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Abstract
Several algorithms for pattern discovery in sequences have recently emerged, such as Pratt, Teiresias,
Splash, and Meme. These are proving useful in biological sequences analysis, as the presence of
statistically or biologically significant patterns may indicate subtle relationships that complement those
discovered through local sequence alignment tools such as BLAST or FASTA [1, 10].

Statistical tools to assess the statistical relevance of maximal, non-contiguous data patterns are still
largely undeveloped [9]. Rather, most recent efforts [8] have concentrated on the analysis of the
statistical relevance of contiguous k-tuple repeats. 

The goal of this paper, then, is twofold. First statistical analysis tools are developed to determine how
likely arbitrary, non-contiguous data patterns are to occur in random proteins and genomes. This is
accomplished by modeling the various properties of pattern discovery algorithms such as pattern
maximality and pattern density constraints.

Second, a framework is proposed to pinpoint the truly relevant patterns, among the very large number
that occur even in small biological datasets. By relevant, in this context, we mean those patterns that
reflect a relevant underlying stochastic or deterministic process that deviates from totally random
behavior. 

Some biological examples are studied. In the first one, patterns are extracted from two proteins
(HUMPRCA and MUSHEPGFA). By comparing the results with the theoretical analysis, it is
determined that all the patterns discovered in HUMPCRA are statistically irrelevant while a few
patterns in MUSHEPGFA are significant. In particular, one of these is likely to occur only once every

 comparable sequences. An indication that this pattern may be biologically relevant is given by the
fact that it includes a known motif, reported in the PROSITE database. In the second example, we
analyze a region of DNA of 1000 nucleotides from yeast chromosome 1. Only 6 of the discovered
patterns are statistically significant and they all occur in a tandem repeat region.

1.  Introduction
Whenever Nature finds a “recipe” to accomplish a task that gives a differential fitness to an organism,
chances are that such recipe will be conserved through evolution. At the molecular level, this means that
biological sequences, belonging sometimes to widely distant species, will share common motifs. Examples
of these motifs are the consensus sequences for transcription promoters (e.g. TATA boxes), sets of a small
number of amino acid that determine the active site of families of enzymes, etc. 

These motifs need not be the result of evolutionary processes. Some molecular mechanisms that are neutral
from an evolutionary perspective may be at work, producing patterns that repeat themselves many times
within a given genome. This is manifested, for instance, by Tandem Repeats in many eukaryotic species or
by repetitive elements, such as Alu sequences or other types of retroposons.

Thus, the identification of patterns in biological databases is becoming a very transited venue within the
bioinformatics community. Pattern databases such as PROSITE [3] are examples of this trend. 
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In recent years a number of very interesting pattern discovery tools have emerged (Teiresias [11], Pratt [7],
Meme [2], Splash [4]), that find all the maximal patterns of constrained local density within a sequence or
set of sequences in an unsupervised way. These algorithms are valuable in that they can discover weak
motifs, hidden in the biosequences. One difficulty, is that biological relevant patterns discovered in this
way will be hidden into a much larger number of meaningless patterns. Thus the need arises to assess at
least the statistical relevance of the discovered patterns.

One example will help us bring home our main point: if we run one of these algorithms on a random
sequence, the number of discovered patterns will depend, obviously, on the size of the sequence and the
letter distribution within the sequence. Surprisingly, however, even for very short sequences the number is
very large, as we shall later show. Therefore, if a random sequence hosts a great number of patterns which
are irrelevant by construction, we can surmise that a biological sequence will also host, along with its rele-
vant ones, a myriad of other patterns that are bound to be there by mere chance aggregation of letters.
There are two main goals that we wish to accomplish in this paper. The first is to characterize the statistics
of maximal patterns of constrained local density in random sequences. The second is to devise a statistical
test that allows us to pinpoint, given a biosequence, which patterns are statistically relevant. By the latter
we mean, which are the patterns that are not expected to occur in a random sequence of length and compo-
sition similar to that given biosequence. 
Some of the math involved in the calculations are rather classical. However, the need to account for some
important properties of the patterns such as maximality and local density constraint make some of the
mathematics a little more involved, and worth presenting in detail.

2.  Definitions and Notation
Let us denote by  a string of  values. The values  (that we shall also call
tokens) are taken from a given alphabet , which in concrete examples can be the four bases A,C,G,T or
the twenty amino acids. More generally,  could be a continuous set, such as an interval on the real line.
We define a pattern  as a set of (value, relative offset) pairs .    A pat-
tern that contains exactly  values will be called a -pattern. A pattern that contains exactly  values, and
whose span is  (i.e., the last relative offset is ) will be called a -pattern. 

