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Abstract

We introduce a formal limit, which we refer to as a fluid limit, of scaled stochastic models for a
cache managed with the Least-Recently-Used algorithm when requests are issued according to general
stochastic point processes, which may be non-stationary. We define our fluid limit as a superposition
of dependent replications of the original system with smaller item sizes as the number of replications
approaches infinity. We derive the average probability that a requested item is not in a cache (average
miss probability) in the fluid limit. The usefulness of the fluid limit is demonstrated in two ways. First,
our numerical experiments show that, when items are requested according to inhomogeneous Poisson
processes, the average miss probability in the fluid limit closely approximates that in the original system
as long as there are sufficient number of items. Second, we show that the asymptotic characteristics of
the average miss probability as the cache size approaches infinity are often preserved in the fluid limit.
This preservation is attractive since the asymptotic analysis in the fluid limit appears to be simpler than
that in the original system. In addition, we show that the average miss probability in the fluid limit is
asymptotically insensitive to particular dependencies in the requests when the request rates have a light
tail, a property not known for the original system.

1 Introduction

Caching data is a widely used technique for scalability and efficiency in today’s communication systems,
including the World Wide Web [18], sensor networks [23], and peer-to-peer networks [22]. It is important to
optimize the cache algorithms, since the response times perceived by users of these systems can be strongly
affected by the cache algorithms. There have been two dominant approaches for analytically evaluating the
performance of cache algorithms: stochastic analysis and competitive analysis [1]. When stochastic analysis
is applied properly, we can understand the performance more precisely than with competitive analysis and
also gain insights into the fundamental characteristics of the cache algorithms. Today, however, stochastic
analysis is still limited in its applicability to cache algorithms. Our goal is to make stochastic analysis
more applicable to cache algorithms.

1.1 Prior work

Least-Recently-Used (LRU) is a simple and popular cache algorithm and has been studied extensively with
stochastic analysis. The stochastic analysis of LRU originates from the stochastic analysis of the Move-
To-Front (MTF) list, where a requested item is moved to the head of the list. The miss probability (the



probability that a requested item is not in the cache) for LRU with a cache of size K coincides with the
probability that the requested item is not at one the first K positions of the MTF list. McCabe [16] derives
the first two moments of the stationary position of a requested item in an MTF list with an “independent
reference model,” which is essentially equivalent to the model where items are requested according to inde-
pendent Poisson processes. The results of McCabe are extended to the probability distribution by Burville
and Kingman [2] and to the generating function by Flajolet et al. [7] and Fill and Holst [6]. Unfortunately,
these distribution and generating functions are computationally hard to evaluate numerically and provide
little intuition due to the complexity of their expressions.

To gain greater insights from stochastic analysis and to evaluate performance more efficiently, re-
searchers have studied the asymptotic characteristics of the MTF list and LRU. Fill [5] shows that the
generating function of the stationary position of a requested item is simplified in the limiting case where
the number of items approaches infinity. Jelenkovié¢ [10] studies the miss probability for LRU in the limiting
case where the cache size, K, approaches infinity. In particular, when the request rates, A\; for i =1,2,...,
have a heavy tail (i.e., \; ~ ¢/i® for i = 1,2, ... with ¢ > 0 and a > 1), it is shown that the miss probability
for LRU decays with a power law as K — oo. Jelenkovi¢ [10] also studies a fluid limit of the stationary
position of a requested item. Roughly speaking, investigating the fluid limit results in breaking up each
item into m items of size 1/m and formally taking the limit of m — oco. In particular, when the request
rates have a light tail (i.e., A\; ~ ¢ exp(—=£4°) for i = 1,2,... with ¢, &, 8 > 0), it is shown that the miss
probability for LRU decays exponentially in the fluid limit. Hirade and Osogami [9] show that the miss
probabilities for LRU and the 2Q) cache algorithm [14], respectively, can be closely approximated with those
analyzed in a fluid limit.

An asymptotic analysis is also found to be useful in comparing the performance of cache algorithms.
For example, Jelenkovi¢ and Radovanovié [12] discuss the asymptotic optimality of the Persistent-Access-
Caching algorithm as K — oo when the request rates have a heavy tail.

The prior work mentioned above assumes the independent reference model, but stochastic analysis has
also been applied for various dependent request processes. When the request process forms a Markov chain,
Lam et al. [15] and Rodrigues [19], respectively, derive the mean and the variance of the stationary position
of a requested item in an MTF list, and Chu and Knott [3] derive an expression for the stationary miss
probability for LRU. Coffman and Jelencovi¢ [4] derives the first two moments of the stationary position of
a requested item in an MTF list when the probability of requesting each item depends on the state of a
modulating process.

Similar to the case with the independent reference model, the analysis of the asymptotic characteristics
is found to provide insight into the fundamental nature of LRU. Jelenkovi¢ and Radovanovi¢ [11] and
Sugimoto and Miyoshi [21] show that, when the request rates have a heavy tail, the miss probability for
LRU is asymptotically insensitive to the types of dependencies in the request process studied in Coffman
and Jelenkovi¢ [4] as K — oo. Jelenkovi¢ et al. [13] characterize the critical cache sizes where the miss
probability for LRU becomes insensitive to the dependencies.

1.2 Owur contributions

In this paper, we define a fluid limit of a stochastic model for a cache managed with LRU when the requests
follow general stochastic point processes. Our fluid limit is a non-trivial extension of the fluid limits for the
independent reference model in [10, 9]. We will explain how the dependencies in the request process would
disappear with a trivial extension of their fluid limits. Then we formally derive an analytical expression,
p(>) for the average miss probability for LRU in our fluid limit. The definition of the fluid limit and
the analysis of p(°) constitute the primary contributions of this paper. The analysis in a fluid limit is



useful in two ways, and our secondary contributions are to demonstrate the usefulness with simulation and
asymptotic analysis.

First, p(° can be used as an approximation of the average miss probability for LRU in the original
system, p, whose numerical analysis is intractable. We will study p(®) when the requests follow inhomo-
geneous Poisson processes, which are non-stationary. Note that all of the prior work on stochastic analysis
of cache algorithms assumes stationary request processes for tractability. Our numerical experiments will
show that the error in approximating p with (%) ig typically within 1% for N > 128 and smaller for a
larger N.

