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Di�erentiating the performan
e of systems more reliablyTakayuki OsogamiDe
ember 25, 2008Abstra
tThe system of measuring the performan
e of a Web system using a workload generator
an be modeled as a 
losed intera
tive system. In su
h a system, the throughput and themean response time are related by the response time law. However, we �nd that a measuredthroughput and a 
orresponding measured mean response time 
an have signi�
antly di�erenta

ura
y. As a result, one metri
 may be more reliable than the other to identify the betterof two given 
on�gurations of a Web system, whi
h is an important problem that appearsfrequently in pra
ti
e. Using simulation, we derive rules of thumb that 
hara
terize whenthroughput is more reliable than mean response time. Also, we explain these rules of thumbanalyti
ally. Spe
i�
ally, we re�ne the response time law using the 
entral limit theorem andformally de�ne the asymptoti
 reliability of an estimator of a metri
. Using these analyti
alframeworks, we provide insights into when and why one metri
 is more reliable than theother.1 Introdu
tionThe 
on�guration of a 
omputer system needs to be adjusted so that we 
an enjoy its best pos-sible performan
e at a given environment. For example, a Web system has many 
on�gurationparameters whose parti
ular values 
an have a signi�
ant impa
t on the performan
e. A 
ommonpra
ti
e is to measure the performan
e for di�erent 
on�gurations of a Web system and 
hoose the
on�guration that a
hieved the best measured performan
e. Popular metri
s of the performan
ein
lude mean response time and throughput: the mean response time is the average time betweenwhen a request is issued and when the request is 
ompleted, and the throughput is the averagenumber of requests pro
essed in a unit time. These metri
s 
an be measured by using a workloadgenerator that feeds requests to a Web system and re
ording the times when the requests are
ompleted.The question that we address in this paper is whi
h of the two metri
s, mean response time orthroughput, we should base our judgment on in determining the better of two given 
on�gurations.One might argue that both metri
s are important and should be balan
ed on the ground thatthroughput is a metri
 from a system's perspe
tive and mean response time is a metri
 from ausers' perspe
tive. Alternatively, one might argue that mean response time is a better metri
, sin
e1



S: Service time

X: Throughput
Web system

R: Response time
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Z: Think time

Figure 1: A 
losed intera
tive system model of a Web system.we use more information to 
al
ulate mean response time than to 
al
ulate throughput. Noti
ethat, to 
al
ulate the throughput, we only need to re
ord the number of 
ompleted requests and theduration of measurement. To 
al
ulate the mean response time, we also need to re
ord when ea
hrequest is issued and 
ompleted. Another argument might be that the two metri
s are equivalent,sin
e one metri
 
an be 
al
ulated from the other using the response time law, whi
h we willexplain shortly.Observe that a Web system under measurement 
an be modeled as a 
losed intera
tive systemas shown in Figure 1. A workload generator emulates a �xed number of users who send requeststo the Web system. After a user issues a request, the user waits for the result of the requestand then thinks (pauses) for a random period before issuing the next request. In su
h a 
losedintera
tive system, there is a relation, known as the response time law (see p. 46 from [9℄) or theintera
tive response time law (see Se
tion 33.5 from [6℄), between the mean response time, r, andthe throughput, x: r = mx � z;where z is the mean think time, and m is the number of users. Note that z and m are known,sin
e they are spe
i�able parameters of the workload generator. Hen
e, if x is measured, then r
an be 
al
ulated, and vi
e versa.None of the above three arguments do not pre
isely answer our question, as is illustrated byFigure 2. Figure 2(a) shows the measured throughputs of a Web system for two parti
ular 
on�g-urations as a fun
tion of the measurement time. Figure 2(b) shows the 
orresponding measuredmean response times. Figure 2 is drawn using the experimental results in [12℄, and the settings ofthe experiments are detailed in [12℄ and also repeated brie
y in Se
tion 2 of this paper. Observethat the measured throughputs appear to be more stable over time than the 
orresponding mean2
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Configuration 2(b) Mean response timeFigure 2: The measured throughput (a) and the measured mean response time (b) of a Web systemwith two parti
ular 
on�gurations studied in [12℄. The two 
on�gurations di�er in three param-eters, (MaxClients, HeapMax, PreparedStatementCa
heSize). The parameters of Con�guration1 are set as (400,192,20) and those of Con�guration 2 are set as (300,128,30). ThreadPoolMax,whi
h is also varied in [12℄, is set as 40 for both 
on�gurations.response times. Also observe that the relative di�eren
e between the two measured throughputstends to be smaller than that between the 
orresponding mean response times at a given time. Inthis example, if throughput was measured for more than �ve minutes, Con�guration 1 would beidenti�ed as the better, whi
h appears to be the 
orre
t de
ision. However, if mean response timewas measured for eight minutes, either of the two 
on�gurations might be identi�ed as the better.In this paper, we study the throughput and the mean response time measured or simulatedfor a 
losed intera
tive system. In parti
ular, we 
hara
terize whi
h of the two metri
s is morereliable to pre
isely identify the better of two given 
on�gurations and under what 
onditions.Spe
i�
ally, we will �nd that mean response time tends to be
ome more reliable than throughputwhen given two 
on�gurations have 
loser performan
es, when the load is lower, when the servi
etime has lower variability, or when the think time has higher variability. Also, throughput tendsto be more reliable than mean response time when the load is intermediate. When the load is3



