the objective function to be evaluated
at time n is F,-measurable, so that the objective function is a dynamic RM.

We will use the following definition to provide a sufficient condition for an objective function so that
the associated POP is time-consistent:

Definition 4 A dynamic RM, p, is called optimality-consistent if the following property is satisfied: for
any F-measurable random variables, Y and Z, and for any n € Zp ny, if Pr(pn(Y) < pn(Z)) = 1 and
Pr(pn(Y) < pn(Z2)) > 0, then Pr(pp—1(Y) < pn—1(Z)) > 0. Also, we say that p is optimality-consistent for
a particular n if the above property is satisfied for the n.

We can define a dynamic RM, h(X™), associated with the constraints, g(X™) € B, in a POP. Specifically,
for each n € Zjy n), let h,(X™) = 1if go(X™) € By, and h,(X™) = 0 otherwise. Observe that h(X™) is
a dynamic RM, because g,(X™) and B,, are random before time n but becomes deterministic by time n.
We will use the following definition to provide a sufficient condition for constraints so that the associated
POP is time-consistent:



Definition 5 Let Y be an F-measurable random variable. A dynamic RM, p, is called non-decreasing if
Pr(pn-1(Y) < pn(Y)) =1 for any n € Zp ny. Also, we say that p is non-decreasing for a particular n if
the above property is satisfied for the n.

5.2 Sufficient condition

We are now ready to state a sufficient condition for an POP to be time-consistent. Let I{-} be an indicator
random variable.

Theorem 1 If f is an optimality-consistent dynamic RM and h(-) = 1{g(-) € B} is a non-decreasing
dynamic RM, then POP(X,S,p) as defined with (3) is time-consistent.

Proof: We will prove the contrapositive of the property of the time-consistent POP: if 7 is not optimal
from s, € Sy, then 7 is not optimal from any s,—; such that pI'_;(sp|sp—1) > 0. Suppose that 7 is not
optimal from s, € S,,. Notice that m might be either infeasible or feasible but not optimal.

We first consider the case where 7 is infeasible from s,,. If pI_;(s,|sp—1) > 0 for an s,,—; € S,,_1, then 7
must be infeasible from the s,,_1; this is because h(-) is a non-decreasing dynamic RM and h,,(X™ (s,,n)) =
0, so that h,—1(X™(sp—1,7 — 1)) = 0. Hence, the contrapositive of the property of the time-consistent
POP holds.

In the rest of the proof, we consider the case where 7 is feasible but not optimal from s,. Then there
exists an optimal policy, 7* # 7, from state s,, and we have

Fa(X(s0,m)) < falXT (s0,1)).

Now, consider a policy 7’ that assigns the same actions as those assigned by 7* for all of the the states
reachable from s,. For all of the other states, 7’ assigns the same actions as those assigned by 7. Notice
that a state s’ € Sy for £ € Zj,, 11Ny 1s not reachable from more than one s € S, because a state includes
the information about the history of the prior states.

Because of the way how 7’ is constructed, we observe that 7’ is feasible from s,. Hence, 7’ is feasible
from sp—1 if pT_,(sp|Sn—1) > 0, because h(-) is non-decreasing.

We will show that 7 is not optimal from s,,—; if p¥_;(sn|sn—1) > 0 by establishing that

fn1(X™(sp—1,m — 1)) < fn—l(Xﬂ,(Sn—bn —-1))

for any s,_1 such that pI'_;(sp|sp—1) > 0. Observe that
Fa(X™(s0,m)) < fulX™ (sn,m)), (4)
and
Fa(X™(s,m)) = fu(X™(5,1)) (5)

for all s € S,, such that s # s,. Now, if pI_;(sn|sn—1) > 0, then, by the optimality-consistency of the
objective function, we must have