Second, p{®) can provide insights into the fundamental nature of cache algorithms. We find that
asymptotic characteristics of LRU are often preserved in our fluid limit. Specifically, we will see that, as
K — 0o, pl®) is asymptotically insensitive to particular dependencies in the request processes when the
request rates have a heavy tail, which agrees with the findings for p in [4, 21]. We also find that the
asymptotic analysis of p(°) appears to be simpler than a corresponding analysis of p. This simplicity
allows us to find that the asymptotic insensitivity of () to the particular dependencies also holds for
the case of a light tail. Note that asymptotic characteristics of p as K — oo is not known even for the
independent reference model. Recall that Jelenkovié¢ [10] studies the asymptotic characteristics for the case
of a light tail in his fluid limit.

The rest of the paper is organized follows. In Section 2, we derive an expression for p. In Section 3, we
define the fluid limit and formally derive a general expression for p(>). In Section 4, we study 5 when
requests follow inhomogeneous Poisson processes. In particular, we evaluate the accuracy of approximating
p with p(°). In Section 5, we show that 5(°) is asymptotically insensitive to particular dependencies in
the request process.

2 LRU with general stochastic point processes

In this section, we derive an expression for the average miss probability for LRU when items are requested
according to general stochastic point processes, W. In Section 2.1, we formally define the model of caching
with LRU and state assumptions on W. In Section 2.2, we analyze the average miss probability for LRU,
which will be used in Section 3 to study the fluid limit.

2.1 Model and assumptions

We consider a system with N items of size 1 and a cache of size K, where 0 < K < N < co. The items are
requested according to stochastic point processes, ¥ = (¥y,...,Uy), where ¥; = {ty), ¢ € Z} denotes the

request process for the i-th item, e;. For each e;, we let t(()i) <0< tgi) and téi) < tﬁl for £ € Z, so that ty)

denotes the epoch of the ¢-th request for e; after time 0 for £ > 0, although tél) is also defined for £ < 0.

When a requested item is not in the cache, LRU removes the item that was requested least recently from
the cache, and the requested item is placed in the cache. When a requested item is in the cache, the cache
remains unchanged. We assume that exactly K items are always stored in the cache. Also, we assume that
items are requested one at a time, since simultaneous requests would require a tie breaking rule. Formally,
we assume that tgz) #* tg) for any ¢, ¢',4, 7. In addition, we assume that tg) — 00 as £ — oo and tg) — —00
as { — —oo, so that a finite number of requests are issued in a bounded interval. When these assumptions
hold, we say that ¥ is simple.

The metric of interest is the miss probability, the probability that a requested item is not in the cache.
In contrast to the prior work, ¥ may be non-stationary in this paper. Thus, instead of the stationary



miss probability, which may not exist, we will study the average miss probability. Specifically, let p; , be
the probability that the ¢-th request for e; is a miss (i.e., the e; is not in the cache). The average miss
probability for e; is defined as p; = limy, .o % 25:1 Dig-

To formally study p;, we use notations from [20] and make additional assumptions about W. Let 6; be
the shift operator that shifts time by ¢ and relabels the indices so that the index of the first request epoch

after time 0 is 1. Formally, 6; ¥; = {(tg\z)@)(t)ﬁ —t),l € Z}, where M (t) is the maximum ¢ such that

téi) <t. Let 0, ¥ = (0, ¥1,...,0, Ux). We assume that ¥ is time-asymptotically stationary, so that there
exists a distribution defined by

t
Pr(WeE) = lim- [ PO,W e €)du.

t—o0 0

For simplicity, we assume that ¥ is ergodic with respect to P*.
Finally, we assume that the average request rate, \;, of e; satisfies 0 < \; < oo fort=1,...,N. In
addition, when N = oo, we assume that Zf\; 1 Ai < 00. Formally, ); is defined as follows:

No= EBMO)], (1)

where M) (1) denotes the number of requests for e; in (0,1], and E* denotes the expectation with respect
to P*.

2.2 Average miss probability

Under the above assumptions, ¥, is event-asymptotically stationary, so that the distribution defined by

M=

. 1
PY»(W; €€) = lim

= P U,
L—oo L (Hté) i€ 5)

~
Il

1
exists for 1 <i < N (see Theorem 2.9 from [20]). Then p; can be expressed conveniently using P%:

Lemma 1 When ¥ is simple, time-asymptotically stationary, ergodic, and Zf\il A < 00, the average miss
probability of e; for LRU is

pio= PY ST <y > K
i

for 1 <i < N, where I is the indicator random variable.

Before formally proving Lemma 1, we provide an intuitive explanation. We may see P%(£) as the
probability of an event, £, when we “randomly observe way out at” [20] the epoch of a request for e;,

(4)

letting the time of the observation be zero. The next request for e; after the observation is at time ¢;’ and
is a miss iff at least K distinct items have been requested in the interval (0, tgi)). Since items are requested
one at a time, e; is requested in the interval (0, tgi)) iff tgj) < tgi) for any e; # e;. Hence, the request for e;
at time tgi) is amiss iff 37, ; I{tgk) < tgi)} > K.



Proof of Lemma 1: The /-th request for e; is a miss iff at least K distinct items are requested in the

interval, (tg_)l,tgi)). Hence, we have

pie = P> I{3rst t), <t9 <)y > K
J#i
Since there exists x such that tgi_)l < t,g) < téi) iff the first request for e; after time ty—)1 is before téi), we
obtain

pie = P <9§j>_1 W 51-) ,

where

& = vy it <ty > K
J#i

Since 0 < p; 1 < 1, we can calculate p; as the average miss probability from the second request for e;:

_ . 1 & i
o= g YRl ves)
= P07i(gi)>

which completes the proof of the lemma. n

3 Fluid limit

In this section, we introduce a fluid limit of the stochastic model for caching with LRU and formally derive
the average miss probability for LRU in the fluid limit.

3.1 Scaled systems and fluid limit

We consider a sequence of scaled systems, where the m-th scaled system has m IV items, e; ; for 1 <k <m
and 1 < i < N, of size 1/m. The first scaled system corresponds to the original system, and we call the
scaled system with m — oo the fluid limit of the original system. For 1 <k < m, let By = (e1k,...,enk)

and let ®, = (Py4,..., Py k) be the request processes for Ej. Let t;’k) be the epoch of the /-th request

for e; ;. after time 0, so that ®;, = {t?’k),f € Z}.

Such scaled systems are also considered in [9, 10]. For example, the m-th scaled system, S(™), of [9]
can be seen as a superposition of independent replications of the original system. Specifically, in S, &,
for 1 < k < m are independent and stochastically identical to ¥. Unfortunately, the dependencies in ¥
would disappear in S(°) in the sense that S(°) with general ¥ is identical to that when ¥ is a vector of
independent Poisson processes. We formally prove the above observation in Section A.