high, the two metri
s tend to have similar reliability. These rules of thumbs derived based onsimulation-based studies 
onstitute the �rst 
ontribution of this paper.The se
ond 
ontribution of this paper is an analyti
al study of the asymptoti
 reliability ofthe two metri
s. We analyze the asymptoti
 variabilities of a measured mean response time and ameasured throughput when measurement time approa
hes in�nity. Then we relate the asymptoti
variabilities of the two metri
s, whi
h 
an be seen as a 
entral limit theorem (CLT) version of theresponse time law. The CLT version of the response time law is then used to explain the �ndingswith simulations and measurements. Our explanation provides insights into when and why onemetri
 is more reliable than the other.The rest of the paper is organized as follows. In Se
tion 2, we start with a statisti
al analysisof the measured mean response time and the measured throughput from a Web system studiedin [12℄ and investigate the observation from Figure 2. In Se
tion 3, we study the reliability of thetwo metri
s with simulations for a wide range of settings and derive rules of thumb. In Se
tion 4,we state the CLT version of the response time law, whi
h will be used in Se
tion 5 to studythe asymptoti
 reliability of the two metri
s. In Se
tion 6, we review the related work in theliterature.2 Statisti
al analysis of measured performan
esIn this se
tion, we study the tra
es from the measurement of a Web system in [12℄. In Se
tion 2.1,we formally des
ribe how mean response time and throughput are measured, and study how wellthe response time law relates the two measured metri
s. In Se
tion 2.2, we study the variabilitiesof the two measured metri
s. In the setting under 
onsideration, we will �nd that the measuredthroughput of a 
on�guration tends to have smaller variability than the 
orresponding meanresponse time. However, we will also �nd that the di�eren
e between the throughputs of two
on�gurations tends to be smaller than that between the 
orresponding mean response times. InSe
tion 2.3, we dis
uss whi
h of the two metri
s is more reliable to identify the better of twogiven 
on�gurations. Our 
on
lusion will be that, in the parti
ular settings under 
onsideration,throughput 
an be signi�
antly more reliable than mean response time parti
ularly when themeasurement time is short.Before dis
ussing our �ndings, we brie
y state the settings of the experiments, whose detailsare found in [12℄. The Web system under 
onsideration runs Trade3, a standard ben
hmarkappli
ation for online sto
k brokerage. A ma
hine is dedi
ated to generate workload with WebPerforman
e Tools V1.9 (WPT). Spe
i�
ally, WPT emulates m = 500 users, where ea
h userissues a random request su
h as buy, sell, or other standard trading operations. After issuing arequest, the user waits for the results of the request returned by the Web system. After re
eivingthe results, the user thinks for a random period, uniformly distributed between a se
ond andeight se
onds (i.e., z = 4:5 se
onds), before issuing a new request. When we start measuring theperforman
e of a given 
on�guration, 500 users log in at random times so that all of the users areexpe
ted to log in within two minutes. The �rst three minutes is then 
onsidered to be the warmupperiod and ignored. Therefore, for ea
h 
on�guration, the 
ompletion time and the response timeof ea
h request are stored for 17 minutes after the warmup period.4



2.1 EstimatorsLet t be the time sin
e the warmup period ends (and measurement starts) for a given 
on�guration.Let L(t) be the number of requests 
ompleted from time 0 to t. Let R` be the response time ofthe `-th 
ompleted requests for ` = 1; 2; ::: after time 0. Then, at time t su
h that L(t) > 0, thetime-average throughput and the sample-average response time are respe
tively given by�X(t) = L(t)t and �R(t) = PL(t)`=1 R`L(t) : (1)Observe that �X(t) and �R(t), respe
tively, are natural estimators of the throughput, x, andthe mean response time, r, at time t. Indeed, Figure 2 shows �X(t) and �R(t) for two parti
ular
on�gurations. If the weak law of large numbers holds for these natural estimators, we have�X(t)) x and �R(t)) r as t!1, where ) denotes weak 
onvergen
e.Ea
h dot in Figure 3(a) shows the estimated throughput, ~x = �X(T ), and the estimated meanresponse time, ~r = �R(T ), after T = 17 minutes of measurement for one of the 225 
on�gurationsstudied in [12℄. The solid 
urve in Figure 3(a) shows the response time law. Observe that theresponse time law well 
hara
terizes the relation between ~r and ~x but not exa
tly. If the responsetime law held exa
tly, the higher throughput a 
on�guration has, the shorter mean response timethe 
on�guration has. Note, however, that there are pairs of 
on�gurations su
h that one 
on�g-uration has higher throughput and yet has longer mean response time than the other. Therefore,depending on whether we judge based on throughput or mean response time, we 
an make di�erent
on
lusion as to whi
h 
on�guration has better performan
e.Observe, in Figure 3(a), that the relative di�eren
e between the mean response times of giventwo 
on�gurations tends to be larger than that between the 
orresponding throughputs. Spe
i�-
ally, ~r ranges between 0.78 and 4.26, di�ering by a fa
tor of 5.5. By 
ontrast, ~x ranges between57.5 and 93.7, di�ering by a fa
tor of 1.63. These observations might appear to suggest that meanresponse time would be more reliable than throughput, but this turns out to be largely false aswe will see below.2.2 Varian
e parameters of the estimatorsNext, we examine the a

ura
y of �X(t) and �R(t) by estimating their varian
e parameters, VXand VR, respe
tively. Spe
i�
ally, let �L(t) � L(t)� L(t� 1) be the measured throughput in theinterval (t � 1; t℄ for t = 1; 2; : : : ; T , where T = 1; 020 se
onds. Also, let K(t) � tL(t) PL(t)`=1 R` bethe sample-average response time at t multiplied by t, and we de�ne �K(t) � K(t) � K(t � 1)for t = 1; 2; : : : ; T . We estimate VX and VR, respe
tively, with ~VX = 1T PT̀=1 (�L(`)� ~x)2 and~VR = 1T PT̀=1 (�K(`)� ~r)2, where re
all that ~x = �X(T ) and ~r = �R(T ).A rationale for estimating with ~VX and ~VR is provided by assuming that L(t) and K(t) areBrownian motions. In Appendix A.1, we show that ~VX is the maximum likelihood estimator ofVX provided that L(t) is the Brownian motions with drift x and varian
e parameter VX (i.e., thevarian
e is VX t at time t), and that ~VR is the maximum likelihood estimator of VR when K(t)satis�es analogous 
onditions. 5
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(b)Figure 3: For ea
h of the 225 
on�gurations, we plot (a) (~x; ~r) and (b) ( ~C2X ; ~C2R). The 
urve in (a)shows the response time law, and the line in (b) shows C2X = C2R.We normalize ~VX and ~VR in su
h a way that ~C2X � ~VX=~x2 and ~C2R � ~VR=~r2 to isolate theimpa
t of the mean values from the varian
es. In Figure 3(b), ea
h dot shows ( ~C2X ; ~C2R) for oneof the 225 
on�gurations. The solid line shows ~C2R = ~C2X . Observe that all of the dots are abovethe solid line. This suggests that �R(t) has higher variability than �X(t). In fa
t, �R(t) appears tohave mu
h higher variability than �X(t), sin
e ~C2R= ~C2X ranges between 1.03 and 59.2. Therefore,
ontrary to Figure 3(a), Figure 3(b) appears to suggest that throughput might be more reliablethan mean response time.2.3 Mean response time or throughputThe above arguments suggest that throughputs of two given 
on�gurations tend to have lowervariability but be 
loser to ea
h other than the 
orresponding mean response times. To investigatethis tradeo�, we study the relative variability of the di�eren
e between the throughputs of twogiven 
on�gurations and the analogous quantity between the 
orresponding mean response times.For i = 1; 2, let x(i) be the true throughput of Con�guration i and �X(i)(t) be its natural estimatorat time t. Similarly, let r(i) be the 
orresponding true mean response time and �R(i)(t) be its naturalestimator. The following 
oeÆ
ients of variation 
an be used to study the relative variability of6