Fat (X (sn-1,m = 1) < fut (X (sn-1,m = 1)), (6)

which can be formally proved as follows. Let Y = X™(s,_1,n — 1) and Z = X™ (s,_1,n — 1). Notice that
fn(Y) is a random variable that takes value f,,(X7(s,n)) with probability pI_;(s|s,—1) for all s € S,,, and



fu(Z) is a random variable that takes value f,(X™ (s,n)) with probability p=_(s|s,_1) for all s € S,,.
From the observations made with (4) and (5), we find Pr(f,(Y) < f(Z)) =1 and Pr(f,(Y) < fn(Z) > 0.
Hence, the optimality-consistency of the objective function implies that Pr(f,—1(Y) < fn,-1(Z)) > 0.
However, Pr(f,—1(Y) < fn—1(Z)) is 0 or 1. Therefore, (6) is established. =

We elaborate on the sufficient conditions in the rest of Section 5.2.

5.2.1 Optimality-consistent objective functions
First, we remark that expectation and ERM are optimality-consistent.

Proposition 1 FExpectation and ERM are optimality-consistent.

Proof: To verify that expectation is optimality-consistent for an arbitrary n € Zp ), consider F-
measurable random variables, Y and Z, such that

Pr(E[Y|S,] < E[Z|S,]) =1 and Pr(E[Y|S,] < E[Z]S,]) > 0,

where S, denotes the state at time n. It suffices to show Pr(E[Y|S,_1] < E[Z]Sn-1]) > 0. Letting
D,, = E[Z|S,] — E[Y|S,], we can claim that there exist € > 0 and . > 0 such that

Pr(0< D, <e)=1-9. and Pr(D, >c¢)=0..

Then we have

E[Z|Sh—1] — E[Y[Sp-1] = E[E[Z|S]|Sn-1] — E[E[Y[SH][Sn-1]
= E[D,|Sh-1]
> Elel{e > D,}|Sn-1]

= ¢E[l{e > Dy} |Sn-1],
which is positive with positive probability (i.e., Pr(E[Y|S,_1] < E[Z]S,—1]) > 0), because
0 <. =Pr(D,, >¢)=E[I{D, >¢c}] =E[E[I{D, >} |Sn_1]]-

We can verify that ERM is optimality-consistent analogously to expectation. For an arbitrary n and
for v # 0, we will show Pr(ERM,[Y]S,,—1] < ERM,[Z|S,,—1]) > 0 for F-measurable random variables, ¥’
and Z, that satisfy

Pr(ERM, [Y|S,] < ERM,[Z|S,]) =1 and Pr(ERM,[Y|S,] < ERM,[Z|S,]) > 0. (7)
Letting D, = ERM,[Z]|S,,] — ERM, [Y|S,,], we have

ERM, [Z|S,—1] — ERM,[Y|S,—1] = ERM,[ERM,[Z]|S,]|Sr-1] — ERM,[ERM,[Y|S,]|Sph—1]
= ERM,[ERM,[Y|S,] + Dy|Sn—1] — ERM, [ERM, Y| S,]|Sn—1]. (8)
where the first equality follows from the recursiveness of ERM (specifically, ERM,[V|S,,_1] = ERM,[ERM,[V|S,][Sn—1]

for any random variable V'), and the second equality follows from the definition of D,,. Now, consider a
random variable, D/, that is dominated by D,, in such a way that

D = 0 ifo<D,<e¢
n) e if D, >e.
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By (7), we can claim that there exist ¢ > 0 and 0. > 0 such that Pr(D], = 0) = 1 — J, and Pr(D], =
) = 6.. By the monotonicity of ERM (specifically, ERM,[V] < ERM,[W] if W stochastically dominates
V), we have ERM,[ERM,[Y|S,] + D,,] > ERM,[ERM,[Y|S,] + D},]. Hence, by (8), it suffices to show
ERM,[ERM,[Y'|S,] + D] > ERM,[ERM,[Y|S,]] to establish Pr(ERM.[Y|S,_1] < ERM,[Z|Sp_1]) > O.
Now,

ERM,[ERM,[Y|S,]+ D)] = —In (5 E [GW(ERMW[YISTLHE) | D! = 8} +(1-6)E {67 ERM, [v|Sy] D= OD
In (5 JEE {e“’ ERM, [v5,] | D!, = 5} TE {37 ERM’Y[Yls’ﬂ]:|)

> ; In (E {67 ERMV[Y‘S’L]D

= ERM,[ERM,[Y|S,]],

R 2R

where the equality follows from § > 0 and strict monotonicity of In. [

Our definition of the optimality-consistency of a dynamic RM should be compared against the definition
of the time-consistency of a dynamic RM (Definition 2). In particular, we find that a POP with a time-
consistent objective-function and no constraints is not necessarily time-consistent.

