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Abstract

The exponentially weighted recursive least-squares (RiaS)a long history as an algorithm to track time-
varying parameters in signal processing and time serielysana By reviewing the optimality conditions
of RLS under a regression framework, possible sources afgimality of RLS for tracking time-varying
parameters, especially when the parameters satisfy asgate model, are identi ed. A straightforward
relationship between the RLS variables and the Kalmanintgwvariables is established under the state-
space model assumption. This relationship enables a urdedtlopment of several simple algorithms
that generalize and extend the traditional RLS. Numerigairgles are given to demonstrate the improved

tracking performance of theses algorithms.



I. INTRODUCTION

The method of exponentially weighted recursive least-sgpjaor simply RLS, has long been employed as
a simple alternative to Kalman Itering (KF) for trackingnie-varying parameters (e.g., [1]-[6]). KF as
an estimator is well known to be optimal under the statewpaodel (SSM) assumption ([7], [8]). One
of the shortcomings of KF is the requirement of completerdtimwledge of the SSM and its parameters.
Although under certain conditions the SSM parameters castmated from a set of observations via, for
example, the Gaussian maximum likelihood approach, thblgmo of identi ability and numerical com-
putation is not very easy to solve in general ([9, Sec. 34), [Chap. 13]). It is also not always easy to
validate the SSM assumption based solely on the obsergatiBS on the other hand does not require
a dynamic model for the time-varying parameters except flargetting factor. This, coupled with lower
computational costs, makes RLS an attractive alternativat

The trade-off is, of course, in the performance of estinmtiBeing optimal, KF produces the most
statistically ef cient estimates of time-varying paramet under the SSM assumption. RLS on the other
hand only produces suboptimal estimates in general, dus gnpli ed assumptions. It is therefore not
surprising that KF often outperforms RLS in situations veharsuitable state-space model is available for
the time-varying parameters. In some standard literatfisigoal processing (e.g., [2]-[6], [11]), most of
the performance analyses of RLS are focused either on theeigence and the steady-state behavior for
constant rather than time-varying parameters, or on thepatation of the error covariance matrix and its
upper bounds in tracking time-varying parameters undeS®& assumption.

In this article, it is intended to highlight the compromideRh.S as an estimator of time-varying param-
eters under the SSM assumption when compared to the optifhabkition. The relationship between RLS
and KF was a focus in the earlier literature. For example, RiaS compared with KF in [1, pp. 93-95]
for the special case of ordinary (nonweighted) least sgardKF-like recursive algorithm was derived in
[7, pp. 205-207 and 308-309] for the problem of exponegtiaikighted constrained least squares. The
most recent work on this subject seems to be [12] and [13]dkee[11, Sec. 13.8]), where the variables
of RLS algorithms are explicitly mapped to the variables &f #gorithms under a special unforced SSM
formulation in which the state variable is exponentialpéivarying. Although it may be necessary in uni-

fying some KF algorithms that require a constant noise wadathis formulation has the possibility of being



misunderstood as implying that RLS is optimal in estimatinge-varying state variablegspecially when
reference to other possible formulations is lacking.

By revisiting the earlier literature, it is pointed out inglarticle that a more straightforward formulation
for establishing the RLS-KF correspondence begins witHexeace signal that comprises a linear function
of the explanatory signal witbonstant coef cienplus a measurement error process thatéxgmnentially
time-varying variancelt is under this condition that RLS achieves its optimaditcording to the statistical
estimation theory as well as its most natural corresporal@rith KF. This correspondence highlights the
fact that the tracking capability of RLS for (slowly) timesying parameters, as experienced in practice, can
be properly explained only if the parameter-induced vdlitalof the observed reference signal is treated
as the time-varying “'measurement error' which, in genésalpt white noise with exponential variance but
becomes such exactly or approximately under suitable tiondi The correspondence also makes it easier
to understand the necessity of rescaling the variables eMmgrioying some KF algorithms for time-invariant
systems (such as the square-root algorithms [8, pp. 14THtb@ompute the RLS estimator.