We will define our scaled system as a superposition of dependent replications of the original system.
Also, in contrast to [9, 10], we will define a sequence of scaled systems for each e;, so that the scaled systems



(m)

for different items have different dependencies in ®j. Let 7,"" be the m-th scaled system for e;. For each

e;, we will study the miss probability for the e; in ’Z;(Oo). In ’Z;(m), we assume that ®j is stochastically
identical to ¥ (i.e., for 1 < k < m, it holds that P(®; € £) = P(¥ € &) for any measurable set, &).
However, we assume that ®; for 1 < k£ < m depend on each other. Specifically, in ’];(m), we assume that
®; , for 1 < k < m have the same sample path (i.e., tél’k) = tgl’k,) for any £ € Z and 1 < k, kK’ < m) and
that ®;, for 1 <k < m are conditionally independent given ®; ;. Formally, for any measurable sets, &, for
1 <k < m, it holds that

m
P(W, €&, Vhe{l,...,m} | V1) = [[P(¥re&| i) (2)
k=1
To clarify the assumptions on @, consider a way to simulate ®(™ = (®1,...,Py) in ’];(m) for a

bounded interval, (0,7]. We first simulate ¥; in the original system. This gives us a sequence of epochs,

U (w) = {tgi)(w),...,tgz(w)(w)}. Then, for 1 < k < m, we let ®; 1(w) = V;(w) (e, tgi’k)(w) = tgi)(w)

for 1 < ¢ < Lij(w)) be the simulated epochs of the requests for e; j, in ’];(m). Next we simulate ¥; for all
J # i in the original system in such a way that ¥;(w) and ¥; for j # i have the desired dependency. This

gives us a set of sequences of epochs, V;(wy) = {tgj) (W1)y. ey t(LJj)(wl)(wl)} for j # 4. Then, for j # i, we let
(m)

®UN (wy) = ¥;(wy) be the simulated epochs of the requests for ;1 in 7;". We repeat simulating ¥; for
j # 1 in the same way but independently of the previous repetitions. For 1 < k < m, the results of the
k-th repetition can be used to construct the simulated epochs, ®; ;(wy) for j # i, of the requests for e;
in ’Z;(m).

To avoid introducing a tie-breaking rule, we assume that &(™) i simple in the sense that, in Z(m), the
items except e; for 1 < k < m are requested one at a time almost surely. This means, in the original
(1) _ 4

system, that there is no mass probability: P(t, ) =0 for any ¢, t, and e;.

3.2 Miss probability in the fluid limit

We say that a request for e; is a miss in ’Z;(m)
the request. Let pg?) be the probability that the ¢-th request for e; is a miss in Z(m). Let CZ.(Z” be the total

size of distinct items that are requested after tgifl) and before tg’l). Then p%) =P (Ci(?) >K—-1/ 2).

Although e; i, for 1 < k < m are requested at the same epochs in Z(m), p(

tie-breaking rule. Hence, we do not specify the tie-breaking rule.
We first study C’i(io), which will be used to derive p(ogo). Notice that we can understand C(Zz) in the

/L" /L"

iff more than half of e; ;, for 1 < k < m is not in the cache upon

Z-ZL) does not depend on a particular

context of an MTF list, where the m N items in ’Z;(m) are in the decreasing order of the time of the last
request. Immediately before téz’k), one of e; 1, for 1 <k <m is at C’Z.(T;) in the MTF list.

Lemma 2 Let Iy(j) be the indicator random variable such that I,(j) = 1 iff ej is requested in the interval
(ty_)l,téz)) in the original system for 1 < j < N. Note that I;(i) = 0. Then Ci(j;) = Zjvzl E[I,(5) | ¥;] as
m — 00, where = denotes convergence in distribution.

Proof: We prove the convergence in distribution by showing the convergence of the Laplace transform,
<p§?)(s) =E [exp(—s C’i(?)) for 0 < s < o0, of C.(Zl). Let Iy(j, k) be the indicator random variable such

)



that I,(j,k) = 1 iff e;}, is requested after téi_’ll) and before ty’l). By definition, I;(i,k) =0 for 1 < k < m.
Then

N
= E Hexp —%Zlg(j,k)

The conditional independence assumed in Equation (2) implies

m S .
P(s) = E|[]E |ew — oD LG k) | | @i

Also, since @, for 1 < k < m are stochastically identical, we obtain
m

N

(m) oy _ s ,

ie (s) = E|BEjexp|—— glfz(ml) | iq
‘]:

Let @, be the conditional probability that r distinct items in E; are requested in the interval (téi_’

given ®; ;. Formally, let @, =P (Z;\le Ii(5,1) =r| <I>i,1> for 0 <r <N —1. Then

1 L6,1
D (e

o')(s) = E

N-1 m
(Z Q- exp(—sr/m)) ] )

r=0

Since Zi\/:—ol - = 1, the dominated convergence theorem can be used to show that

N-1 m
im (Z Qrexp(—s r/ﬂ@)) ] :
r=0

- (_NZQ)] |

Since 27{\[:_01 r@Q=E Z;VZI Ii(5,1) | @i,l}, we obtain

lim cp(?)(s) = E

m—oo | b

By Lemma 9 in Appendix C, we obtain

lim (p(?)(s) = E

m—00 %

N

Tim o(s) = E|exp | —sE > L(j,1) | @i
j=1

Therefore, the continuity theorem (e.g., see p. 262 from [8]) implies that Ci(zl) = E {Zj\le Ii(5,1) | <I>Z-71}

as m — oo. Since the pair (Iy(j, 1), ®;1) and the pair (I,(j), ¥;) are stochastically identical, this completes



the proof of the lemma via the linearity of expectation. n

Next, we study the average miss probability of e;,

L
(m) _ o1 (m)
= ngI;oL;pi,g, (3)

(c0)
(2
. In particular, a random variable, I {tgj ) < tgz)}, in p; is replaced with a conditional

expectation, E [I {tgj ) < tgi)} ] \IIZ}, in ;5500). This suggests that some randomness disappears in ’];(OO).

as m — o0o. The next theorem characterizes p
1)

)

, which should be compared against Lemma 1, which
characterizes p; = p

Roughly speaking, in 7;(c0), whether or not a request for e; is a miss is determined only by ¥; and by the
expected impact that ¥; has on ¥; for j # ¢ via the dependencies between ¥; and ¥; for j # 1.