Specifically, we consider an iterated conditional tail expectation (ICTE) in the context of the example
illustrated with Figure 2. ICTE is a dynamic RM that is known to be time-consistent [6]. The 99%-ICTE of
the amount of payment X with mg is calculated as follows, where recall that, with 7wy, we choose “variable”
on Day 0 and do not change the payment-method on Day 1 regardless of the economic condition. When
there is only one remaining period (i.e., on Day 1), ICTE is equivalent to CTE (i.e., ICTE}%q[X]|S1] =
CTEG%9[X[S1]). In particular, ICTEf%g[X|S1 = a] = $2,000 and ICTE{%,[X|S1 = ¢] = $1,000. On Day
0, Sy is random, so that ICTE(%y[X|S1] is a random variable taking value $2,000 with probability 0.1
and $1,000 with probability 0.9. Hence, on Day 0, we can evaluate the riskiness of the random variable
ICTEQ %[ X |S1] with CTE: namely, CTE{%q[ICTE(%q[X]S1]], which is defined to be the 99%-ICTE of X when
it is evaluated on Day 0 (i.e., ICTE{%o[X] = CTE(%[ICTEGY9[ X [S1]]). In particular, ICTE;%e[X] = $2,000.
Notice that ICTE is different from CTE, because CTE(%o[X] = $1,100.

Now, let the exchange fee be x = $800 to illustrate that an optimization problem whose objective
function is ICTE is not necessarily time-consistent. Recall that 7(, is the policy where we chose “variable”
on Day 0 and change the payment-method to “fixed” on Day 1 if and only if the economic condition
recesses. Then we have ICTngljgg [X] = $2,000, which is equal to ICTE{%y[X]. Because 7 and 7, are equally
appearing with respect to ICTEq g9[X] on Day 0, we could choose 7, as our optimal policy. However, if
the economic condition recesses on Day 1, the action suggested by 7(, is clearly inferior to that suggested
by mp, because the amount of payment with 7(, is $2,000 surely, while 7 results in paying $1,000 with
probability 0.99 and $2,000 with probability 0.01.

Formally, ICTE is a particular iterated RM, which is defined as follows:

Definition 6 Consider a filtered probability space, (2, F,P), such that Fo € F1 C Fn = F, where
N € [1,00). LetY be an F-measurable random variable. We say that p is an iterated RM if py[Y] =Y
and pplY] = pnlpn+11Y]], where p, is a conditional RM that maps an Fp11-measurable random variable to
an Fp-measurable random variable, for n € [0, N).

Notice that expectation is an iterated RM, where p,[-] = E[-|Sy]. Also, ERM is an iterated RM, where
pnl-] = ERM[:|S,]. Now, the proof of Proposition 1 implies the following sufficient condition for an iterated
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RM to be optimality-consistent:

Corollary 1 An iterated RM, as defined in Definition 6, is optimality-consistent for a particular n if the
following property is satisfied: for any F-measurable random variables, Y and D, such that Pr(D > 0) =1
and Pr(D > 0) > 0, we have p,[Y + D] > p,[Y].