Based on the RLS-KF correspondence, it is straightforwardbtain simple generalizations of RLS
that preserve the exponential weighting but allow add#ld®SM structures to be incorporated possibly as
extra tuning parameters. One such generalization is tlealed extended forgetting factor RLS (EFRLS)
algorithm recently proposed in [14]. Another general@atequips RLS with an additional parameter to
accommodate rapid random uctuations of the time-varyiagameters. Improved tracking performance of

these algorithms are con rmed in two numerical examples dhige in mobile communications.

Il. REVIEW OF RECURSIVE LEAST SQUARES

Let y; be the reference signal anc; be the explanatory (vector) signal. Given the observations
Xt Wt { o that are available at tima, it is well known (e.g., [7, pp. 151-152]) that the exponaliyi
weighted RLS algorithm, with initial valueBrand Qg, produces the best linear functiongly: x; W

t 01 n , that minimizes the exponentially weighted least-squaoss function

n
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t 0



wherel/ 0 1 is the forgetting factor and the asterisk stands for Heamitranspose. The optimal coef -

cientgn: argminyJy g is alinear function of; and solves the normal equation

Fngn Yyn oOr qn Fnl)/n (2

whereFpn: &P ol " 'xex 1" 1Qptandyn: &P ol " 'y /M 1Qu'm

Minimization of J, @ is intuitively appealing from the viewpoint of predicting from x; because it
produces the “best' predictor among all linear functions;ofThe discounting mechanism, achieved Via
is often justi ed in practice as a way of giving greater emgisdo the newer data and thereby providing the
potential of tracking time-varying systems.

In order explain the optimality or suboptimality gf, for estimating time-varying parameters, especially
under the SSM assumption, let us rst consider the followiegression problem.

For xed n 0, lety; andx; satisfy
y# bx & t 01 n )

whereb, is an unknown vector ande [ , is a random process with zero mean, possibly time-varying
variances?, and, in general, nondiagonal covariance matfixin the following, & will be referred to

as themeasurement erran the regression model. Moreover, all probability digitibns and expectations
should be understood as being conditioned xan; , for whichF , is nonsingular.

Suppose thate, is a serially uncorrelated process ayl ¢l ' for somec: sg 0,ie.,
@ WNOc' t 01 n (4)

Under this assumptiong, is known to be the best (i.e., minimum variance) linear usdxihestimator
(BLUE) of b, (e.g., [15, p. 301]). If, in addition,e is Gaussian, anB, is also Gaussian with the prior
distributionb, N mPy ,wherePy: cl 1Qp, then the posterior distribution bf, given ,: T ois
NF,yn s,?Fn1 ,which givesq, E b, ,,sogqyisthe minimum mean-square error (MMSE) estima-
tor and the maximunra posterioriprobability (MAP) estimator ob,. If no prior distribution is imposed on
b, which is equivalent to assumirtgo1 0, theng,, becomes the maximum likelihood estimator (MLE)
of b, which has minimum variance among all unbiased estimatabs, ¢¢.9., [1, pp. 33—-34], [15, p. 319)),
where the unbiasedness @f is due to the fact thaE @ 0 and the minimum variance property @f

depends crucially on two assumptions: thenust be uncorrelated (i.e/, must be diagonal) ansl?> must



be an exponential function ¢fdetermined by via (4). Generally, ifs? is nonexponential and/or ¥
is nondiagonalg, remains unbiased for estimatiifoy, in the case oQO1 O becausee ¢ 0, but the
statistical ef ciency ofg, is not as good as MLE, or BLUE, that minimizes the generaliBedt-squares
cost functiondy oa o/st ¥s 9 Xs Y g X ,wherel sisthe st entry ofV 1

The most important feature in (3)—(4) is that the variancg gfows exponentially asgoes always from
n into the past whereas the coef ciebt, remains constant for all 0 1 n. These are the minimum
requirements for RLS to be optimal. However, to achieve thtiality, the forgetting factor must match

the growth rate of the measurement error variance, as sboy (4).

[1l. SSM FOR TIME-VARYING PARAMETERS

Now assume that the linear relationship betwgeandx; is time-varying, i.e.y;y b;x; z t 01 n,
where z is a zero-mean random process which is independenbofand x; . The question is: under
what conditions is the RLS solutiagy, optimal as an estimator d&,? This question is investigated in the
following under the SSM assumption.