Theorem 1 Under the conditions of Lemma 1, we have

N
) ; ; 1
lim p™ = P STE[{tY) <t} | w] > K -
Jim_ p; ; ) <t} || > K- |
where pgm) is defined with Equation (3) for ’];(m).
Proof: Recall that pg?) =P (C’i(?) > K — 1/2). Lemma 2 suggests that
al 1
iy = P BLG) W] > K- (4)
j=1
as m — o0o. By the definition of I;(j) given in Lemma 2, the last expression is equivalent to
pp — P(6fwen,) (5)
where
S () _ 400) 1
D, = (W [ 7)<l } 21
|ZE " <’} [ W) > K = o
7j=1
Since 0 < pET) <1, we can calculate ﬁgm) from the second request for e;, so that
(m) L = )
A S D ®

Since W is time-asymptotically stationary, ®("™ is time-asymptotically stationary for any m. Hence, ﬁgm)
exists for any m. Thus, we can exchange the limits to obtain

L
lim ]55 ) = lim —— g n%i_r&)p&Q, (7)
—

m—o0 L—oo L — 1

which together with Relation (5) proves the theorem. =



4 Inhomogeneous Poisson requests

(c0)

In this section, we study the p, ~ derived in Section 3 in more detail for the particular case when the

requests are issued according to inhomogeneous Poisson processes. In Section 4.1, we derive an explicit
expression for ﬁgoo) in this particular case. Our derivation uses H = A G, an extension of Little’s law,
to convert the event-average expression in Theorem 1 to a time-average expression. In Section 4.2, we
numerically evaluate the expression derived in Section 4.1 and study the accuracy of approximating p;

with p.°.

4.1 Miss probability in the fluid limit
Here, we study ﬁgoo) when W is a vector of independent inhomogeneous Poisson processes. Let \;(¢)
be the request rate for e; at time t. Then the average request rate defined by Equation (1) is \; =
hmT_,OOTfO i(t) dt.

Theorem 2 In addition to the conditions of Lemma 1, if V; is an inhomogeneous Poisson process with

rate \i(t) at time t for 1 <i < N, then the average miss probability of e; in ’Z;(OO) is
= g [ " exp (A m(0) M0y di
bi = N ST, SRV ’ ’

where, for 1 <i < N, we define
M(tu) = / Ni(v) dv (8)
t
and 7;(t) is the maximum u such that

S e (-Asltu) < K- 9)
i

Proof: We first consider pgoeo). By Relation (4) and the independence of ¥; and ¥, for i # j, we obtain

: 1
ple — E: te Lty > 5

as m — oo for £ > 1. Since E [Ig(j) | (tgizl, tgi))} is the conditional probability that e; is requested in the

interval, (téz)l,ty)), we obtain, by a property of the inhomogeneous Poisson process (e.g., see p. 246 of
[17]), that

E {Iz(j) | (tgi—)l’ty))} = l—exp (*Aj(tgi—)l’ty))) )

where Aj(u,t) is defined with Equation (8).
Let X; ¢—1(u) be the probability density function for the epoch of the (¢ — 1)-th request of e;, and let

U; g(t§ )1) be the epoch of the /-th request for e; given t§ )1 By the Markovian property, given tg )1, Ui(t)



is conditionally independent of ¢, so that we will write U;(t) = U; ¢(t), which can be understood as the

.

we obtain

| N

epoch of the first request for e; after time ¢. By conditioning on é

Y = [ PO (10)
0
where we define

(i) = P (X0 —exp (<AL U(1) > K —
J#i

Since 1 — exp (—A;(t,u)) is non-decreasing with u for any ¢, we can express P;(t), using the definitions of
7i(t), as
Pi(t) = P (Ui(t) > 7i(t))
= exp(—Ai(t,7(1))), (11)
where the last equality follows from a property of the inhomogeneous Poisson process (e.g., see p. 246 of

[17]).
Finally, we derive ;5500). By (7), (10), and (11), we obtain

S(00)
b = ngr;oL_lz/ Aie—1(t) dt. (12)

We will show that the event-average expression with Equation (12) is equivalent to the time-average
expression,

0 = Loy L /T Pi(t) \i(t) dt (13)
Pi - )\2 TE;I;O T 0 ! ! ’
using H = AG, an extension of Little’s law. Let Gy = fo 5 ( ¢(t) dt. Observe that G, denotes the

miss probability of the (¢ + 1)-th request for e;. Let H(t) = ZZ:I ,( ) Aie(t). Since t[()) <0< tgl), there
is a relationship between \; o(u) and X;(u) for w > 0 such that A\;(u) = >";2; A\ ¢(u). Hence, it follows that
H(t) = Pi(t) \i(t), which denotes the miss probability of a request for e; given that the request is issued
at time ¢, multiplied by A;(t).

Since ¥ is time-asymptotically stationary and ergodic H = \; G holds (see Theorem 6.4 from [20])
for G = limy,_,o + T Ez 1 Geand H = limy_ oo =~ T fo t)dt. Thus, we can conclude that Equation (13) is
valid, which completes the proof of the theorem. n

4.2 Accuracy of approximation with fluid limit

Now, we study the accuracy of approximating p; with @(oo)' Let ; = \;/ Eévzl A; denote the fraction of

the requests for ;. We will estimate the overall average miss probability, p = ZZJ\; 1 Ti i, with a simulation,

(c0)

and we will compare it against pl) = Zf\i 17Tip;  as evaluated numerically. Recall that ﬁgoo) is defined

10
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Figure 1: The accuracy of approximating p with 5(°) when requests follow inhomogeneous Poisson pro-
cesses, where N is set as shown in each column. In the top row, solid lines show p(°), and x marks show
p. The bottom row shows the error (%) of 5(>.

for each ’Z;(OO). We will refer to the formal average, p(°), as the overall average miss probability in the
fluid limit. The error (%) of 5(°) is defined as 100 [p(>) — p|.

For each data point, the simulation is run at least 20 times, where 10* N requests are generated in each
run. Hence, on average, each item receives 10* requests in each run. When the 20 runs do not suffice to
provide the confidence level that the estimated value is within 1% with probability 0.95, the simulation is
repeated until this confidence level is achieved. Before the first run, we warm up the system by generating
requests until every item is requested at least once. Each new run is started from the last state of the
previous run.

In Figure 1, we consider the settings where the values of \;(+) for 1 <i < N fluctuate as trigonometric
functions. Specifically, we set \;(t) = 2 sin? (ﬁt + é?r) for each e;. Observe that, for any e;, the period
of \;(+) is 4 N and its average rate is A; = 1, so that e; is expected to be requested four times in a period.
The phase of A\;(0) is chosen depending on (i mod 8). Therefore, items are classified into eight types, and
items with different types become popular (requested frequently) in different epochs.