Proof: We will show Pr(p,—1[Y] < pn—1[Z]) > 0 for F-measurable random variables, Y and Z, that satisfy
Pr(pn[Y] < pnlZ]) =1 and Pr(p,[Y] < pnlZ]) > 0. 9)

Letting D,, = pn[Z] — pn[Y], we have

Pn-1[Z] = pn1lY] = pn-1lpn[Z]] = pr-1[pnlY]]
= po—1lpnlY] + Dn] = pr—1lpn[Y]]
> 0,

where the first equality follows from the definition of iterated RM, the second equality follows from the
definition of D,,, and the last inequality follows from the assumption of the corollary and (9). n

5.2.2 Non-decreasing constraints

Simple examples of the constraints that make a POP time-consistent include max(X™) < § and min(X™) >
d, where max(X™) (respectively, min(X™)) denote the maximum (respectively, minimum) value that X™
can take with positive probability. Notice that max(X7”) is non-increasing over time for any sample
path, because we obtain more information about X™ (specifically, about the maximum possible value
of X™) as time passes. Therefore, |{max(X™) < d} is non-decreasing. Analogous argument holds for
[{min(X™) > §}.

We have seen with Figure 2 that the POP of formulation (1) is not necessarily time-consistent. We
can now see that the inconsistency is due to the constraint in (1), because the objective function in (1) is
optimality-consistent. Observe that ERM(%, [X] increases from $1,310 on Day 0 to $1,540 to Day 1 if the
state transition to S; = a on Day 1. Hence, | {ERMo1[-] < $1,500} is not non-decreasing.

A way to modify (1) into a time-consistent POP is to add additional constraints on the ERM to be
evaluated on each day:

min. E[X]

s.t. ERM,Y[X ’ Sg = 3@] S (5’ VSZ c S,Vg c Z[O,N)? (10)

Then 79 becomes infeasible for the optimization problem to be solved on Day 0, which resolves the issue
of the time-inconsistency.

5.3 Extensions for an unknown environment

In the rest of Section 5, we consider the case where the verifier does not know the distribution of X
and p that the decision maker is using. This case is relevant when the decision maker estimates p, but
his estimation is unknown to the verifier. If the verifier does not know p, then she does not know the
distribution of X, because X depends on p. In fact, there might be multiple decision makers who solve
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P(X,S,p) but with different p. Because the verifier knows nothing about p, any assumption about p
should seem reasonable to the verifier. Alternatively, it might be the case that a decision maker chooses
the optimal policy for the MDP, where he estimates p. Depending on how p is estimated, the decision
maker solves the MDP having varying p. The verifier want to know whether the MDP is time-consistent
before the decision maker estimates p.

When p is unknown to the verifier, we will say that POP(-,S, ) is time-consistent, if POP(X,S,p) is
time-consistent for any X and p in the sense of Definition 3.

Definition 7 We say that the POP, POP(-,S, "), is time-consistent if POP(X,S,p) is time-consistent for
any X and p.

Theorem 1 provided in Section 5.2 gives a sufficient condition for POP(X, S, p) to be time-consistent,
but notice that the sufficient condition does not depend on X and p. Therefore, this sufficient condition
also guarantees that POP(+, S, ) is time-consistent:

Corollary 2 If f is an optimality-consistent dynamic RM and h(-) = |{g(:) € B} is a non-decreasing
dynamic RM, then POP(-,S,-) as defined in Definition 7 is time-consistent.

Similarly, all the results for the necessary conditions provided in Section 5.4 do not depend on X and
p. Thus, these results are also true for POP(-, S, -).

5.4 Necessary conditions

In this section, we study necessity of the sufficient condition provided in Theorem 1 and Corollary 2. We
will show, with a technical condition on S, that the sufficient condition on the constraints is necessary for
POP(+, S, ) to be time-consistent for any objective function. Also, the sufficient condition on the objective
function is necessary for POP(+, S, -) to be time-consistent for any constraints.

The technical condition on S requires that there exists n such that |S,,| > 2. However, this technical
condition is trivially satisfied for all MDPs of practical interest. Recall that |S,| is non-decreasing with
n, because our state includes the history of states and actions, and the state space increases over time.
At time 0, we have [So| = 1, but there must be an £ € Z; y) such that [S,| > 2, because there must be
multiple possible actions to take before N, as |II| > 1. In the following, we use =4 to denote equality in
distribution.

Lemma 1 Let ¢ be the minimum n such that |S,| > 2. If POP(-,S,-) as defined in Definition 7 is time-
consistent for any objective function f, then hy,(-) = 1{gn(-) € Bn} must be non-decreasing for n > £.