the di�eren
e between the two estimated values:C�X(t) � rV � �X(1)(t)� �X(2)(t)�jx(1) � x(2)j and C�R(t) � rV � �R(1)(t)� �R(2)(t)�jr(1) � r(2)j ; (2)where V(�) denotes the varian
e. Unfortunately, Figure 3 suggests that C�X(t) is hard to esti-mate a

urately, sin
e x(1) and x(2) 
an be very 
lose to ea
h other relative to the error in themeasurement.Therefore, in this se
tion, we estimate and 
ompareD�X(t) � jx(1)�x(2)jC�X(t) andD�R(t) �jx(1) � x(2)jC�R(t) = x(1) x(2)m rV � �R(1)(t)� �R(2)(t)�, whi
h follows from the response time law.Noti
e that C�X(t) < C�R(t) i� D�X(t) < D�R(t). We estimate D�X(t) with ~D�X(t) �q ~V (1)X (t) + ~V (2)X (t) and D�R(t) with ~D�R(t) � ~x(1) ~x(2)m q ~V (1)R (t) + ~V (2)R (t). Here, ~V (i)X (t) and ~V (i)R (t),respe
tively, denote the estimated varian
e parameters of �X(i)(�) and �R(i)(�) at time t. We 
al
u-late ~V (i)X (t) and ~V (i)R (t) analogously to ~VX and ~VR in Se
tion 2.2 but using only the measurementby t. Also, ~x(i) is 
al
ulated analogously to ~x in Se
tion 2.1.In Figure 4, the solid 
urve shows the average value of ~D�X(t) over all of the �2252 � pairs of the225 
on�gurations. Similarly, the dashed 
urve shows the average value of ~D�R(t). Noti
e thatthese average values do not ne
essarily well represent how C�X(t) and C�R(t) 
ompare with ea
hother, sin
e they are biased toward the pair of the 
on�gurations having large jx(1)�x(2)j (re
all thatC�X(t) and C�R(t) are multiplied with jx(1) � x(2)j to de�ne D�X(t) and D�R(t)). Nonetheless,we study these average values, sin
e individual values of ~D�X(t) and ~D�R(t) are prone to theina

ura
y of measurement. In the following se
tions, we will able to dire
tly 
ompare C�X(t)and C�R(t) using simulation and analysis.Observe that the solid 
urve is below the dashed 
urve, suggesting that the relative variabilityof �X(1)(t)� �X(2)(t) is smaller than that of �R(1)(t)� �R(2)(t). This suggests that, in the settings under
onsideration, throughput is more reliable than mean response time to identify the better of twogiven 
on�gurations. A primary 
on
lusion of this se
tion is that there appears to be a signi�
antdi�eren
e between the reliability of throughput and that of mean response time parti
ularly whenmeasurement time is short. This motivates us to further investigate the reliability of the estimatorswith simulation and analysis.3 Simulation-based study of reliabilitySin
e experimenting with a real Web system is time-
onsuming and its results depend on minute
onditions, we now swit
h to simulation. We start by des
ribing the 
onditions of the simulationin Se
tion 3.1. In Se
tion 3.2, we dis
uss the results of the simulations.3.1 Conditions of the simulationWe 
onsider a 
losed intera
tive system with m users. In the simulation, ea
h user behaves asfollows. A user issues a request to the Web server, where the servi
e time of the request is 
hosen7
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on�gurations.independently from a 
ommon servi
e-time distribution with mean s. The request is pro
essedby the Web server a