A convenient notation for patterns is that in which the values are put in a one dimensional string, at the
locations given by their relative offsets. For the relative offsets whose values are not specified in the pat-
tern we use the wild character “.”. For instance, for the alphabet , the pattern

 is a -pattern, with  and  which can be written as =A..C...G.

Given a distance metric1 , and a distance threshold , we shall say that a -pattern matches at off-
set  in , if for each , the relation  holds true. The locus  of a
given pattern  is then the set of absolute offsets where the pattern  matches in . A kl-pattern that
matches at j different offsets on s will be called a jkl-pattern. Then, j is the cardinality of the locus.

A jkl-pattern is said to be maximal in composition if it cannot be extended to a j(k+1)l-pattern, by adding
an extra token within its span, without simultaneously decreasing the cardinality j of its locus. A jkl-pattern
is said to be maximal in length if it cannot be extended to a j(k+1)l’-pattern (with l’>l), by adding an extra
token outside its original span l, without simultaneously decreasing the cardinality j of its locus. A maximal
pattern is a pattern that is both maximal in composition and in length. Maximality is an essential property
of pattern discovery algorithms. It avoids reporting a combinatorial number of subpatterns of each maxi-
mal pattern in the sequence.
We shall refer to the set of k relative offsets in a k-pattern  as a -comb. If the
span of a k-comb is l (with ), the comb will be called a kl-comb. It is sometimes convenient
to represent a kl-comb with a string of 0s and 1s that has a 1 at each relative offset  and a 0 elsewhere.

1. For an example of a distance metric relevant in computational biology, see Appendix A.
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Then, for instance, the comb  can be represented by the string 100110010001. By
 we shall indicate a pattern supported by the comb . By  we shall indicate the pattern identified

by placing the comb  at the absolute offset  in s.
It is also useful to control the minimum number of tokens allowed in any given window within a pattern.
This   can be used to eliminate growing any pattern to arbitrary lengths by means of a few sparse random
matches. We shall refer to such constraint as the density constraint. Given  and , we shall say that a
comb is a < >-valid comb (valid in the sense of satisfying the constraint in density), if for all

, the relation  is valid. A pattern , supported by a < >-valid comb is
a < >-valid pattern.

3.  Pattern Statistics

3.1. The Basic ingredients
When dealing with long sequences, it is important to have a statistical model to understand the relevance of
the observed patterns. For instance, given a sequence of 100 English-alphabet characters chosen from a
uniform distribution, is a pattern of 5 characters that repeats 4 times more or less probable than one of 4
characters that repeats 5 times? Or, How does the expected number of jkl-maximal < >-valid patterns
behave as a function of the sequence length L in random sequences? In this paper we shall construct the
theory that allows us to answer this basic kind of questions.

We shall be dealing with random sequences whose values at different offsets are independent random vari-
ables, and whose value at each absolute offset is chosen from a discrete alphabet  of  ele-
ments. The probability that the value  be chosen is . If all the letters in  are equiprobable, then
clearly . The first step is to compute the probability that a given value  matches at a partic-
ular offset on . The probability of such match is

, (3.1)

where  is 1 if  and 0 otherwise. If the values are from a continuous range, then the summa-
tion becomes an integral. If D is sufficiently small . For later reference we shall denote by

 the average value of the function , that is,

. (3.2)

Only when all the  are the same, i.e. , will .
Let us now choose a specific kl-comb,  and an absolute offset  in s. We wish to compute the probabil-
ity that the pattern , starting at offset  in , matches at exactly j other offsets after  in . The prob-
ability of such pattern matching at any given offset in s is

 , (3.3)

where the  are the values that  comprise .  If  al l  the  are the same, then
.Assuming that potential matches of  in s are uncorrelated and given that for each kl-comb

there are  locations where a match can occur after offset , the probability that the kl-pattern
will match at exactly j offsets greater than  is given by the binomial distribution.
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. (3.4)

3.2. The Probability that  is a (j+1)kl-pattern

In order to find the probability that the pattern  has occurred exactly j+1 times in s (i.e., exactly j times
after its first occurrence), we must multiply the previous expression by  the probability that  does not
match at any offsets smaller than  in s. This is simply:

. (3.5)

3.3. The Maximality in Composition Constraint
As discussed, it is important that a pattern discovery algorithm guarantees the maximality of the patterns
detected, see definition in Section 2. If we try to model this property for a pattern , then for each  rela-
tive offset  that is not part of , there must be at least an absolute offset  ( ) in  such that

. This probability can be computed as one minus the probability that the value
 matches at each offset  in s, with  in . The latter is . Thus the probabil-

ity , that the pattern  is maximal in composition, is the product of the probabilities that it
cannot be extended at any of the  relative offsets  ( ) which are not part of the kl-comb

. This is expressed as:

, with . (3.6)

3.4. Density-Constrained Combs
Given a span l and a size k, let us determine how many combs, , can be formed that satisfy the

 constraint, that is,  is the number of -valid kl-combs. If we relate to the binary
string representation for combs, this can be rephrased as: how many binary strings of length l with exactly
k 1s, and starting and ending in a 1 can be formed such that no  consecutive tokens span a window larger
than .

For , it can be shown that this can be computed exactly as the number of -parts composi-
tions of the number, , of empty offsets in the pattern into integers smaller than . The general
solution for arbitrary  and  is significantly more complex. In any case, a fairly accurate approximation
can be obtained by the following recursive expression:

, (3.7)

with the following set of boundary conditions:

(3.8)

where . (3.9)
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, in this case, is the maximum possible length l that a < >-valid kl-comb can attain.
For  the recursion for  is only approximated because its iterative formulation only imposes
the density constraint starting at tokens that are a multiple of . For  and , for instance,
the constraint is only applied to token groups {1, 2, 3}, {3, 4, 5}, {5, 6, 7}, {7, 8}, while it should be
applied to all groups {1, 2, 3}, {2, 3, 4},..., {6, 7, 8}. The approximation, however, is quite good.

3.5. The Maximality in Length Constraint
The length maximality constraint strongly depends on the density constraint. In fact, a jkl-pattern can also
be extended if  tokens, including at least one outside the comb (before its first or after its last 1),  in a
window of size , match simultaneously at all j locations. This probability can be approximated as:

(3.10)

where  is the mean token density inside the pattern, and

(3.11)

is the probability of having exactly m tokens in a window of size w within the pattern. For further details on
Equation (3.10), which will get considerably simplified in the next sections, see Appendix B. 

4.  Average number of < >-valid jkl-maximal patterns in a string
In this Section we shall compute the average number of different jkl-maximal patterns that satisfy the den-
sity constraint in a string s of length L. That number is the average of a random variable. For each realiza-
tion of the string s, that is, the number of patterns will be different and distributed with a probability
function that we shall estimate in Section 6., on page 7.
Let us first write the number  of jkl-maximal patterns as the sum over all < >-valid kl-combs 
and absolute offsets , of the random variable  which is 1 if  is a jkl-maximal pattern not
matching at any offsets smaller than , and 0 otherwise. That is,

. (4.1)
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This analysis is carried out in details in Appendix C, where we obtain the following closed formula for the
average number of different, density constrained, jkl-maximal patterns:

. (4.2)

where , (4.3)

and (4.4)

Finally, the average number of maximal -patterns that appear j times in s, irrespective of their span l,  is
obtained by summing  over all the allowable values for  between the minimum  and the
maximum, , defined in Equation (3.9). The results of this calculation for different values of the param-
eters are shown in Fig. 1. It can be observed that for the chosen values of parameters, even short random

sequences can exhibit a rather surprising number of patterns, which arise out of chance collisions in the
alphabet space. For example, for , , and  we have, in the average, about 3,000 dif-
ferent patterns that appeared twice in a string of length 3,000. Let us give another example. For ,

, and , we have that a sequence of length 10,000 will host in the average around 30,000 dif-
ferent maximal patterns with , 25,000 patterns with , 10,000 patterns with , 2,000 pat-
terns with , and 500 patterns with .
Except for the approximations done in the computation of  and , the formulae presented so
far are exact. The complexity in their actual calculation can be reduced considerably if we further assume a
“mean-field” effect, by approximating . This approximation gives reasonable results if the
ratio  is small enough. If such is the case, Equation (4.2) simplifies to

. (4.5)

We shall call this, the mean-field approximation.