Thanks to KF for providing an ef cient way of estimating th&ltien state variable, SSM is widely
used to model time-varying systems, not only in physicatrsoés and engineering (e.g., [8]) but also in

observational sciences such as econometrics (e.g., [§ipplilar SSM is of the form

b: 1 Fiby w
(%)
Yo bixt z%

where the transition matricés are nonsingular, the system noigeand the observation noisg are mutu-

ally uncorrelated and satisfy
v WNOS z WNOV (6)

Note that unlike the regression model (3), the relationdd@fweeny; andx; in (5) is characterized by a

time-varying, rather than constant, coef cidnt.

1The processz is referred to as observation noise instead of measurementecause the latter is reserved for the regression

model (3). The distinction will become apparent in Sec. IV-C



If the model parameters in (5)—(6), which inclufig S;, and \?, are completely knowra priori as
functions oft, and if the computational power is suf cient, then the KFaithm, given in Table I, should
be used to estimate thr (as did in [16] for the special case whdte 1,S; So, and\? \,g), because
KF provides the optimal solution under the SSM assumptigpnH®wever, if the model parameters are not
completely known and are too dif cult to estimate, whichiige in many applications, then RLS provides
a simple alternative for trackinh,. In order to understand the performance of RLS in such caisés,
necessary to reconcile the difference between (3)—(4) Brdq) and to identify the compromise of RLS in

achieving its computational simplicity.

A. RLS and KF Correspondence

The estimation problems of RLS and KF have the following espondence.

Proposition 1 Assume that;yx; and b, satisfy the SSM5 — 6, whereF;, 1,S 0, and \f cl t for
some c \,g 0. Then, the RLS solutiog, de ned by 2 coincides with the KF estimator di,,, i.e.,

dn b,n b, 1 andthe correspondence between RLS and KF variables aga givTable I.

Proof. Recall that the KF equations for the " ltering' problem werd5 — 6 are given in the rst column
of Table | (e.qg., [8, p. 44], [17, p. 478]). The key to estdtilig the RLS-KF correspondence is to introduce

the new variables

Qrt: Py \{2 Qt 1t Pr 1t \{2 (7)

If V cft then\® 2, [ .Under the additional assumption tiiat | andS; 0, the KF equations in
the second column of Table | become those in the second colvhiioh are readily recognized as forming
the RLS algorithm (e.g., [11, p. 569]). Note that the initialues of KFat 0areby, ; mandP, ;

Po, wherem: E by andPy: Cov bg . Since (2) giveqjo Folyo m QoXo XgQoXo |/ o
mxg , the initial values of RLS must by 1 mandQy, ;1 Qo. On the other hand, the new notation
in (7) requiresy 1 Py 1 V&, ¢ 1/ Po. Combining these expressions gi@s ¢ 1/ Po. Under this

condition,q, b,, by, 1,foralln. Q.E.D.

Remark 1.Unlike the SSM in [11]-[13], the SSM (5)—(6) under the coiwttis of Proposition 1 high-

lights the underlying estimation problem of RLS, namelg #@stimation of dime-invariant coef cientb



TABLE |

SUMMARY OF ALGORITHMS

KF RLS EFRLS
Assumptionsfy, St, ¥ known Ff 1,St 0,\@ ot Ftknown,S; 0, ¢l
o P XPoe B 'og Qe e x Qe |7 O Qe X % Que e [ 1
Pt Prea O%Pryg Qe | Qi1 o texQuer Qe f Q1 1o te Qe oa
Po1t FtPiiRe S Qu 1t Qrt Qt 1t FiQitFy
bt byt 1 G b X biy by 1 G by X by by 1 G b %
by 1+ Fibyy by 1t byt by 1+ Fibyy

Initial values ardby ; m: E bg ,Py ;1 Po: Covbg,andQy ; Qo: ¢ 1 Po.

based on observations in which the noise hasxguonentially time-varying variancéhis is consistent with
the regression model (3)—(4) under which RLS is proven agtim

Remark 2.The RLS-KF correspondence given in Proposition 1 does rptire any transformation of
the original variables; or by — the SSM (5)—(6) is directly for the original variables. Mower, no KF
variables, excep®;; andP; 1, need to be transformed to become RLS variables. The new Riti&bles
Qit andQ; 1, de nedin (7), can be interpreted, from the KF viewpointtlasstandardizegrediction and
estimation error covariance matrices, respectively —dstedized by the variance of the observation noise.
This transformation was also suggested in [8, p. 136].