ording to Pro
essor Sharing, where ea
h request re
eives equal share of thepro
essing power. The result of the request is then returned to the user. After re
eiving the result,the user thinks before issuing the next request, where the think time is 
hosen independently froma 
ommon think-time distribution with mean z. We assume that the servi
e times and the thinktimes are independent.To study the system at the steady state, we start the simulation at time t0 = �10m (z +s) < 0. Then ea
h user would be expe
ted to have issued ten requests by time 0 if the Webserver were always busy. To in
rease the speed of 
onvergen
e to the steady state, we 
hoosethe number of requests being pro
essed at the Web server and the number of users thinking att0 from the steady-state distribution [1℄. Then we 
hoose the remaining servi
e-times from theservi
e-time distribution and the remaining think-times from the think-time distribution. At timet, the throughput and the mean response time are estimated using the natural estimators de�nedwith Equation (1). Re
all that L(t) denotes the number of requests 
ompleted from time 0 to t,so that the 
ompletions during the warm-up period [t0; 0℄ are ignored.Throughout Se
tion 3.2, we will study C�R(t) and C�X(t), as de�ned with Equation (2), fora given pair of 
on�gurations. For i = 1; 2, we obtain x(i) and r(i) in Equation (2) from knownanalyti
al expressions [1℄. The varian
es in Equation (2) are estimated with sample varian
es by8
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(
) �s = 1Figure 5: The impa
t of �s on pt ~C�X(t) (solid lines) and pt ~C�R(t) (dashed lines). The servi
etimes have exponential distributions with varied means, the think time has an exponential distri-bution with z = 10, and m = 12. The two 
on�gurations di�er in their mean servi
e times: oneis �xed at 1, and the other is 1 + �s, whi
h is varied as indi
ated in ea
h 
olumn.repeating the simulation at least 1,000 times in ea
h setting. For example, we estimate C�X(t)by ~C�X(t) = q �V (1)X (t) + �V (2)X (t)=jx(1) � x(2)j, where �V (i)X (t) is the sample varian
e of �X(i)(t) fori = 1; 2 (note that ~V (i)X (t) in Se
tion 2.3 is 
al
ulated di�erently from �V (i)X (t) using only onesample). Analogously, ~C�R(t) denotes the estimated C�R(t). In the �gures in Se
tion 3.2, wewill show pt ~C�R(t) and pt ~C�X(t), sin
e ~C�R(t) and ~C�X(t) tend to de
rease proportionally to1=pt.3.2 Results of the simulationsFigure 5 shows pt ~C�X(t) with solid lines andpt ~C�R(t) with dashed lines. The two 
on�gurationsdi�er only in the pro
essing speeds of the Web system. Spe
i�
ally, the mean servi
e time ofCon�guration 1 is �xed as s(1) = 1, and that of Con�guration 2 is varied su
h that s(2) = 1:01in Figure 5(a), s(2) = 1:1 in Figure 5(b), and s(2) = 2 in Figure 5(
). For all 
ases, the servi
etimes have exponential distributions, the number of users is m = 12, and the think time hasan exponential distribution with mean z = 10. With these settings, we have r(1) = 3:63 andx(1) = 0:880. For Con�guration 2, we have r(2) = 3:71 and x(2) = 0:875 in Figure 5(a), r(2) = 4:45and x(2) = 0:831 in Figure 5(b), and r(2) = 14:1 and x(2) = 0:498 in Figure 5(
).Observe, in Figure 5, that ~C�X(t) > ~C�R(t) when the di�eren
e between the two 
on�gurationsis small (Figure 5(a)), and that ~C�X(t) < ~C�R(t) for a suÆ
iently large t when the di�eren
e is9
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(
) z = 15Figure 6: The impa
t of load onpt ~C�X(t) (solid lines) andpt ~C�R(t) (dashed lines). The settingsare the same as in Figure 5(b) ex
ept that z is varied as indi
ated in ea
h 
olumn.large (Figure 5(
)). This observation 
an be explained by the 
onvexity of the fun
tion, r = m=x�z(see Figure 3). When �s � js(1)�s(2)j is small (Figure 5(a)), �x � jx(1)�x(2)j and �r � jr(1)�r(2)jare also small, whi
h in turn suggests that j�r=�xj � m= �x(1)�2. When �s � js(1)� s(2)j is large(Figure 5(
)), the 
onvexity suggests that j�r=�xj < m= �x(1)�2. Hen
e, a rule of thumb isthat mean response time tends to be
ome relatively more reliable than throughput as the two
on�gurations have 
loser performan
es.Below we �x s(1) = 1 and s(2) = 1:1 to study the impa
t of 
hanging other parameters on~C�X(t) and ~C�R(t). We �rst study the impa
t of load by varying z. Figure 6 shows pt ~C�X(t)with solid lines and pt ~C�R(t) with dashed lines, where the 
onditions of the simulations are thesame as in Figure 5(b) ex
ept that z is varied as indi
ated in ea
h 
olumn. Re
all that z = 10 inFigure 5(b). Figure 6(a) suggests that ~C�X(t) � ~C�R(t) when the load is high. When the load isintermediate (Figure 6(b)), we have ~C�X(t) < ~C�R(t) for a suÆ
iently large t. When the load islow (Figure 5(b) and Figure 6(
)), we have ~C�R(t) < ~C�X(t).The load is also a�e
ted by s and m. However, we �nd that the following rules of thumb holdregardless of the parti
ular 
auses of high or low load: (i) when the load is low, mean response timetends to be more reliable than throughput; (ii) when the load is intermediate, throughput tendsto be more reliable than mean response time; (iii) when the load is high, throughput and meanresponse time tend to have similar reliability. The rules of thumb will be explained analyti
allyin Se
tion 5.Figure 7 illustrates the impa
t of the variability of the servi
e times onpt ~C�X(t) andpt ~C�R(t).10
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(
) C2S = 19Figure 7: The impa
t of servi
e time variability on pt ~C�X(t) (solid lines) and pt ~C�R(t) (dashedlines). The settings are the same as in Figure 5(b) ex
ept that the distributions of the servi
etimes are varied in su
h a way that the squared 
oeÆ
ient of variation, C2S, of S(1) be
omes asindi
ated in ea
h 
olumn.The 
onditions of the simulations are the same as in Figure 5(b) ex
ept that the distributions ofthe servi
e times, S(i) for Con�guration i (i = 1; 2), are varied in ea
h 
olumn. Spe
i�
ally, theservi
e times are 
onstants, S(1) = 1 and S(2) = 1:1, in Figure 7(a). In Figures 7(b)-(
), the servi
etimes have Weibull distributions. Re
all that the Weibull distribution with shape parameter a ands
ale parameter b has the 
umulative distribution fun
tion, F (x) = 1 � exp(�(x=b)a), for x � 0.In Figure 7(b), S(1) has parameters, a = 1=2 and b = 1=2, su
h that E hS(1)i = 1 and V �S(1)� = 5;also, S(2) has parameters, a = 1=2 and b = 1:1=2, su
h that E hS(2)i = 1:1 and V �S(2)� = 5. InFigure 7(
), S(1) has a = 1=3 and b = 1=6 su
h that E hS(1)i = 1 and V �S(1)� = 19; also, S(2) hasa = 1=3 and b = 1:1=6 su
h that E hS(2)i = 1:1 and V �S(2)� = 19.Comparing Figure 7 and Figure 5(b), we �nd that both pt ~C�X(t) and pt ~C�R(t) are largerwhen the servi
e times are more variable. Observe that pt ~C�R(t) is more sensitive to the variabil-ity of the servi
e time parti
ularly when C2S � V �S(1)� =E hS(1)i2 � 1 (Figure 7(a)). This makesintuitive sense, sin
e the variability of the servi
e time 
an dire
tly a�e
t the variability of theresponse time. Overall, a rule of thumb is that mean response time tends to be
ome more reliablethan throughput, when the servi
e time is less variable.Figure 8 illustrates the impa
t of the variability of the think time on pt ~C�X(t) and pt ~C�R(t).The 
onditions of the simulations are the same as in Figure 5(b) ex
ept that distribution of thethink time, Z, is varied in ea
h 
olumn. In Figure 8(a), the think time is a 
onstant, Z = 10.11
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) C2Z = 19Figure 8: The impa
t of think time variability on pt ~C�X(t) (solid lines) and pt ~C�R(t) (dashedlines). The settings are the same as in Figure 5(b) ex
ept that the think time distribution is variedin su
h a way that the squared 
oeÆ
ient of variation be
omes as indi
ated in ea
h 
olumn.In Figure 8(b), Z has a Weibull distribution with parameters, a = 1=2 and b = 10=2, su
h thatE [Z℄ = 10 and V (Z) = 500. In Figure 8(
), Z has a Weibull distribution with a = 1=3 andb = 10=6 su
h that E [Z℄ = 10 and V (Z) = 1; 900.Comparing Figure 8 and Figure 5(b), we �nd that both pt ~C�X(t) and pt ~C�R(t) are largerwhen the think time is more variable. Figure 8(
) suggests that pt ~C�X(t) is more sensitive tothe variability of the think time parti
ularly when C2Z � V (Z) =E [Z℄2 > 1. This sensitivity is in
ontrast to the servi
e time variability but makes intuitive sense. Observe that the variability ofthe think time 
an dire
tly a�e
t the variability of the throughput but only indire
tly a�e
t thevariability of the response time: i.e., the variability of the think time a�e
ts the variability of thenumber of requests being pro
essed at the Web server, whi
h in turn a�e
ts the variability of theresponse time. Overall, a rule of thumb is that mean response time tends to be more reliable thanthroughput when the think time is more variable.A detail is that the simulation is repeated 10,000 times for Figures 7(b)-(
) and for Figures 8(b)-(
), while it is repeated 1,000 times for the rest of the �gures in this se
tion. This is be
ause morerepetition is needed to obtain stable results with more variable distributions.
12
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2 5