Fig. 1:  Number of discovered patterns, theoretical and numerical results.
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5.  Two Case Studies
The understanding of  already allows us to make some inferences from the analysis of real biological
sequences. In this Section we shall consider two examples. We have run Teiresias with parameters 
and  on the aminoacid sequence of HUMPRCA, a human serine protease (GenBank accession #
M11228) with 461 amino acids. We tabulated the number of patterns so obtained in Table 1 of Appendix
D. In the same Table we report the expected number of patterns computed using the mean-field approxima-
tion for random sequences with the same  as HUMPRCA (  was obtained with

; see Equation (3.1)). It can be seen that the number of patterns occurring in the real protein are
very close to those expected in a random sequence of similar composition.

As an example, these are the 4 patterns corresponding to the case , :
= H..W.L.......E...LL...G.Y

= I.G.....C...SG...........FL......G

= K...D.DI...........S.T...I.L

= A....T.....L...G.....L...G..T.V

The fact that the expected number of patterns in random sequences with an aminoacid frequency equiva-
lent to HUMPRCA is approximately the same as the number found for HUMPRCA, indicates that these
patterns are statistically irrelevant.
We performed the same analysis for the sequence MUSHEPGFA, a mouse hepatocyte growth factor-like
protein (GenBank accession # M74180) with 716 amino acid. The results are reported in Table 2 of Appen-
dix D. For MUSHEPGFA, we have . This is a much more interesting case. Contrary to what
happens for HUMPRCA, except for  (and maybe ), the number of patterns found in
MUSHEPGFA are much larger than the expected number of patterns in random sequences of equivalent
composition. As an example, these are the 3 patterns corresponding to the case . 

= EK........N..R...G.......T

= G...N..R....D..G....T
= PWCYT.........C         

The mean number of patterns expected for this value of the parameters is 0.004; the fact that there are 3
patterns (750 times the expected number of patterns), tells us that these patterns are at least statistically sig-
nificant, and might be relevant from a biological standpoint. Another interesting example is the following
pattern, (not listed in Table 2 of Appendix D),

= C....GE.YRG....T..G..CQ.W....PH...F.P.......L..N.CRNPDG, 
with  and the remarkable . The mean number of times of a pattern like this would be
expected in an random sequence with the same composition as MUSHEPGFA is less than . Finally,
another remarkable pattern, that includes , is:

= C....GEDYRG....T..G..CQRWD.Q.PH.H.F.PEK...KDL..N.CRNPDGSE.PWC.T..P.....F,

which appears only twice ( ), but has . We estimated that such a pattern would only be likely
to occur once every  sequences of this size! An indication that this pattern may be biologically signif-
icant is given by the fact that it contains, towards the end, a known motif [FY]CRNP[DNR], which is
reported in the PROSITE database.

6.  Statistical test for pattern relevance
In Section 4., on page 5, we have computed the mean value of  for random sequences. In this Section
we wish to compute the probability of observing a specific value of . We shall then used that distribu-
tion to give a quantitative measure of significance: a score.

Let us call  the actual number of offsets that are going to contribute new patterns that have not occurred
upstream of . Within the mean field approximation, that number can be estimated as
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. (6.1)

If we express  as the number of valid combs ( ) and offsets ( ) multiplied by the effective
probability  that any comb and offset produce a jkl-pattern, we obtain

. (6.2)

We now want to compute the probability  that a number  of jkl-patterns occurs in a random
sequence. For that it is convenient to interpret  as the mean value of the number of successes when

 Bernoulli experiments are performed, with a probability of success equal to . In such
case, we have that

. (6.3)

It should be made clear, at this point, that the above formula is an ansatz. Its validity is discussed in Appen-
dix E, where we show that it approximates very well a set of numerical simulations. However, the actual
probability  can be approximated to a higher degree, by computing the variance of  in addition
to the mean. These results will be reported in a follow-up paper.
Based on the theory presented so far, we would like to study an important problem in computational biol-
ogy, namely the assignment of a quantitative measure of statistical relevance to patterns arising from bio-
logical datasets. To do that, we shall take the following approach: we have seen that one is to expect a null
hypothesis number of jkl-patterns, merely from a random sequence. However, if for any reason, there are
regions that are conserved through evolution or there are molecular mechanisms that replicate specific
motifs, then patterns from those regions will tend to occur more often than those from regions affected
only by the neutral mutation drift. Indeed, if sequences belonging to the latter category can be effectively
modeled as random processes then one expects the corresponding distribution of the number of jkl-patterns
to be close to the ones computed with Equation (6.3).
The previous discussion suggests the following scoring system for discovered patterns. Given a test bio-
logical sequence of length L, one can run a pattern discovery tool with parameters  and . From the list
of extracted patterns, we count the number  of jkl-patterns. From the given sequence we also compute
the corresponding  with the actual token frequency of that sequence. Each jkl-pattern will then be
assigned the score1