It is important to note that the initial valu®q in RLS is different from the initial valud®y in KF.
Therefore, one cannot interpr€ly as the covariance matrix dfg. In fact, Table | shows tha®g is a
scaled version oPy — scaled by the product of the forgetting factor and the mecigl of the observation
noise variance @t 0. In practice, the latter can be treated as a tuning paraméieh, together with the
forgetting factor, controls the performance of RLS.

For computational reasons, one may want to obtain the RL8igolby employing some alternative
KF algorithms that are applicable only to time-invarianstgyns. In this case, one just need to realize that
the only time-varying parameter in (5)—(6) under the asgiong in Proposition 1 is the variance of the
observation nois, which is proportional td . Given/ , a simple standardization transform, wih
%: zl Y2y Y wl '2andb, b,: by 2, will convertthe time-varying system into a time-
invariantoneb, ; | 12b,, % b,x %, which is just the formulation in [11]-[13]. This formulati

should only be regarded as a computational device, ratharttie underlying estimation problem.



TABLE Il

SUMMARY OF ALGORITHMS— |1

EFRLS-2 RLS-2 RLS-3

Ft known,S¢  rVA2, @ ¢l ! Fe 1I,S rVAL\ dt Fe al,S rVA,\¢ dt
1

1 1

O Qut 1% X Q¢ 1% |/ O Qe 1% X Qry 1x [ O Qut 1% X Q¢ 1% |/
Qe | Qe1 1 e Qe r Qe ! Q1 1 tox Qe r Qe Qe 1 1o tox Qe a1

Qi 1t FQuiF rl Qt 1t Qe rl Qi 1t a2Qy rl
bt byt 1 G b % biy by 1 G by X by by 1 G b %
by 1t Fibyy by 11 by by 1; aby,

B. Simple Generalizations of RLS

Based on the RLS-KF correspondence, it is straightforwamgeneralize RLS by considering other simple
settings of the SSM (5)—(6). The generalizations are gieedo be optimal under the assumed conditions
because of their equivalence to the KF estimator.

For example, ifF; is known, then, under the assumption tBat 0 and\f2 cl t, the KF recursions
become those in the third column of Table I. These equationstitute the extended forgetting factor RLS,
or EFRLS, proposed in [14], that incorporates the known tinggeffect among the components by, as
described byr;. This algorithm can eliminate the bias in RLS, as will beliertdiscussed in Sec. IV-C.

As another example, suppose tliatis known and thaS; rV2l and\Z ¢l t. In this case, the
third equation in KF (the rst column in Table I) can be revei asQ; 1; FiQi(F; rl. Combining
this equation with the others leads to a generalization dRIE-shown in the rst column of Table Il.
This algorithm, which may be called EFRLS-2, has an addifiggarameter 0 that can be interpreted
as the ratio of the system noise variance to the observatiae variance. In the special casergf |1,
EFRLS-2 reduces to a two-parameter RLS algorithm, or RL&v2n in the second column of Table Il (the
special case witth 1 was also suggested in [1, pp. 94-95]). This algorithm do¢slepend on any prior
knowledge of the SSM wheh andr are regarded as tuning parameters.

Finally, as shown in the last column of Table Il, a three-pater RLS, or RLS-3, can be obtained by
assuming=; al in EFRLS-2. Under this assumption, the componentB;are uncoupled autoregressive
(AR) processes of order 1 with a common AR coef ciemt As with r and/ in RLS-2,a can also be

regarded as a tuning parameter.



Note thatb; is treated by RLS inherently as a time-invariant parametdridh explains why RLS is
successful mainly in tracking slowly time-varying paraersj and by EFRLS as a deterministic function of
t which is known completely once the initial value is given.cmtrastb; is treated by EFRLS-2, RLS-2,
and RLS-3 as a random process, where the randomness cometh&cystem noise and is handled by the
parameter . One can see from Table Il that the presence of the systera imdis is manifested as an extra
additive ternr | in the prediction error covariance matf% 1. In calculating the gain vectay, this extra
term effectively boosts the in uence of the most recent datd curtains the in uence of the estimation
error assessment from the past. It also increases the @stin@aror covariance matrig;, which is to
be used in the next round of estimation. Overall, by incamfing the system noise via the paramater
these algorithms are prevented from being overly optimtiout their success in the past and thus overly
conservative in adjusting themselves to the new data. Tihs gise to the potential for the algorithms in
Table Il to have better tracking performance than RLS foidiggime-varying parameters.