1 4 6 R8Figure 9: The shaded area illustrates the de�nition of �(t) for a 
losed intera
tive system havingm = 4 users. Ea
h user alternates between thinking (whose duration is Z`) and waiting (whoseduration is R`). L(t) = 8 response times and M(t) = 6 think times are re
orded by time t.4 The response time lawTo investigate the observations in the previous se
tions, we now re�ne the response time law withthe 
entral limit theorem (CLT). Although the response time law is frequently used, we 
annot�nd its formal statement in the literature. In Se
tion 4.1, we start by formally stating the responsetime law. In Se
tion 4.2, we re�ne the response time law with the CLT.4.1 A weak-
onvergen
e versionTo state the response time law formally, let M(t) be the number of think times re
orded up totime t. Let Z` be the `-th re
orded think time. Then the sample-average think times at time t is�Z(t) = PM(t)`=1 Z`M(t) : (3)Similar to �X(t) and �R(t) de�ned with Equation (1), note that �Z(t) is the natural estimator of themean think time, z, at time t. If the weak law of large numbers holds for �Z(t), then �Z(t)) z ast!1. The response time law relates the limiting values of the natural estimators.Proposition 1 (The response time law (weak-
onvergen
e version)) Let �(t) � mt ��L(t) �R(t) +M(t) �Z(t)�, where �X(t), �R(t), and �Z(t) are as de�ned with Equation (1) and Equa-tion (3) for a 
losed intera
tive system with m users (see Figure 9 for an illustration of �(t)).Suppose that � �X(t); �R(t); �Z(t);�(t)=t� ) (x; r; z; 0) (4)as t ! 1, where x, r, and z are 
onstants su
h that 0 < x < 1 and 0 � r; z < 1. Thenr = m=x� z holds among these 
onstants. 13



Proof: By the de�nition of �(t), we have the following relation:�(t)t + L(t)t �R(t) + M(t)L(t) L(t)t �Z(t) = m: (5)Note that jL(t) � M(t)j � m by the de�nitions of L(t) and M(t). Also, re
all that L(t)=t =�X(t) ) x as t ! 1. Thus, it follows that M(t)=L(t) ) 1 as t ! 1. Now, letting t ! 1 inEquation (5) and using Equation (4), we obtain x (r+z) = m by the 
ontinuous mapping theorem(see Se
tion 3.4 from [16℄).4.2 A 
entral limit theorem versionWhen appropriately normalized, the natural estimators are expe
ted to 
onverge in distributionto normal random variables under the 
onditions that the CLT holds. Namely, as t ! 1, weexpe
t to have pt( �X(t)�x)) N(0; VX), pt( �R(t)�r)) N(0; VR), and pt( �Z(t)�z)) N(0; VZ),where N(�; V ) denotes a normal random variable with mean � and varian
e V . Then, for a larget, it is suggested that �X(t) � N(x; VX=t) and �R(t) � N(r; VR=t). Observe that VX indi
ates howqui
kly �X(t) 
onverges to x, and an analogous observation holds for VR. To study how VX andVR 
ompare to ea
h other, we 
onsider the following CLT version of the response time.Lemma 1 (A CLT version of the response time law) Suppose that a 
losed intera
tive sys-tem satis�es the assumptions made in Proposition 1 with Equation (4) repla
ed by a slightlystronger 
ondition: � �X(t); �R(t); �Z(t);�(t)=pt� ) (x; r; z; 0): (6)Under the 
ondition that pt( �Z(t) � z) ) N(0; VZ) holds for a 
onstant VZ, pt( �X(t) � x) )N(0; VX) holds i� pt( �R(t) � r) ) N(0; VR) holds for 
onstants, VX and VR. Also, let V and Wbe 
ovarian
e matri
es su
h thatV =  VR VRZVRZ VZ ! and W = 0BBB� VR VRZ �m(VR+VRZ)(r+z)2VRZ VZ �m(VZ+VRZ)(r+z)2�m(VR+VRZ)(r+z)2 �m(VZ+VRZ)(r+z)2 m2(VR+VZ+2VRZ)(r+z)4 1CCCA ;and let 0 denote a zero ve
tor. Then, as t!1, if it holds thatpt � �R(t)� r; �Z(t)� z� ) N(0;V); (7)it also holds that pt � �R(t)� r; �Z(t)� z; �X(t)� x� ) N(0;W): (8)Lemma 1 
an be proved by following the framework developed by Glynn and Whitt in [3, 4, 5℄,where they prove a CLT version of Little's law (in Se
tion 6, we will dis
uss the related work in moredetail). For 
ompleteness, we provide our own self-
ontained proof of Lemma 1 in Appendix A.2.14