, (6.4)

where , the probability of observing  jkl-patterns in a random sequence with the same token compo-
sition as that of the test sequence, is computed from Equation (6.3). The interpretation of this scoring sys-
tem is straightforward:  is the probability of obtaining a number  of patterns from an
equally composed random sequence. 
A small score for a jkl-pattern (say ) indicates statistical significance for that pattern and
suggests a possible biological raison d’ tre for that motif. A larger score (which should of course be
smaller than 1 by definition) means that any random, biologically irrelevant sequence would contain

1. This score tends to be smaller as the patterns become more relevant. If a score that increases with relevance is required, then 
other definitions could be used, such as the z-score, -log(s), etc.
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approximately the same number of jkl-patterns as the test sequence. In that sense, patterns with score above
threshold are statistically (and probably biologically) irrelevant.
As proof of concept, we will next discuss a concrete example. A region of DNA of length =1,000 from
yeast chromosome 1 [14], starting at location 219,000, was analyzed with Teiresias, with parameters

 and . This region belongs to an intergenic portion of chromosome 1. We found a grand
total of 99 patterns. The organization of these patterns according to their j, k and l properties, is reported in
Table 3 of Appendix F.
With a significance threshold of 5% (i.e., we accept as statistically significant only scores smaller than
0.05), only the first two rows comprise statistically relevant patterns. We shall see next where the relevance
of these patterns stems from. The important message to be drawn from this exercise is that of the almost
100 patterns found by Teiresias, only six happen to be statistically relevant. We list them below:
for , , and : P0 = TC.GT..T.TCTTCCTC.GTCAT.TCTTC.TC.G

for , , and : P1 = TCTT..TC.GT.AT; P2 = CAT.TCTT..TC.G; P3 = CTC..TCA..TCTT; P4 =
GT..T.TCTTC.TC; P5 = TC.GT..T.TCTTC

The following is the DNA region aligned with the statistically relevant patterns 

DNA   ACCTCATCCAGTTTGTCATCATCTTCTTCAGAACAAATCACCAGCTCTATCACGTCTTAGCATCCAATTATTACTCCATTCTATCGCAGCA
P3                                               |CTC..TCA..TCTT| 
DNA   ATGGAACTTCTGTAGTTTCTTCCTCAGTCATGTCTTCCTCGGTCATTTCTTCTTCTGCAACGACCTCCACTTCTATATTCTCTGAATCATC
P0                          |TC.GT..T.TCTTCCTC.GTCAT.TCTTC.TC.G|
P0           |TC.GT..T.TCTTCCTC.GTCAT.TCTTC.TC.G|
P1                    |TCTT..TC.GT.AT|TCTT..TC.GT.AT|
P2                               |CAT.TCTT..TC.G|CAT.TCTT..TC.G|
P3                         |CTC..TCA..TCTT|CTC..TCA..TCTT|
P4              |GT..T.TCTTC.TC|GT..T.TCTTC.TC|GT..T.TCTTC.TC|
P5           |TC.GT..T.TCTTC|TC.GT..T.TCTTC|TC.GT..T.TCTTC
DNA   TAAATCATCCGTCATTCAAACCAGTAGTTCCACCTCTGGTTCTTCTGAGAGCGAAACAATCTTAGTGATTGCTGGCATGTCATTAGCGACA
DNA   AGACGCTTATTACCGTAGTAGCCCCCCAAGGCAAACATCTCTTTATCAGTAATATCCAAA
P1                                          |TCTT..TC.GT.AT|
P2                                      |CAT.TCTT..TC.G|

We can see that all the statistical relevant patterns are all from the same region. Indeed, these patterns cor-
respond to 3.3 copies of the following tandem repeat of period 15:

.....TCTGTAGTTTCTTCC TCAGTCATGTCTTCC TCGGTCATTTCTTCT TCTG.....