Of course, in the most general case under (5)—(6), the KFsmns provide the optimal solution. The
so-called extended RLS (ERLS) algorithm, proposed regent[13] (see also [11, p. 727]), is nothing
but KF for the one-step predictdr,, ;,. Note that KF in the most general case does not necessavi¢y ha
the exponential weighting, which RLS has, in its underlyaugt function. This special feature of RLS is
preserved by EFRLS proposed in [14] and by EFRLS-2 (and itstians in Table 1) described in this
section. The key lies in their common assumption #fas an exponential function af Both EFRLS and
EFRLS-2 are special cases of a modi ed KF algorithm desdribg8, Sec. 6.2] in which exponential data

weighting is employed as an additional feature in the KF tasttion.

C. Sources of Suboptimality of RLS Under SSM

Since RLS is better understood from the regression pointiesf,vanother approach to interpreting RLS
under the SSM assumption is to reformulate (5)—(6) as a segne model similar to (3)—(4). To that end,

let us x nand use (5) to propagabg backwards froomtot n. This leads to

n1i
b, Hnb, é. GstVs (8)
st



and therefore, for 01 n,

Ve bH.x & 9)
nol

& : z a VsGgXt (10)
st

whereGg: Fs F¢ landH.y: Gp 1:. Note that the measurement erspin (10) depends not only
on the observation noisg but also on the explanatory signalas well as the current and future values of
the system noisev; Vh 1 .

With the help of (9)—(10), it is easy to see that there are adtléhree ways in which the optimality

conditions of RLS can be violated under the SSM assumption:

Failure to incorporate nontrivial transition matricesoitie functional relationship betwegnandx;:

the actual functional i®H,x: rather tharb x;;

Failure to incorporate nonexponentially time-varying sw@ament error variances? is not neces-

sarily an exponential function of

Failure to incorporate the serial correlation of the measient error process: tleg are in general

serially correlated.

The rst offense results in biased estimation whgn | (i.e., when the components bf are scaled and/or
coupled as they evolve over time). The bias can be eliminatddthe knowledge oF; by replacingx; with
Hq%: in (1). Itis from this modi ed cost function that EFRLS wasiginally derived in [14]. The second
and third offenses are responsible for the lack of estimaiimuracy required for rapid tracking, which can
be improved in general situations only if RLS is replacechidF or the algorithms in Table II.

More speci cally, the following results can be obtaineddppendix for a proof).

Proposition 2 Under the SSM5 — 6 , the RLS solutiom,, is, in general, a biased estimator &f,, and

the bias, dened by,: E qn My, withm,: E b, , can be expressed as

n
bh Fnl &1" X Hu Im 1"Pyim m,
t 0

which vanishes iy, 1 andm my,orif m m, 0. The measurement erroly de ned by 10 has

mean zero and autocovariance function

n 1
Gt Eesg Va3 % GgqSsGst ¢t t 01
stt



wheredp: landd;: Oforallt 0. Moreover, the gare uncorrelated ifS; 0, orif F; | and
St Sh1x 0 t 01 n 1 (11)
WhenF; |, the variance ofgis equal to ¢ ! if and only if
VY ox St Shix ct t 01 n 1 (12)

for some c 0.

Remark 3.The conditions (11) and (12) are satis ed by the assumpiioisoposition 1. This explains,
from a different standpoint, why RLS coincides with KF untlezse assumptions.
Remark 4WhenS; 0, theg can still satisfy (4) if (11) istrue and % ¢/ '. Under these assumptions

RLS is also optimal. This result is not easily seen by conmggitne RLS and KF recursions.

As a simple example, consider a random-walk SSM witere |, S rV2l, \¢  \g, andxx 1.

In this model, the variance of observation noise is consamtommonly assumed in many applications,
rather than exponential. Therefore, the necessity of nmtaat weighting in (1) can only be justi ed from
the time-varying property of the functional relationshigtieeny; andx; as a result of the random-walk
coef cient. Is the exponential weighting in (1) optimal ogarly optimal?