5 Analyti
al study of reliabilityThe CLT version of the response time law allows us to 
ompare the asymptoti
 reliability ofthroughput and that of mean response time. In Se
tion 5.1, we introdu
e a formal framework to
ompare the asymptoti
 reliabilities of estimators. In Se
tion 5.2, we dis
uss the results of theanalysis.5.1 Asymptoti
 reliability of an estimatorThe reliability of an estimator 
an be evaluated using the asymptoti
 varian
e parameter. Forexample, for i = 1; 2, let x(i) and �X(i)(t), respe
tively, be the true throughput of Con�gurationi and its natural estimator at time t. When the 
onditions in Lemma 1 are satis�ed, we have�X(i)(t) � N(x(i); V (i)X =t) for a large t. When the two 
on�gurations are measured independently,�X(1)(t) and �X(2)(t) are independent. Therefore, for a large t, we have �X(1)(t)� �X(2)(t) � N(x(1)�x(2); (V (1)X +V (2)X )=t). This motivate us to use V (1)X +V (2)X as a metri
 for evaluating the asymptoti
reliability of throughput.To 
ompare the asymptoti
 reliability of throughput and that of mean response time, wenormalize the asymptoti
 varian
e parameters as follows:De�nition 1 For i = 1; 2, let �A(i)(t) be the estimator of a metri
, A, for Con�guration i.Similarly, let �B(i)(t) be the 
orresponding estimator of a metri
, B. For i = 1; 2, supposethat, as t ! 1, we have �A(i)(t) ) a(i), �B(i)(t) ) b(i), pt( �A(i)(t) � a(i)) ) N(0; V (i)A ), andpt( �B(i)(t) � b(i)) ) N(0; V (i)B ), where a(i), b(i), V (i)A , and V (i)B are 
onstants su
h that a(1) 6= a(2)and b(1) 6= b(2). We say that A is asymptoti
ally more reliable than B i� (V (1)A +V (2)A )=(a(1)�a(2))2 < (V (1)B + V (2)B )=(b(1) � b(2))2.5.2 Analyti
al resultsSuppose that the performan
es of two 
on�gurations of an intera
tive 
losed system are measuredindependently. Then the asymptoti
 reliability of throughput and that of mean response time are
hara
terized by the following lemma:Lemma 2 Consider two 
on�gurations of an intera
tive 
losed system. Let x(i) be the throughputand r(i) be the mean response time of Con�guration i. Also, let �R(i)(t), �Z(i)(t), and �X(i)(t),respe
tively, be the natural estimators of mean response time, mean think time, and throughput ofCon�guration i at time t. We assume that ( �R(1)(t); �Z(1)(t); �X(1)(t)) and ( �R(2)(t); �Z(2)(t); �X(2)(t))are independent. Also, we assume that the 
onditions in Lemma 1 hold for ea
h 
on�guration,so that pt ( �R(i)(t) � r(i); �Z(i)(t) � z; �X(i)(t) � x(i)) ) (R̂(i); Ẑ(i); X̂(i)) as t ! 1, where R̂(i) =N(0; V (i)R ), Ẑ(i) = N(0; VZ), and X̂(i) = N(0; V (i)X ). Also, let V (i)RZ be the 
ovarian
e between R̂(i)and Ẑ(i). Then throughput is asymptoti
ally more reliable than mean response time i� x(1)x(2)!2 (V (1)R + VZ + 2V (1)RZ ) +  x(2)x(1)!2 (V (2)R + VZ + 2V (2)RZ ) < V (1)R + V (2)R : (9)15



Proof: Re
all De�nition 1, and let C2�X � (V (1)X + V (2)X )=(x(1) � x(2))2 and C2�R � (V (1)R +V (2)R )=(r(1) � r(2))2. It suÆ
es to show that C2�X=C2�R < 1 is equivalent to Inequality (9). Usingthe expression of W in Lemma 1 and Equation (6), we 
an eliminate V (i)X in the expression ofC2�X and r(i) in the expression of C2�R for i = 1; 2. After simpli�
ation, we obtain thatC2�XC2�R = �x(1)x(2)�2 (V (1)R + VZ + 2V (1)RZ ) + �x(2)x(1)�2 (V (2)R + VZ + 2V (2)RZ )V (1)R + V (2)R (10)Substituting the above expression into C2�X=C2�R < 1 and multiplying the both hands with V (1)R +V (2)R , we obtain Inequality (9).Although Lemma 2 provides exa
t 
onditions for throughput to be asymptoti
ally more reliablethan mean response time under the given assumptions, the 
onditions do not fully allow intuitiveunderstanding. To gain further insights, we 
onsider the limiting 
ase where the performan
esof the two 
on�gurations are 
lose to ea
h other. Spe
i�
ally, let x(1) = x(2) (1 + "), and assumethat j"j � 1. When the two 
on�gurations have very di�erent performan
es, we 
an a

uratelyidentify the better of the two 
on�guration with short measurement time regardless of whether wemeasure throughput or mean response time. Therefore, the 
ase where j"j � 1 not only simpli�esthe expression in Lemma 2 but also is important in appli
ation.Theorem 1 Let x(1) = x(2)(1+") and assume j"j � 1. Then, under the assumptions in Lemma 2,Inequality (9) 
an be expressed asVZ + V (1)RZ + V (2)RZ + �V (1)R + 2V (1)RZ � V (2)R � 2V (2)RZ� "+ o(") < 0: (11)In parti
ular, as "! 0, Inequality (9) 
onverges to the following expression:VZ + V (1)RZ + V (2)RZ < 0: (12)Proof: Substitute x(1) = x(2) (1+") into Equation (10) and simplify the equation with the relation,(1 + ")k = 1 + k "+ o(") for k = �1. Then we obtainC2�XC2�R = 1 + 2VZ + V (1)RZ + V (2)RZV (1)R + V (2)R + 2V (1)R + 2V (1)RZ � V (2)R � 2V (2)RZV (1)R + V (2)R "+ o("):Substituting the above expression into C2�X=C2�R < 1 and multiplying the both hands with V (1)R +V (2)R , we obtain Inequality (11). Also, letting "! 0 in Inequality (11), we obtain Inequality (12).
16