Proof: Suppose that | {g(-) € B} is not non-decreasing at an n € Zy ny. We will show that there exist an
objective function f, a distribution of X, and p such that POP(X, S, p) is not time-consistent.

Because 1{g(-) € B} is not non-decreasing at n, there exists Y such that Pr(I{g,—1(Y) € Bp_1} >
[{g,(Y) € B,}) > 0. That is, with non-zero probability, we have g,,_1(Y) € B,,_1 and ¢,,(Y') ¢ B,,. Hence,

q=Pr(gn(Y) ¥ Bp | gn1(Y) € Bp—1) > 0.

Consider an s,_1 € S,,_1, an s, € S, and a 7’ € II. We define p so that pgl_l(sn|sn_1) = ¢. Setting
pgl_l(sn|sn,1) at an arbitrary number in [0, 1] is possible, because |S,| > 2. We can define X so that
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X™ —=,Y, and the following two properties are satisfied:

In-1(X™ ($p—1,m — 1)) € By (11)
Gn(X™ (sp,m)) & By (12)

Notice that (11) and (12) are possible because of the way how we define Y and p (in particular, p_; (s,|s,_1) =
q). Further, we can define f and X so that, for all 7 € II such that 7 # 7/, we have

fn—1(X"(sn-1,n = 1)) < fr1(Y)
gn (X7 (sp,n)) € By,.

Then 7’ is one of the optimal policies from s,,_1. However, 7’ is infeasible from s,,, which can be reached
from s,_1 with probability ¢ > 0 with #’. Then 7’ is not optimal from s,,, because there is a policy, 7 € II,
feasible from s,,. Therefore, POP(X, S, p) is not time-consistent with the objective function f. [

Lemma 2 Let ¢ be the minimum n such that |S,| > 2. If POP(-,S,-) as defined in Definition 7 is time-
consistent for any constraints g(-) € B, then f must be optimality-consistent for all n > £.

Proof: Suppose that f is not optimality-consistent at an n € Zy, n). We will construct a distribution of
X and p such that POP(X, S, p) with no constraint is not time-consistent.

Because f is not optimality-consistent at n, there exist Y (1) and Y'(?) such that Pr(f,(Y()) < £,(Y?)) =
1 and Pr(f,(YD) < £,(Y®)) > 0, but Pr(f,_1(YD) < f,_1(YP)) = 0. Let

¢=Pr(fa(Y) < fu(Y®)) > 0.

Cor_lsider an s,_1 € Sp_1, an s, € S,, and two distinct policies, 7, 7(2) € II. We define p so that
pg(i)l(sn|sn,1) = ¢ for i = 1,2, and ¢!V ¢® = ¢q. For i = 0,1, setting pg(_wl(sn\sn,l) at an arbitrary
number in [0, 1] is possible, because |S,,| > 2. We can define X so that x ™ =, v, x™ =, Y@ and
the following two properties are satisfied:

Fact (X (50-1)) = a1 (X™7 (50-1)) (13)
Fa(X™ (50)) < fu(X™ (50)) (14)

Notice that (13) and (14) are possible because of the way how we define Y, Y@ and p (in par-

ticular, p’r(_l) SnlSn—1 p”(_Q) Sn|Sn—1) = q). Further, we can define X so that fy(X™(sp_1,n — 1)) <
n—1 n—1

fg(X”(l) (sp—1,n—1)) for any w € II. Then 71 is optimal from s,,_; but not from s,,, and Prn—1(Sn|Sn-1) > 0.