This question can be answered with the help of Propositiomhi;h asserts, for the given model, that
s¢ V& n trV2 Clearly,s?is a linear, rather than exponential, functiontpfvhich rules out the
possibility for RLS to be optimal. However, If is near unity sothat* ™ 1 n t 1 [ ,andif
r 1 |I,thens? can be approximated by the exponential functih with c:  \2I . Moreover,|

being close to unity implies 1 | is near zero. Therefore, for 0, the correlation coef cient

G+t nttrxtxtt
St tSt 1 nt tr 1 n tr

is small, meaning that the are nearly uncorrelated. In summary, for the random-wallehaf the system-
to-observation noise ratio is small (hencéb; is nearly constant), then, by taking the forgetting factobé
I 1 r (which is near unity), the resulting satisfy (4) approximately, and therefore the correspandin

RLS estimator is nearly optimal.

10



V. NUMERICAL EXPERIMENTS

To demonstrate the potential of the generalized RLS algnstin Table I, let us consider a numerical

experiment, where

& b z

represents the noisy observation of a time-varying sigpnabhich is a real-valued AR process of order 1

satisfying
by abi 1 w (13)

forsomea 0 1. The observation noisez and the system noise; are independent Gaussian white
noise processes with mean zero and varianéeand s 2, respectively. In the experiment? 10 °1
ands? 1 a? sothat Varhy 1 and hence the SNR, de ned as Vlar \2, is equal to 1 dB. This
model, taken from [18], simulates the baseband form of teived (stationary) narrowband signal in a
communications environment. It was also employed in [19 somparative study of adaptive algorithms.
The problem is to estimate (regarded as a time-varying parameter) on the basig;of; 1 Yo .

Fig. 1 shows a portion of a random realization of the signal &s estimates by different methods
(all recursions begin wittm 0, Pp 1, andQg 1). Since y; and b; are Gaussian and satisfy
the SSM (5)—(6), withxy 1, F; a S s? and\@ V2, the KF estimatesy, are optimal. In this
one-dimensional case, KF coincides with RLS-3 that emptbgstrue parametess 1,r s? \2 and
a a; RLS is simply the exponentially weighted moving averag@/(#A) of y; , i.e., ¢ 1&; ol b Sys,
wherec : 8L o/t S ' 1 Ascan be seen from Fig. 1, both RLS-2 and RLS-3 provide betieking
performance than RLS, as measured by the root mean-squardRKMSE) calculated over the entire data
record of length 100. RLS, as expected, is only able to follbes slow trend in the data rather than the
more rapid uctuations. Of course, RLS-2 and RLS-3 are stilboptimal and inferior to KF because they
do not use the complete information of the true SSM. Notetti@tracking performance of RLS is notably
improved by the introduction of , but it is not further improved by the additional paramedein this
particular example, even thoughtakes the true valua of the SSM (as does KF).

A more comprehensive comparison of the methods is shownkle TH, where the RMSE is calculated
on the basis of 5,000 independent runswf , each being of length 100. Different valuesacdre employed

to investigate the tracking performance under differetégaf uctuation of the signab; (smalla for rapid

11



— RLS: RMSE=0.94
* - -- RLS-2: RMSE=0.83
. e : —— RLS-3: RMSE=0.88
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Figure 1:Comparison of tracking performance for the lowpass signél 8): solid line, RLSK 0 9); dashed line,
RLS-2( 09,r 01);long-dashedline, RLS-3( 09,r 01,a a 05);dot-dashed line, KF (same as
RLS-3with/ 1,r s? \» 094,a a 005). The dotted line is the actual signal, and the dots reptgbe

noisy observations. The SNR is equal to 1 dB.

uctuation and largea for slow uctuation). In all cases, the tuning parameters:ar 09 for RLS;
|  09andr 01 for RLS-2;/ landr O01forRLS-2b;/ 09,r 01,anda aforRLS-3;
| 1,r 01,anda afor RLS-3b.