The top row of Figure 1 shows (%) with solid lines and p with x marks. The number of items, N, is
set as shown in each row. The horizontal axis represents the cache size, K. Although we have defined p
and p(° only for 1 < K < N — 1, Figure 1 shows the range of 0 < K < N. Here, we define p = p{>) =0
for K =0 and p = p(® =1 for K = N. Observe that the solid lines and the x marks are on top of each
other when N > 128. We can see that 5(° slightly underestimates p for N = 32.

To take a close look, the bottom row of Figure 1 shows the error (%) of p(>). Observe that the error
of p(* is within 3% for N = 32 and within 1% for N > 128. We find that, in general, the error of p(>
is smaller for a larger N. This makes intuitive sense, since the original system approaches its fluid limit
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Figure 2: The error (%) of (%) for N = 128 when requests follow inhomogeneous Poisson processes.

as N — oco. We find that p(®) < p for all of the data points in Figure 1. Also, observe that the error of
(%) tends to become smaller as K approaches 0 or N. It appears that, for a fixed N, the largest error is
achieved when K ~ N/2.

In Figure 2, we consider \;(-) of the form, \;(t) = 2 sin? (5t + im). We fix N = 128 and vary (a,b)
as shown in the figure. Here, a denotes the expected number of requests for each item within a period,
and b denotes the number of different types of requests. The settings of Figure 1(b) corresponds to the
case with a = 4 and b = 8. Observe that the error (%) of p(° is not very sensitive to the particular (a, b).
This insensitivity is also found for other settings of N (figures omitted).

5 Asymptotic analysis with fluid limit

In this section, we study the request processes that are similar to those studied in [4, 11, 13, 21]. Specifically,
let J(-) be a modulating stochastic-process on a general state space that determines the request rate for
e; at time ¢ with \;(J(t)) for 1 < i < N. Thus, given J(-), ¥; is an inhomogeneous Poisson process with
rate \;(J(t)) at time ¢. Observe that ¥; for ¢ = 1,..., N are conditionally independent given J(-). We
assume that W is stationary, which is also assumed in [4, 11, 13, 21], so that the stationary miss probability
exists (see Lemma 2.1 from [21]) and agrees with the average miss probability. In Section 5.1, we derive
an explicit expression for ﬁgoo) in this particular case. In Section 5.2, we study the limit as K — oo when
A for e =1,2,... have a heavy tail and a light tail, respectively.

12



5.1 Miss probability in the fluid limit

The purpose of this section is to derive ﬁ(oo) for the particular modulated request processes under consid-

eration, which will be used in Section 5.2 to study the asymptotic characteristics.

Theorem 3 Let W be a modulated stochastic-process such that W; is an inhomogeneous Poisson process
with rate \i(J(t)) at time t for 1 <1i < N, where J(-) is a modulating stochastic-process on a general state
space. We assume that W is stationary and ergodic and that \;(J(t)) < oo for any t and e;. Then

tim " = Bl (~Ai(m(K5.7) ) MTO)]

m—00 v i

where we define Ai(u; J) = [3' Mi(J(v)) dv, and 7;(K; J) is the mazimum u such that

Z(l—exp(—Aj(u; J))) < K—%. (14)
J#i

) (m) _

Proof: Let pl(m)(!] ) be the conditional average miss probability for e; in Z(m given J. Then p, ~ =

E [p(m)(J )} Since 0 < ﬁim)(J ) <1, the dominated convergence theorem can be used to show that

%

By Theorem 2, we obtain
5m) T lim L[ e-ntemmng
D; Y E | lim e Ai(J(t))dt
i 0
as m — oo, where we define A;(t,u; J) = [ A\i(J(v)) dv, and 7;(¢, K; J) is the maximum u such that
1
Z (1 —exp(—Aj(t,w;J))) < K- 3
J#i

The pair (A\;(J(t)), A(t, (¢, K; J); J)) has the same joint distribution as the pair (A;(J(0)), A(0, (0, K; J); J)),
since J(-) is stationary. Therefore, we obtain

m—00 A T—oo T

T
lim 5™ = 1E[lim 1 / =M (0.K: 7)) Ai(J(O))dt}
0

= )\iE [€—A¢(07T¢(07K;J);J) Xi(J(0))]

)

which proves the theorem, since A;(0,u; J) = Aj(u; J) and 7;(0, K J) = 7;(K; J). m

When J(+) is constant, each ¥; is an independent Poisson process. The following corollary can be
compared against the stationary miss probabilities in the fluid limits obtained in [10, 9].
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Corollary 1 If U; is an independent Poisson process with rate \; for each e;, then ﬁgm) — exp(—\; (K))
as m — oo, where 7;(K) = C; Y(K — 1/2), and C;'(-) is the inverse function of

Cilt) = 3 (1—exp(=)1). (15)
J#i

The corollary can be understood as follows. Suppose that e; 1 is requested and moved to the head of

the MTF list at time 0. Then, until e;; is requested again, the position of e; 1 in the MTF list of 7;(00)
is Cy(t) at time ¢t. Observe that the term, 1 — exp(—A\;t), in the right-hand side of Equation (15) is the
probability that, in the original system, e; is requested in the interval (0,t). Also, this term agrees with

the fraction of e;; for 1 < k < m that are requested in (0,¢) as m — oo. In 7;(00), the position of e;
reaches K — 1/2 at time 7;(K). The probability that the next request for e; ; is issued after time 7;(K) is

exp(—A; 7;(K)). Note that, in the MTF list of 7;(00), ei1 moves up following a deterministic function until
ei,1 is requested at a random time.

Since our fluid limit differs from the fluid limits defined in [10, 9], our 13500) differs from those derived in

[10, 9]. However, the only difference between our ﬁgoo) and that in [9] is that, in [9], 7;(K) is replaced with
7(K) = C7Y(K), where C~1(-) is the inverse function of C(t) = Zjvzl (1 —exp(—A;t)). The differences
between the fluid limits in [10] and [9] are discussed in [9]. We find that these differences become negligible
when we study the asymptotic characteristics as in Section 5.2. In Appendix B, we also compare our ﬁgoo)
against that in [9] for a range of K.

5.2 Asymptotic characteristics of miss probability

In this section, we consider the overall average miss probability in the fluid limit, p(°°) (K)=>2ri ﬁgoo),
for a cache size K as K — co. We assume that N = co and that Z;V:
so that r; = \;.