It is interesting to note that some of the patterns that correspond to this tandem repeat (specifically P1, P2
and P3) also appear not far upstream and downstream of the tandem repeat. These regions, flanking the
tandem repeat itself, might also be biologically relevant in this context

7.  Summary and Conclusions
In this paper we have shown that the combinatorial nature of arbitrary patterns can result in a high number
of chance coincidences in random sequences with composition similar to actual biosequences. Thus, when
detecting patterns in real biosequences, it is likely that biologically relevant patterns, if present at all, will
be buried in a sea of irrelevant patterns. Thus we need a statistical tool designed, so to speak, to find a nee-
dle in a haystack.

An analytical framework to evaluate the statistical significance of patterns discovered by several algo-
rithms has been proposed. The framework models all major properties of pattern discovery algorithms,
such as maximality and density constraints. We show that our formulae can be reliably used to represent
the probability functions for the number of jkl-patterns for . For , such a distribution tends to
slightly overestimate (by about a 10%) the number of jkl-patterns in random sequences. This will result in

L

k0 10= l0 14=

j 2= k 26= l 34=

j 3= k 10= l 14=

j 3≥ j 2=
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a somewhat higher rate of false negatives, in the assignment of statistical significance to patterns with
. Even though this overestimate will be unimportant in the majority of cases, a precise assessment of

the rate of increase of false negatives for  is missing, and will be attempted in the future.
We have developed a quantitative scoring measure for the statistical significance of maximal patterns. The
interpretation of this scoring measure is as follows: if a jkl-pattern appears  times in a sequence, then
its score  is the probability that the number  of jkl-patterns in a random sequence (of the same
base or aminoacid composition as the one given) is bigger of equal than . 
In a biological setting, this scoring approach would assume that irrelevant patterns live in a sea of neutrally
drifting sequences, not undergoing any specific natural selection pressure. We only use first order statistics
to model our null-hypothesis. Other possibilities might be, to constrain the n-token composition (di-nucle-
otide, tri-nucleotide, di-amino acid, etc.). 
Pattern discovery tools, such as Teiresias or SPLASH, are model-less and produce all the maximal patterns
in a given sequence or sets of sequences. In that context, our score can be used to hierarchically order the
discovered patterns according to their statistical significance.
It has been pointed out [14] that “statistical significance is neither necessary nor sufficient for biological
significance, but it is a good indicator”. Some simple examples, in this paper, show that statistical tools can
be useful in highlighting interesting regions in biological sequences. We have applied the significance cri-
terion to single string analysis of a stretch of DNA from yeast chromosome 1 (spanning from location
219,000 to 220,000), and showed that the most significant patterns in the statistical sense, correspond to a
tandem repeat structure of 3.3 repetitions (with variation) of a basic unit of size 15. Thus, to the extent that
tandem repeats have a biological activity (caused by molecular mechanisms acting at the DNA level), our
significance criterion provided hints to the biological relevance of the pattern

Applications of the same statistical techniques to multiple strings are being studied currently and will be
reported in a follow-up paper. They are clearly relevant in the field of homology analysis.
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Appendix A
The use of a distance metric, allows one to extend the notion of a pattern in useful ways. For instance,
using a BLOSUM50 mutation probability matrix [6] as a distance metric1 and a threshold , the fol-
lowing amino acid equivalences would be allowed in a pattern:

(7.1)

In this case, with the above notation and the following sequence,

Ala Cys Gln Gln Val Trp Ala Gly Ala Phe Ile Tyr Leu His Pro, (7.2)

the pattern  would have locus . Based on the same matrix, how-
ever, the pattern , which appears at position 0, would have a different locus since
both  and .
If the distance metric is such that only identical values are considered equivalent, then there are several
algorithms such as Pratt [2], Meme [7], and Teiresias [11], among others, that can automatically discover
patterns from data streams. Pratt is also notable because it allows for arbitrary insertions and deletions in
the patterns. Splash [4] allows arbitrary metrics to be used such as PAM [12] or BLOSUM [5] matrices.

Appendix B
Finding the probability that a pattern is not extensible beyond its boundaries present some difficulties.
These can be overcome by using some heuristics. In the present analysis, for simplicity, we analyze only
the right end of the comb. Exactly the same reasoning applies to the left end. The idea of the calculation is
that we are allowed to have matching tokens to the right of the comb, as long as they do not meet the den-
sity constraint. Those additional tokens could be anywhere between the first site to the right of the right-
most comb token, and the -th site. Let us denote the location of a number  of outside matching
tokens by , and the probability of having  tokens strictly within the pattern in a window of
size  by . With that notation, the probability of non-violation of the maximality in length property
having into account the density constraint is:

1. In rigor, a distance metric has to be symmetric. The measure of “relatedness”  is not symmetric (e.g (Asp,Asn) > 2, whereas 

(Asn,Asp) < 2). We shall nevertheless abuse notation and still call  a “distance”.