In Inequality (12), noti
e that V (i)RZ is a parameter that a�e
ts the 
ovarian
e between �R(i)(t)and �Z(i)(t) for i = 1; 2. Spe
i�
ally, under the assumptions of Lemma 1, the 
ovarian
e 
an beapproximated with V (i)RZ=t for a large t. We expe
t that the 
ovarian
e is usually negative withthe following reasoning: when the think times are shorter, the Web system re
eives more requests,whi
h in turn makes response times longer. Therefore, Inequality (12) implies that throughputtends to be asymptoti
ally more reliable than mean response time when the negative 
orrelationbetween the think times and the mean response times are stronger or when the think time haslower variability.To isolate the impa
t of the mean value on the varian
e and the impa
t the varian
e on the
ovarian
e, we use the following notations. For i = 1; 2, let �(i)RZ � V (i)RZ=qV (i)R VZ, C(i)R � qV (i)R =r(i),and CZ � pVZ=z. Observe that C(i)R would be to the 
oeÆ
ient of variation as V (i)R was to thevarian
e. Also, �(i)RZ would be to the 
orrelation as V (i)RZ was to the 
ovarian
e. Then Inequality (12)
an be restated as follows: �(1)RZ C(1)R r(1) + �(2)RZ C(2)R r(2) < �CZ z: (13)We use Inequality (13) to gain further insights into the following rules of thumb that we havefound in Se
tion 3:i. mean response time tends to be more reliable than throughput whena. two 
on�gurations have similar performan
es,b. the load is low,
. the servi
e times have low variability, ord. the think times have high variability;ii. throughput tends to be more reliable than mean response time when the load is intermediate;iii. throughput and mean response time tend to have similar reliability when the load is high.Re
all that, in Se
tion 3, Rule i-a is explained by the 
onvexity of the fun
tion, r = m=x � z.Thus, we 
onsider the other rules.Rules i-b, ii, and iii 
an be explained by the impa
t of the load on the 
orrelation between thethink times and the response times. When the load is very low, the Web system is idle most ofthe time regardless of how mu
h the think times deviate from their mean value. Then most of therequests are pro
essed individually without sharing the pro
essing power. As a result, at the verylow load, we have �(i)RZ � 0, whi
h makes Inequality (13) unsatis�ed. When the load is very high,the Web system keeps pro
essing m or m� 1 requests most of the time, and how the think timesdeviate from their mean value only has a small impa
t on the response times. It is when the loadis intermediate that the think times and the response times have a relatively strong 
orrelation,whi
h tends to make Inequality (13) satis�ed.Rule i-
 
an be explained by the impa
t of the variability of the servi
e time on the variabilityof the response time. Spe
i�
ally, when the servi
e time is less variable, the response time is less17



variable, whi
h in turn makes C(i)R smaller. Sin
e �(i)RZ is usually negative as dis
ussed above, asmaller C(i)R makes Inequality (13) less likely to be satis�ed. Rule i-d 
an be explained similarly.When the think time is more variable, CZ is larger, whi
h in turn makes Inequality (13) less likelyto be satis�ed.6 Related workThis paper is partially based on its preliminary version that appeared in [11℄. However, in [11℄,we only study the a

ura
y of estimators for a single 
on�guration and not the reliability of theestimators to identify the better of two given 
on�gurations. Also, Se
tion 2 is entirely new. Theexperiments in Se
tion 3 are new. Se
tion 4 
orresponds to Se
tion 2 from [11℄. However, the proofof Proposition 1 is new and the proof of Lemma 1 (in Appendix A.2) is 
onsiderably simpli�ed.Se
tion 5 is new, although some of the 
on
epts are also used in [11℄.The mathemati
al te
hniques needed to prove the CLT version of the response time law areintrodu
ed in [3, 4, 5℄, where a CLT version of Little's law is proved. Although the CLT versionof the response time law 
an be proved based on what has been known in the literature, ourinterpretation of the CLT version of the response time law is entirely new. In parti
ular, theproblem of whether to measure mean response time or throughput in a 
losed intera
tive systemis �rst studied formally in this paper. Our work is also related to indire
t estimation te
hniques[8℄, whi
h we brie
y review below.Indire
t estimation is a te
hnique that estimates a metri
 of interest by estimating anothermetri
 and 
al
ulating the metri
 of interest using a known relation between the two metri
s.Indire
t estimation is often asymptoti
ally more eÆ
ient than dire
tly estimating the metri
 ofinterest when the simulation time approa
hes in�nity (i.e. an indire
t estimator estimator oftenhas a smaller 
oeÆ
ient of variation than a dire
t estimator). For example, Law shows that itis asymptoti
ally more eÆ
ient to estimate the mean number of jobs, L, in an M/G/1 queue byestimating the mean delay, W , in the queue and 
al
ulating L via Little's law, L = �W , than toestimate L dire
tly [7℄. The result in [7℄ is extended to a G/G/s queue by Carson and Law [2℄. Animportant assumption in [2, 7℄ is that the arrival rate, �, is known. Glynn and Whitt show thatindire
t estimation and dire
t estimation of L have the same asymptoti
 eÆ
ien
y if � is unknownand needs to be estimated [5℄.Another example of indire
t estimation is the use of a relation between the delay and the idleperiod in the GI/G/1 queue. The mean delay,W , in the GI/G/1 queue 
an be expressed using themean equilibrium idle period, Ie, and a quantity that 
an be 
al
ulated from the servi
e time andthe interarrival time distributions (see p. 475 from [17℄). Minh and Sorli show that, under heavytraÆ
, it is more eÆ
ient to estimate W in a GI/G/1 queue by estimating Ie and 
al
ulating Wvia the relationship between W and Ie than dire
tly estimating W [10℄. In [10℄, Ie is estimatedby the �rst two sample moments of the idle period. Re
ently, Wang and Wol� propose a superiormethod for estimating Ie dire
tly [15℄.Yet another example of indire
t estimation is the use of Little's law to estimate the blo
kingprobability, pb, in the G/G/s/0 model. Spe
i�
ally, Little's law allows us to 
al
ulate pb from the18