As can be seen, the RLS estimates in this experiment onlgeehb0% ef ciency of the KF estimates,

as measured by the RMSE ratigdRLS) := RMSE(KF)/RMSE(RLS) 100%. With the additional pa-
rameters, especially with, the RLS-2 and RLS-3 estimates are more ef cient: dor 02, 0.5, and 0.8,
h RLS-2 65%, 72%, 84%, respectively, afdRLS-3  54%, 58%, 75%, respectively. Note that in
all these cases the tuning parameters of RLS-2 and RLS-3aeeg rather arbitrarily just to demonstrate
the potential bene t of these parameters in improving tlaeking performance of RLS. Fine tuning these
parameter may result in further improvement.

Moreover, by comparing the RMSE of RLS-2 and RLS-3 with the $8iof RLS-2b and RLS-3b,

12



TABLE Il

RMSEFORLOWPASSSIGNAL (13)

a RLS RLS-2 RLS-2b RLS-3 RLS-3b KF

0.2 0.86 0.66 0.70 0.80 0.82 0.43
0.5 0.80 0.57 0.60 0.71 0.74 0.41
0.8 0.63 0.39 0.42 0.44 0.48 0.33

respectively, we nd that although KF requirés 1, the exponential weighting with 1 in the gener-
alized RLS algorithms is necessary when the complete irdban about the SSM is not available for the
application of KF. This result justi es the algorithms infla Il as worthy alternatives to KF for estimat-
ing time-varying parameters, even if the SSM assumptiomatis 8d and the observation noise variance is
nonexponential.

Finally, let us consider a nonlinear problem of tracking @neplitude and phase of a sinusoid in noise.
This is a more general model than that discussed in [13] foukiting a mobile communications environ-
ment that suffers from not only the Doppler shift (due to tlkative motion between the transmitter and the

receiver) but also random channel fading. In this example,
Vi A g sinfy z (14)

wherega; is the amplitude uctuation around the average valué@ndf; is the time-varying phase of the
sinusoid. Assume thata; is a Gaussian AR(1) process with AR coefcieat 0 1 and input noise

variances . Assume further thatf, satis es the second-order difference equation

fo 2ft 1 ft2 @&

where a WN 0 522 is Gaussian and independent @ . Note that iff; is a pure quadratic function
fo fo wet 3Zyt%thenfi 2fi 1 fy o y forallt. Therefore, the signal in (14) is a randomly chirped
sinusoid with time-varying amplitudd & and instantaneous chirp rade The problem is to estimate the
time-varying parameterg; and f; on the basis ofy; y; 1 Vo . Note that the ERLS-2 algorithm in
[13] is not directly applicable to this problem because gumses zero amplitude uctuation and purely
deterministic quadratic phase.

An equivalent (nonlinear) SSM for this problem is

b 1 Fb: w % hbix =

13



TABLE IV

RMSEFOR CHIRPED SINUSOID (14)

Amplitude Estimation Phase Estimation

Method | Min Q1 Median Mean Q3 Max Min Q1 Median Mean Q3 Max

RLS 0.63 3.08 4.19 399 509 7.570.09 0.71 1.00 097 128 1.76
RLS-2 | 0.57 0.93 1.13 1.18 137 2.720.05 0.19 0.41 046 071 1.27
RLS-3 | 0.56 0.81 0.90 093 1.03 1560.10 0.21 0.36 044 063 1.22

KF 0.42 0.65 0.76 079 089 1.60p0.09 0.16 0.22 0.26 031 1.06

whereb; : & fi ft 17,

Ft F: 02 1

St S: diags?s20,hbyx : A & sinf, andx 1. Because of the nonlinearity, one has to
employ the so-calleéxtendedKalman lter (e.g., [8, p. 195]), which takes the same formtlas ordinary
KF in Table |, except that; in the rst two equations should be replaced by

Th b x
b bx bt 1%

ht .
and thatb, , ,x; in the fourth equation should be replacedrbh;; ; x; . For the problem in (14),
he sinf;e 1 A @y 1 cosfy 107

Owing to the RLS-KF correspondence, the same method candilg applied to the other algorithms in
Tables | and Il to obtain extended RLS algorithms for the maar problem.