D 2=

f f

f f

Ala Ala[ ]= Arg Arg, Lys[ ]= Asn Asn, Asp[ ]=

Asp Asp, Glu[ ]= Cys Cys[ ]= Gln Gln, Glu, Lys[ ]=

Glu Glu, Asp, Gln[ ]= Gly Gly[ ]= His His, Tyr[ ]=

Ile Ile, Leu, Met, Val[ ]= Leu Leu, Ile, Met[ ]= Lys Lys, Arg, Gln[ ]=

Met Met, Ile, Leu[ ]= Phe Phe, Tyr[ ]= Pro Pro[ ]=

Ser Ser, Thr[ ]= Thr Thr, Ser[ ]= Trp Trp, Tyr[ ]=

Tyr Tyr, His, Phe, Trp[ ]= Val Val, Ile[ ]=   

Ala 0,( ) Ile 4,( ) Tyr 5,( ){ } λ 0 6 8, ,{ }=
Ala 0,( ) Val 4,( ) Trp 5,( ){ }

f Val, Leu( ) D> f Trp, His( ) D>

l0 1–( ) n
i1 i2 … in, , , m

s Φ m s( )
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(7.3)

The interpretation of this formula is as follows. The probability of a configuration in which exactly 
tokens match in a span of  to the right of pattern in all the  loci where the pattern occurs is

(7.4)

(the factors of the form  take into account the probability that there are  sites
where at least one token of the  does not match). In order for this configuration not to violate the maxi-
mality constraint, we have to make sure that the window spanning a length  starting somewhere inside
the pattern and ending in the right-most one of the  matching tokens, contains at most  tokens.
Given that we have already  outside the pattern, and the right extreme of the pattern is anchored, that
leaves room for at most  tokens inside the pattern. Therefore we have to weigh this configuration
of  outside tokens with the probability that the number of tokens in a window of size  (where

 is the location of the last token) strictly inside the pattern contains at most  and not less than
 tokens.  has to be calculated from considerations involving the density constraint, but we shall

proceed in a more intuitive, albeit less rigorous way, and consider  to be the typical number of tokens
in a window of size  inside the pattern. Using now that the token density strictly inside the pat-
tern is , we estimate  to be .

Within the same mean-field scheme, we can estimate the probability of having  tokens strictly inside the
pattern in a window  as the  given in Equation (3.11). The third sum in the equation for 
above is, therefore, the weight given to an outside configuration of  tokens given by the number of com-
patible inside configurations. 

After averaging  over all the tokens , the indices  are not used any longer, and they can
be summed right away to yield the binomial number . Thus we obtain the formula for  dis-
cussed in the following Appendix.

Appendix C
To compute  we only need to compute the mean value of . It is convenient to compute the
latter in two steps: first as its mean value conditioned on having fixed  at offset ; second take the
result ing condit ional  expectat ion and average i t  over al l  possible pat terns .  That  is ,

.
The ingredients for the conditional expectation  have been worked out in the previous
Section. In effect,  is nothing but the probability that  is a -maximal jkl-pat-
tern, and thus it is the product of the probability  that it has appeared j-1 times after , mul-
tiplied by the probability  that it has not appeared at earlier offsets, multiplied by the probability
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 that it is maximal in length, multiplied by the probabilities  and
 that it cannot be extended neither to the right or to the left of , respectively:

. (7.5)

The next step is to average the previous equation with respect to the tokens that have been frozen for its
computation. Close inspection indicates that the tokens frozen in , ,  and  are all statisti-
cally independent, and thus the global average of  can be factorized into the averages of

, ,  and . The expressions for these averages are

(7.6)

(where we have used that ),

, (7.7)

and

. (7.8)

The only dependence on  of the previous formulae appears through the binomial in , which can be
readily summed:

. (7.9)

After averaging each , none of the terms participating in the sums that yield  depend on .
Thus the sum over combs results in the term  (the number of constrained -valid combs).
This produces the result reported in Equation (4.2).