We consider the request process studied in Section 5.1 for the case when J(-) is an ergodic semi-Markov
chain on a finite state space. Our results rely on the following properties of the J(-)

1 Aj =1 (without loss of generality),

Lemma 3 Let J(-) be an ergodic semi-Markov chain on a finite state space. Then almost surely

1

\t / A du - M| a0

as t — oo uniformly fori=1,2,....
Proof: Let {1,..., T} be the state space of J. For 1 < v < Y, let V,,(¢; J) be the time that J spends at
state v by time ¢. Then, for any i,

T

[ aaa = S awvie.s. (16)

v=1

Since J is an ergodic semi-Markov chain, almost surely V,(¢;J)/t — m, as t — oo, where m, is the
stationary probability. Notice that

T
A=) i) m, (17)
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for any i. By Equation (16) and Equation (17), we obtain

t e T
‘1/0)\¢(J(U))du)\i = LA ) - Y nw) . (18)
v=1 v=1

T
< Tne [P (19)
v=1

Since T is finite, we have that, for any e, there exists 1" such that, for all ¢ > T, it holds that almost
surely |V, (t; J)/t — 7| < emy for 1 < v < Y. Therefore, Inequality (19) suggests

}1/0 M@ du—A| < e

almost surely for all ¢ > T. We complete the proof of the lemma by taking ¢ — 0. [

5.2.1 Heavy tail

We first consider the case when \; has a heavy tail so that \; ~ ¢/i® for i = 1,2,..., where a > 1, ¢ > 0,
and a; ~ b; denotes lim;_,o a;/b; = 1. Also, let a; < b; denote lim; .~ a;/b; < 1. We will use the following

~

two lemmas, where I'(z) = fooo e Y y*~1 dy denotes the gamma function.

Lemma 4 Let g;(t) = >, (1 —exp(=A;t)). If Ai ~ ¢/i® with a > 1 and ¢ > 0, then g;(t) ~ /Tl -
1/a)tt/e.

Lemma 5 Let f(t) = Y5, N exp(—=\it). If \i ~ ¢/i® with a > 1 and ¢ > 0, then f(t) ~ c/*a"'T(1 —
1/a) t— 141/,

Lemma 4 is a direct consequence of Corollary 1 from [10]. Lemma 5 can be proved similarly to Lemma
3.1 from [21], and we provide a proof of Lemma 5 in Appendix C. The following theorem characterizes
) (K) for a large K.

Theorem 4 In addition to the conditions in Theorem 3, if J(-) is an ergodic semi-Markov chain on a
finite state space and \; ~ ¢/i® fori = 1,2,..., where a > 1 and ¢ > 0, then p{™)(K) is asymptotically
insensitive to J(-) as K — oo, and it holds that

cI'l—1/a)®

25(00) (K) ~ Kl_a,
where I'(2) = [ e Y y*~1dy denotes the gamma function.

Proof: Let C;(t;J) = >, (1 —exp(—A;(u; J))) be the left-hand side of Inequality (14). Then Lemma 3
implies that, for any e, there exists tg such that, for all t > tg, we have that almost surely

d (L—exp(—(1—-e)\t)) < Ci(h) < > (1—exp(—(1+e))t) (20)
G J#i
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for any e;. Hence, Lemma 4 suggests that almost surely
Ci(t:J) < (A+e)/ec/ord—1/a)tt/
Ci(t; J) 2 (L—e)/*cV/or(1—1/a) /™
uniformly for ¢ = 1,2,.... Taking ¢ — 0, we obtain that almost surely
Ci(t;J) ~ /oD —1/a)t/ (21)

uniformly for ¢ =1,2,....
Recall that 7;(K; J) is the maximum u such that C;(¢; J) < K —1/2. Since 7;(K; J) — oo almost surely
as K — oo, Relation (21) implies that almost surely

K ~ Ci(ri(K); J) ~ /(1 = 1)) (m:(K; J)" .
Hence, we obtain that almost surely

KOC
ni(K;J) ~ T(K) = T = 1/a) (22)
uniformly for ¢ =1,2,....
Finally, we consider 5(°?). By Theorem 3, we have
PNK) = D Elexp (—Mi(ni(K;J); J)) Ai(J(0))]. (23)
i=1

The uniform convergence of Relation (22) and Lemma 3 imply that, for any ¢, there exists Ky such that,
for all K > Ky, we have that almost surely

IT—-—eNm(K;J) < A(r(K5J)5d) < (T+e) \im(K;J) (24)
fori=1,2,.... Now, (22), (23), and (24) imply that, for all K > Ky, we have

PNK) < ) Elexp(—(1—¢) \i7(K)) Xi(J(0))]
=1

o0

= Zexp (—(1—e) Ny 7(K)) E[N(J(0))]
=1
= 1i52(1_€))\i exp (—(1 —e) N 7(K)), (25)
=1

where the last equality follows from the stationality of J(-). By Lemma 5, we obtain
PENK) 5 (L=t a D1 - 1/a)t e
Similarly, we obtain the asymptotic lower bound:
PENK) 2 (14e)/o 10 D(1 = 1/a) 4o,

Taking € — 0, we complete the proof of the theorem. n
Theorem 4, which is obtained for the fluid limit, is in agreement with the asymptotic results for the

original system derived in [11, 21].
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5.2.2 Light tail

In this section, we study p(>) (K) as K — oo for the case when \; has a light tail so that \; ~ ¢ exp(—¢ i),
where ¢,&,3 > 0. This case has not been fully investigated in the prior work. Jelenkovié [10] studies
asymptotic properties of the overall stationary miss probability in his fluid limit when A; has a light
tail, assuming that requests follow the independent reference model (equivalently, independent Poisson
processes), but no asymptotic results are known for other request processes. We will use the following two
lemmas:

Lemma 6 Let g(t) = [((1 — exp(=Ag t)) da + &, where |§] < co. If Ay ~ ¢ exp(—§ 27), where ¢,&,3> 0,
then g~ (v + ") ~ e 7 ¢ exp(€0P) for any |6'| < co.

Lemma 7 Let f(t) = fooo Ao exp(=Agt))dz. If Ay ~ cexp(—£xP), where ¢,&,8 > 0, then f(t) ~
(In(ct)) /-1 V0 g1 471,

Lemma 6 is a trivial extension of Lemma 6 from [10], and Lemma 7 equivalent to Lemma 3 from [10] by
Equation (7.49) from [10].

Theorem 5 In addition to the conditions in Theorem 3, if J(-) is an ergodic semi-Markov chain on a
finite state space and \; ~ ¢ exp(—£4°) fori =1,2,..., where ¢,&,3 > 0, then p(>)(K) is asymptotically
insensitive to J(-) as K — oo, and it holds that

ce?
B¢

where vy = fooo exp(—y) Inydy =~ 0.577 is Euler’s constant.