mean number of busy servers, the arrival rate, and the mean servi
e time. Srikant and Whittshow that it is more eÆ
ient to estimate pb by estimating the mean number of busy servers and
al
ulating the pb via Little's law than dire
tly estimating pb as the ratio of losses to arrivals[13, 14℄.7 Con
luding remarksThe response time law 
ould also be used for indire
t estimation. For example, throughputmay be estimated indire
tly by estimating mean response time and 
al
ulating throughput usingthe response time law. However, indire
t estimation via the response time law has not beeninvestigated in the literature. The problem addressed in this paper 
ould be restated in termsof indire
t estimation. Then the problem would be whether dire
t estimation of throughputis more reliable than indire
t estimation of throughput. Note, however, that we dis
uss thereliability of estimators with respe
t to determining the better of two given 
on�gurations. This isin 
ontrast to the prior work, whi
h studies the eÆ
ien
y of estimators with respe
t to determiningthe performan
e of a given 
on�guration. Our point of view is that, in the 
ontext of determiningthe better of two given 
on�gurations, it is logi
al to 
ompare the estimator's reliability as de�nedin this paper rather than to 
ompare the eÆ
ien
y of dire
t and indire
t estimation.We emphasize that our study applies to a Web system whose performan
e is measured witha workload generator not to a Web system with users who are not under 
ontrol. The use of aworkload generator is a 
ommon pra
ti
e to optimize the Web system before being used for 
riti
alpurposes. The assumptions that m and z are known are justi�ed with the use of a workloadgenerator.One might argue that Theorem 1 suggests that the rest of our work is not needed if we makethe think time deterministi
, sin
e the theorem implies that throughput and mean response timehave similar reliability when two given 
on�gurations have similar performan
es. However, webelieve that we should set the think time sto
hasti
 in a workload generator. Even though theresponse time law implies that the variability of the think time has no impa
t on throughput andmean response time, the response time law requires assumptions that do not ne
essarily hold inpra
ti
e. For example, 
a
he might be e�e
tive when think time is short. Then sto
hasti
 thinktime implies that the 
a
he is sometimes e�e
tive, whi
h would be di�erent with deterministi
think time.We also remark that, despite the assumptions that do not hold in pra
ti
e, our simulation-basedresults and analyti
al results have pra
ti
al relevan
e and impli
ations. For example, our statisti
alanalysis of the tra
es from the measurement of real Web systems suggests that throughput andmean response time 
an have signi�
antly di�erent reliabilities, whi
h suggests the relevan
e ofour simulation-based and analyti
al study. Our results also provide insights into the 
auses of thedi�eren
e in the reliabilities.
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e Hall, Upper SaddleRiver, NJ, 1989.A AppendixA.1 Maximum likelihood estimator of the varian
e parameterWe argue that the estimators, ~VX and ~VR, used in Se
tion 2.2 are the maximum likelihood es-timators of VX and VR, respe
tively, under the 
onditions that L(t) and K(t) are Brownianmotions. The assumption of a Brownian motion may be partially justi�ed by the observation,�X(t) � N(x; VX=t), in Se
tion 4.2. Sin
e �X(t) = L(t)=t, we then have L(t) � N(x t; VX t) for alarge t.Spe
i�
ally, suppose that L(t) is a Brownian motion su
h that L(1) is a normal random variablewith mean x and varian
e VX . Then, given the observations, L(i) for i = 1; : : : ; T , it 
an be shownthat the maximum likelihood estimators of x and VX , respe
tively, are ~x and ~VX as de�ned inSe
tion 2.1 and Se
tion 2.2. Similarly, suppose that K(t) is a Brownian motion su
h that K(1)has mean r and varian
e VR. Then, given the observations, K(i) for i = 1; : : : ; T , the maximumlikelihood estimators of r and VR, respe
tively, are ~r and ~VR.A.2 Proof of Lemma 1We start by showing that Equation (7) implies Equation (8). Let R̂ and Ẑ be the randomvariables su
h that pt � �R(t)� r; �Z(t)� z� ) (R̂; Ẑ) as t ! 1. We will represent the limitingrandom variable of pt( �X(t)� x) in terms of R̂ and Ẑ.After subtra
ting (r L(t) + z M(t))=t from the both hands of Equation (5), we multiply theboth hands with pt. Then we obtain after simpli�
ation that�(t)pt + L(t)t pt � �R(t)� r�+ M(t)L(t) L(t)t pt � �Z(t)� z�=  m� x r � x z M(t)L(t) !pt�  r + z M(t)L(t) !pt L(t)t � x! : (14)By the response time law, we have m = x (r + z), whi
h 
an be substituted into the �rst term toobtain that  m� x r � x z M(t)L(t) !pt = x z (L(t)�M(t))=ptL(t)=t :21



Similar to the arguments in the proof of Proposition 1, we 
an show that (L(t) �M(t))=pt) 0and L(t)=t! x as t!1. Hen
e, the �rst term on the right-hand side weakly 
onverges to 0 ast!1. Also, re
all from the proof of Proposition 1 that M(t)=L(t)) 1 as t!1.Using the de�nition of �X(t) � L(t)=t, we 
an solve Equation (14) for pt � �X(t)� x�. Now,we let t ! 1 and apply Equation (4) and Equation (6). Then, using the de�nitions of R̂ andẐ, we obtain pt � �X(t)� x� ) � xr+z (R̂ + Ẑ) by the 
ontinuous mapping theorem. This impliesEquation (8), sin
e x = m=(r + z) by Proposition 1 and (R̂; Ẑ) = N(0;V).The above argument also shows that pt( �X(t) � x) 
onverges to a normal random variableunder the 
onditions that pt( �R(t) � r) and pt( �Z(t) � z) 
onverge to normal random variables,R̂ and Ẑ, as t ! 1. Hen
e, it only remains to show that pt( �R(t) � r) 
onverges to a normalrandom variable under the 
onditions that pt( �X(t) � x) and pt( �Z(t) � z) 
onverge to normalrandom variables as t ! 1. We will represent the limiting random variable of pt( �R(t) � r) interms of X̂ and Ẑ, assuming that pt � �X(t)� x; �Z(t)� z�) (X̂; Ẑ) as t!1.We 
an solve Equation (14) for pt � �R(t)� r�. Now, we let t ! 1 and apply Equation (4)and Equation (6). Then, using the de�nitions of X̂ and Ẑ, we obtainpt � �R(t)� r� ) �r + zx X̂ � Ẑ(t) (15)by the 
ontinuous mapping theorem. Sin
e X̂ and Ẑ are normal random variable, the right-handside of Equation (15) is a normal random variable. This 
ompletes the proof of the lemma.
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