Appendix D

TABLE 1. < , >-valid pattern distribution for human serine protease HUMPRCA

      # of
   times (j)

    k=3  
exp - theo

    k=4  
exp - theo

    k=5 
exp - theo

    k=6  
exp - theo

    k=7  
exp - theo

    k=8  
exp - theo

2 357 |349.9 166 |124.9 64   |59.8 32   |23.3 4     |11.3 4     |4.5

3 47   |45.8  1    |1.41 0     |0.05 0     |0.00 0     |0.00  0    |0.00

4 1     |1.18 0     |0.00 0     |0.00 0     |0.00 0     |0.00 0     |0.00

5 1     |0.02 0     |0.00 0     |0.00 0     |0.00 0     |0.00 0     |0.00

6 0     |0.00 0     |0.00 0     |0.00 0     |0.00 0     |0.00 0     |0.00
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Appendix E
In this Appendix we test the theoretical distribution of  found in Section 6 against a numerical exam-
ple. We have produced 1,000 random “protein” sequences of length =2,000, and for each of them, we
performed a pattern search with parameters  and , and computed  for , 
and . The results corresponding to these numerical experiments are marked with circles in Fig. 2(a-
e). As expected, the experimental distributions peak at smaller values of  as j increases. The theoretical
distributions corresponding to Equation (6.3) are plotted as thick solid lines in the same figures. It is clear
that except for the slight overestimate in Fig. 2a (for which the mean value for the theoretical distribution is
10% bigger than the experimental one), the plots corresponding to Equation (6.3) are a good approxima-
tion of the experimental distributions.

TABLE 2. < , >-valid pattern distribution for mouse hepatocyte growth factor 

MUSHEPGFA.

     # of
 times (j)

    k=3  
exp - theo

    k=4  
exp - theo

    k=5 
exp - theo

    k=6  
exp - theo

    k=7  
exp - theo

    k=8  
exp - theo

2 646 |787.9 363 |288.8 127 |136.9 79  |52.5 21   |25.07 11    |9.7

3 204 |141.6 30    |4.31 7     |0.15 3     |0.00 1     |0.00  0    |0.00

4 38   |5.20 0      |0.01 1     |0.00 0     |0.00 0     |0.00 1     |0.00

5 14   |0.14 0      |0.00 0     |0.00 0     |0.00 0     |0.00 0     |0.00

5 1     |0.00 0      |0.00 0     |0.00 0     |0.00 0     |0.00 0     |0.00

Fig. 2:  jkl-Pattern Probability functions (Please note that values of j should be replaced by j+1)
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It is important, however, to understand the source of the overestimate for . We have modeled in Sec-
tion 3 the length and composition maximality constraints. The former is taken into account via  (Equa-
tion (3.10)), whereas the latter is accounted for via  (Equation (3.6)). The density constraint requires
that we estimate the number of valid combs  (Equation (3.7)). Of these three constraints, only  is
computed exactly. The estimates we have got for  and  are only approximations, and they are the
responsible for any discrepancy between theory and experiment. 

In the examples of Fig. 2, however, we have chosen  and for that choice of , the exact value of 
is computed: . Therefore, the only source for the overestimation comes from . Our
expression for  tends to slightly overestimate the actual values of . With respect to , if higher
accuracy is demanded in its calculation, one could easily compute it from Montecarlo simulations in con-
stant time. 
If none of these constraints were imposed, the previous calculations would still be valid for the statistics of

 with unrestricted -tuples. In such case, our formulae remain valid if we set , and
. This instance will be called the no-correction case.

Fig. 2f shows the no-correction case for  on the same scale. In this case, for , the values of
 are seriously overestimated with respect to the correct results in Fig. 2a by a full 100%. 

Other analyses (not shown) have been performed, that allow us to conclude that the theory is robust with
respect to the various variables involved, including  in the mean field approximation, as long as its
standard deviation is a small fraction of its mean. 

Appendix F
TABLE 3. Results of Pattern Discovery on Yeast Chromosome 1 region

j k l score (in %)

3 10 14 5 6.e-07

2 26 34 1 4.e-03

2 16 24 1 6

2 14 19 3 11

2 14 17 1 27

2 12 19 1 28

2 12 18 2 45

2 11 17 1 61

2 11 16 4 80

2 12 15 2 82

2 13 18 1 91

2 12 17 2 92

2 10 11 1 94

2 11 13 1 96

2 11 14 4 98

2 10 14 44 99

2 11 15 12 100

2 12 16 2 100

2 12 16 2 100

2 10 13 9 100
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