PIK) ~ K" exp(—¢ K7),

Our proof of Theorem 5 follows a slightly different procedure than that of Theorem 4. In Theorem 4, an
asymptotic expression for 7;(K;.J) in Relation (22) is obtained from an asymptotic expression for C;(¢; J)
in Relation (21). If we were to follow the same procedure as the proof of Theorem 4, the asymptotic
upper bound would not match the asymptotic lower bound in Theorem 5. This difference stems from
the fact that C;(t;J) is asymptotically polynomial in Theorem 4 and asymptotically poly-logarithmic in
Theorem 5. Therefore, we will study the asymptotic property of the inverse function of C;(t;J), which is
the same approach as the proof of Theorem 6 from [10].

Proof of Theorem 5: We first study 7;(K; J) = C; '(K —1/2; J), where C; '(-; J) is the inverse function
of C;(+;J). Observe that Inequality (20) remains valid when \; has a light tail. Let

o

Clt,e) = > (L—exp(—(1+¢)\t))

j=1
= /OOO (1 —exp(—=(14+¢) A\ t)) dz,

where we extend the domain of A; to non-negative real numbers, so that \, = )‘W' Note that A\, ~
c exp(—€£xP%). Let D(t,e) = C(t,—¢) — 1. Then Inequality (20) implies that almost surely D(t,e) <
Ci(t; J) < C(t,e) for any i and t. Let C~1(-,¢) and D~1(-,¢), respectively, denote the inverse functions
of C(-,¢) and D(-,¢). Since C;(7;(K;J);J) = K — 1/2, we have that almost surely C~}(K — 1/2,¢) <
7(K;J) < D7YK —1/2,¢).
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Let 7(K) = e V¢! exp(¢ KP). Applying Lemma 6 with § = 0 and & = —1, we obtain C~(K —
1/2,¢) ~ 7(K)/(1 4+ €). Applying Lemma 6 with § = —1 and ' = —1, we obtain D~!(K — 1/2,¢) ~
7(K)/(1 —¢). Taking € — 0, we obtain that 7;(K;J) ~ 7(K) uniformly for i =1,2,.. ..

The uniform convergence of 7;(K;J) and Lemma 3 imply that Inequality (25) remains valid when \;
has a light tail. Hence, Lemma 7 implies that

1 (In((1—¢)er(K))YP
l—¢ EYBBT(K) '

PNEK) <

Substituting 7(K), we obtain

(oo 1 ce¥ v —1In(l —¢) /-1
) 5 SR ep(oer?) (12T ES)

Similarly, we obtain an asymptotic lower bound:

1 ce”
() (K) > i
p ()N1+€w

'y—ln(l—i-e))l/ﬁ_l

K8 exp(—¢ KP) <1 - W

Now the theorem follows by taking e — 0. [

6 Conclusion

We have introduced and demonstrated the usefulness of the fluid limit of a stochastic model for LRU with
possibly non-stationary and dependent request processes. In particular, our numerical experiments show
that the average miss probability derived in the fluid limit closely approximates that in the original system
for a moderate cache size. For a large cache, we find that the average miss probability in the fluid limit
often has the same asymptotic characteristics as those in the original system and that the asymptotic
analysis is often simpler in the fluid limit than in the original system.

Our expectation is that the fluid limit and the average miss probability derived in the fluid limit will
find applications beyond those investigated in this paper. An interesting future direction is to seek an
optimal cache algorithm with dependent and non-stationary request processes in the fluid limit. To this
end, Hirade and Osogami [9] show that, in a fluid limit, the 2Q cache algorithm [14] can be made to have
a lower miss probability than LRU by choosing the right value of the parameter of 2Q, assuming that the
requests follow independent Poisson processes. However, it is also shown that the 2Q that has the minimum
stationary miss probability can have a high transient miss probability, which suggests the importance of
studying the optimality with non-stationary request processes.
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A Fluid limit defined with independent replications

In this section, we prove that the dependencies in ¥ would disappear in the fluid limit defined with S,
Recall that, in S(™), &, for 1 < k < m are independent and have the distribution identical to ¥. In S(°),
we have the following lemma corresponding to Lemma 2.

Lemma 8 Let C(ZL)K be the total size of distinct items that are requested after ty_’ki and before téi’k) n

St™ . Then, as m — oo, C'(ZLZ = Z] 1E[H(j)], where we define the indicator random variable, Hy(j),

as follows. Consider a system, Z;, having N +1 items, e; for 0 < j < N. For each e;j, let ‘Il; = {uéj)l €z}
be the request process for e; in I;. In 1;, we assume that \If; for 0 < j < N are independent, \Ifg has the

same distribution as U; for 1 < j < N, and ¥, has the same distribution as V,;. For 1 < j < N, let Hy(j)

be the indicator random variable such that H(j) =1 iff e; is requested after ué(i)l and before ug)) in Z;.

Observe that CZ(C;:()Z does not depend on the dependencies in the .
Proof of Lemma 8: Without loss of generality, we study only the convergence of C’Z(T% We prove the
convergence in distribution by showing the convergence of the Laplace transform, w(m)(s) for 0 < s < o0,
of Cl(lz Let Hy(j, k) be the indicator random variable such that H,(j, k) = 1 iff e;;, is requested after t(Z 1)

and before téi’l). By definition, Hy(i,1) = 0. Then
s N m
W) = Blewp | == 33 Hilk
j=1k=1

Since ®;, for 1 < k < m are independent, we obtain

m N
HE exp —%ZHg(j,k)
k=1 j=1

Since ®;, for 1 < k < m are identically distributed but Hy(j, k) is defined with respect to the interval

(D) D)

01> ), we obtain

m—1

N N
m S . S .
W) = Blep (=23 HGY) || B e | -3 HiG )
2

Jj=1
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For0<r<N-1,let g =P (Eévzl Hy(4,2) = r) be the probability that r distinct items in Es are

requested in the interval (ty_’ll), tgi’l)). Then

N-1 met N
wip(s) = (quexp(—sr/m)) B exp _%ZHM’D
r=0 =t

By Lemma 9 in Appendix C, we obtain

N-1 N
im 7 (s) = exp (—8 Eorqr) Jim B fexp | —— EIHE(JJ)
r= ]:

By the dominated convergence theorem, we can exchange the limit and the expectation, so that

N-1 N
: (m) _ . s ,
lim Qpi’? (s) = exp (—s TEO rqr> E n}l_r)réo exp | —— E Hy(j,1)

j=1
N-1
= exp (—s Z qu>
r=0
Observe that the summation in the last expression denotes an expectation. Hence, we obtain
N

lim %(,7)(5) = exp | —sE ZHg(j,2)

Jj=1

Therefore, the continuity theorem (e.g., see p. 262 from [8]) implies that C’i(?) =E [Zé\;l Hy(4,2)| as

m — oo. Since Hy(j,2) and Hy(j) have the same distribution, this completes the proof of the lemma via
the linearity of expectation. [

The /-th request for e; ;, is a miss in S (m) iff C’i(?) > K. Hence, the miss probability of the /-th request

fore;,in S (m) js pgn,:)e =P (CZ(TI?)Z > K ) The corresponding average miss probability is defined as follows:

L
m) o1 (m)
nip = ngT;OL;pi,k,e-

The next corollary can be proved in the same way as Theorem 1 using Lemma 8

Corollary 2

N
lim ) =P [ SR |1 < )] > K
j=1
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Figure 3: The accuracy of approximating p with () and with §(°) when requests follow Poisson processes
and )\; has Zipf’s law. N is set as shown in each column. In top row, solid lines show p(>), dashed lines
show ¢®), and x marks show p. The bottom row shows the error (%) of (%) with solid lines and that of
g(*) with dashed lines.