Thus, POP(X, S, p) with no constraints is not time-consistent. [

The results in Section 5 lead to the following necessary and sufficient condition:

Corollary 3 Let £ be the minimum n such that [Sy| > 2. Suppose there exists v = minnez, v, 5,8, fn(X7 (s, 1))
Then POP(-, S, ) is time-consistent iff (f(-) — ) 1{(-) € B} is optimality-consistent for all n € Z y).
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Proof: Consider an POP with objective function, (f(-) —~)!{(-) € B}, and no constraints. Recall that
we have proved Lemma 1 by showing that the condition is necessary when there are no constraints.
Hence, the POP is time-consistent only if (f(-) —~){(-) € B} is optimality-consistent. The sufficiency of
(f(-) =) 1{(-) € B} for the POP to be time-consistent can be shown by following the argument in the
proof of Theorem 1 m

6 Related work

Time-consistency was first discussed in deterministic settings regarding how future cost and profit should
be discounted. In particular, Strotz shows that exponential discounting is necessary for time-consistency
[18]. As a result, exponential discounting is standard for decision making with discounted expected utility
[13]. The necessity of time-consistency for rational decision making is illuminated by the following quote
from [2] (p.30-31): “if a hyperbolic discounter engaged in trade with someone who used an exponential
curve, she’d soon be relieved of her money. Ms. Exponential could buy Ms. Hyperbolic’s winter coat cheaply
every spring, for instance, because the distance to the next winter would depress Ms. H’s evaluation of it
more than Ms. E’s. Ms. E could then sell the coat back to Ms. H every fall when the approach of winter
sent Ms. H’s valuation of it into a high spike.”

Although time-consistency has been discussed in the context of risk measures [5, 6, 14], there has not
been a unified discussion about time-consistency in the context of decision making under uncertainties.
However, time-inconsistency has been reported for a few models of MDPs. In the prior work, when
optimization of an MDP is time-inconsistent, it has been stated in various ways, including “the optimal
policy changes over time,” “the optimal policy is nonstationary,” or “the principle of optimality is not
satisfied.”

For example, a constrained MDP requires to minimize an expected utility of one type of cost, while
keeping an expected utility of another type of cost below a threshold [3]. Haviv has pointed out that
Bellman’s principle of optimality is not necessarily satisfied by an optimal policy of a constrained MDP [7].
Similar observations have been made for example in [8, 16, 17]. Counter-examples have been constructed
for the case where the constrained MDP is a multi-chain over an infinite horizon, which is closely related
to time-inconsistency over a finite horizon discussed in this paper. Notice that a multi-chain can be seen
as a Markov chain over a finite horizon, where a state in the last period corresponds to an ergodic Markov
chain. Our results for a finite horizon have implications to the multi-chain MDP over an infinite horizon.
It has also been been pointed out that the Bellman’s principle of optimality is satisfied if the constraint
must be satisfied for every sample path [7, 16]. This can also be explained with our results, because the
indicator random variable associated with the constraint on every sample-path is non-decreasing. Notice
that our results apply not only to the constrained MDP studied in the prior work but also to the MDP
with iterated RMs. See [11, 12] for the significance of the MDP with iterated RMs.

Also, it has been pointed out that the optimal policy of an MDP can change over time when its objective
is to maximize or minimize, at each moment, an expected exponential-utility of the cumulative cost that
will be incurred after the moment, where the cost is discounted over time [9, 20, 11].
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7 Conclusion

We have shown that making decisions based on an optimal solution to an optimization problem can lead
to inconsistent decision-making over time when there are uncertainties. Specifically, we have constructed
an example of an optimization problem whose objective is to minimize the expected cost, and there is a
constraint that the entropic risk measure of the cost is below a threshold. We have shown that a decision
maker who takes actions based on the optimal solution to this optimization problem pays at least as
much as and sometimes (with positive probability) pays more than those who make decisions in other
ways. That is, making decisions based on a time-inconsistent optimization problem is irrational. The
time-inconsistency of the above optimization problem might be counter-intuitive, because the functions
consisting of the objective (i.e., expectation) and the constraints (i.e., entropic risk measure) are risk
measures that are known to be time-consistent.

We have defined optimality-consistency and non-decreasing property of risk measures to provide suf-
ficient conditions and necessary conditions for a process of optimization problems (POP) to be time-
consistent. An optimality-consistent objective function ensures that if a policy, 7, will become better than
another policy, 7/, with positive probability and 7 will never become worse than 7/, then 7 is better than 7’
today. Constraints having the non-decreasing property ensure that a policy feasible today will be feasible
in future.
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