B Accuracy of approximation with fluid limit under Poisson requests

In this section, we study the accuracy of approximating p with p(f%) when requests follow Poisson
processes. See Corollary 1 for the expression of pl"/%)  In [9], Hirade and Osogami derive, gty the
overall loss probability in their fluid limit. In particular, we will compare p(° against g(>). We do not
consider the corresponding expression derived by Jelenkovié [10], but g\*) is a special case of the general
expression in [10]. We define the error (%) of ¢° as 100|G(>) — p|, similar to the definition of the error of
p(>) in Section 4.2. The conditions of the simulation to evaluate p are the same as in Section 4.2.

In Figure 3, we consider the case where \; has Zipf’s law so that A\; = 1/i for 1 <i < N. The top row
shows p(>) with solid lines, ¢(° with dashed lines, and  with x marks. The number of items is varied
as indicated in each column. Observe that the two lines and the x marks are on top of each other when
N > 128. We find that, in general, the error of p(°) and the error of (> are smaller for a larger N.

To take a close look, the bottom row shows the error (%) of #(>) with solid lines and that of §(>) with
dashed lines. We find that, in general, the error of p(°) is larger than the error of §°. However, the
error of p(°) is within 3% even with N = 32 and become negligible for a large N. The error of 5(°°) is also
sensitive to the cache size, K. It appears that the error of 5(° is small when K is close to 0 or close to
N. The largest error is observed when K is small (K < N/4) but not too close to 0.

In Figure 4, we consider the case where \; = 1/N11V;—11 for 1 <¢ < N. Thus, \;for1 <i¢i < N isa
geometric series. We choose \; = 1 and Ay = 1/N, so that the largest \; and the smallest \; agree with
those in the settings of Figure 3. Similar to Figure 3, the top row shows p(°), g(°), and p, and the bottom
row shows the error of p(®) and the error of g(*.
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Figure 4: The accuracy of approximating p with () and with §(°) when requests follow Poisson processes
and \; for 1 <4 < N is a geometric series. IV is set as shown in each column. In top row, solid lines show
5>, dashed lines show §(>), and x marks show 7. The bottom row shows the error (%) of 5> with solid
lines and that of g(°) with dashed lines.

Observe that p in Figure 4 is significantly different from p in Figure 3 for some settings of K and N.
For example, when K = 32 and N = 512, we have p = 0.81 in Figure 3 and p = 0.55 in Figure 4. However,
the characteristics of the error of 5 and the error of §(* in Figure 4 are similar to those in Figure 3. In
Figure 4, the error of p(>) and the error of §(° are again within 3% for N = 32 and smaller for a larger
N. Also, the error of p(>) and the error of ¢ are small when K is close to 0 or close to N. Figure 4
suggests that, for a fixed IV, the largest error is achieved at a slightly larger K than the K where the error
becomes largest in Figure 3.

C Technical Lemma and proofs
Lemma 9 Let h(m) = (ijvio ¢;j exp(—j X/m))m, where ijvio ¢; =1, |x| < o0, and 0 < M < co. Then

h(m) — exp <—XZ7]«\iojCj> as m — oo.

Proof: It suffices to show that Inh(m) — —x ij‘ioj ¢j as m — oo. Changing the variable with z = x/m,
we obtain

In (ij\io c;j exp(—j :1:))
lim Inh(m) = xlim :

m—oo z|0 X
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Since ln(zjj\io ¢j) =0, we use L’Hopital’s rule to obtain

M . .
ijoj cj exp(—j )

lim Inh(m) = —xlim-—7; ‘
meee w03 im0 ¢ exp(—j )
M
= =X Z] Cj,
j=0
where the last expression follows from Z;‘io ;=1 =

Proof of Lemma 5: We first consider the asymptotic upper bound for the special case where \; = ¢/i®.

Let v(z) = cz~® exp (—ctz~®). Then v(-) is increasing in [0, (¢t)'/®) and decreasing in [(ct)'/®, c0), so
that v(z) < g((ct)V/®) = 1/(et). Let ig = [(ct)'/*]. Then
10 1 0
fit) < / cx™® exp (—ctz™®) du + - —|—/ cx™® exp (—ctz™®) da
0 € )
0o 1 "
= / cx” % exp (—ct:n_a) dr + —
0 et
Changing the variable with y = ct/x®, we obtain that
1/a t—1+1/a 00 1
flt) < C/ ey Vdy + —.
o 0 et
Since the integral in the above expression is a gamma function, I'(1 — 1/a/), we obtain that
er(1—1/a)t1H/a
fiy 5 CHEE M (26)

(0%

Next, we consider the general case, where \; ~ ¢/i®. Then, for any ¢, there exists jp such that Vi > jo,
we have that (1 —¢)c¢/i® <\ < (1+¢)¢/i®. Hence,

Jo 00
FO) < D Nexp(=Mit)+ > (L+e)e/i® exp(—(1—¢)ct/i?)
i=1 1=jo+1
Let \* = min(Aq,..., Aj,). Since A\; <1 for any ¢, we obtain
. . l+e o o
f(£) < o exp(=A"t) + — D (1 —e)c/i exp(—(1 — ) ct/i%)
=1

By Relation (26), we obtain

1+e((1—e)e)/*I(1 —1/a)t H/e
1—¢ « '

f(t)

By taking € — 0, we obtain

e/ 'l-1/a) t—1it1/a
- .

ft) <
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The asymptotic lower bound can be proved using Lemma 3.1 from [21]. Since e™* > 1 — z for any =z,
we have that

HORERD P IEPHL
=1

By Lemma 3.1 from [21], we obtain the asymptotic lower bound.  m
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