Fig. 2 and Table IV contain the results from a simulation gtatithese algorithms. Given each algo-
rithm, RMSE is calculated for each of 1,000 realizations wf in (14), each realization being of length
100. (To avoid ambiguity, realizations with p p for somet are rejected and excluded from the
total count.) The RMSEs for tracking andf; are shown separately. The parameters employed to gen-
erate y; are:A 4,a 085,s? 1 a?(sos@: Vara 1),s? 4 10°%f ; Nx sZ and
f o N2xsZ withx 00222 007225 so the SNR, dened asA? s \2, is equal to 15
dB. The tuning parameters of the algorithms ate: 099 for (extended) RLSI 099 andr 01

14
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Figure 2: Comparison of tracking performance for the chirped sindismi(14). (a) Boxplot of RMSE for tracking

the amplitude uctuation. (b) Boxplot of RMSE for trackingd phase. Results are based on 1,000 independent
realizations of length 100. In a boxplot, the box contaires thiddle 50% of the sorted data with the middle bar
representing the median; the whiskers extend to the mosgregtdata point which is no more than 1.5 times the

interquartile range (i.e., the length of the box) from the.bo

for (extended) RLS-2f 099,r 03, anda 08 for (extended) RLS-3. The (extended) KF em-
ploys the exact model parametdtsS, and\2. The initial values for all recursions alm 00 x ' and

Po diag0 6322 322 . Note that unlike the previous example, RLS-3 (and ceraiilS-2) does not be-
come KF for this problem with any choice of the tuning parar®because of the inherent simpli cations
in RLS-3 (e.g., RLS-3 assumés al but the actuaF employed in KF does not have this form for any
choice ofa).

As can be seen, both RLS-2 and RLS-3 achieve a better trapkirigrmance than RLS, thanks to the
additional tuning parametenrs anda. RLS fails completely in this case, giving essentially zptase
estimates and exploded amplitude estimates, as shown .ir3 Righich cannot be improved by varyirig
As in the previous example, the parameters in RLS-2 and Re&3ot ne tuned to achieve the best
performance, but the results are suf cient to demonstragenbain point: the generalized (and extended)

RLS algorithms such as those in Table Il should be considasedseful alternatives to KF in situations

15



where KF is not optimal or not implementable because of iqdete knowledge of the SSM parameters.

VI. CONCLUDING REMARKS

In this article, a straightforward correspondence betwRleh and KF has been identi ed that offers a uni ed
development of several algorithms which generalize andrekthe ordinary RLS. Since RLS inherently
assumes a time-invariant functional relationship betwibenreference and explanatory signals observed
with an measurement error that has exponentially timeivgryariance, the tracking capability, or the lack
of it, of RLS for time-varying parameters can only be expéaify regarding the variability of the parameters
as the time-varying measurement error which is not nedgssdrite noise with exponential variance but
can become such exactly or approximately under suitablditions.

Two numerical examples have demonstrated that with a fewtiawdal tuning parameters the general-
ized/extended RLS, easily derived from the RLS-KF corregience, can achieve better tracking results
than the ordinary RLS, but require less prior informatioartiKF about the underlying system that governs
the dynamics of the parameters under estimation.

Although the KF theory can be translated into the RLS languagthe RLS-KF correspondence under
the SSM assumption, the numerical and tracking properfiéiseogeneralized RLS algorithms such those
in Table Il need to be better understood analytically underengeneral assumptions about the time-varying
parameters in order to further justify them as stand-alaaptive algorithms for tracking these parameters.

This subject seems worthwhile for future research.

APPENDIX: PROOF OFPROPOSITION?Z

It is easy to see from (10) th& @ E z &7 {E vy Gyx 0, which, combined with (9), leads to

E Yy, X Hnmh. Therefore, it follows from (2) and (8) that

n
E qn Fnl é I n tXtXt Hntm] I npolm
t o0
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Clearly, E qn m, in general, buk q, mifHy landm my,orifm m, 0. Moreover, it
follows from (10) that for any  0,C; ;{ can be expressed as

n 1

o
\{2dt a EVsGst t Xt % GStVS
stts t
nol
\{2dt a tr Gst + %t t %t GStE Vs Vg
sttst

The rst part of the assertion follows from the fact th&atvs v ds sSs. The proof is complete upon

noting that withF; | we haveG; ¢+ \Bdr % S ¢ Sho1 X t.

References

[1] T. C. Hsia,System Identi cationLexington, MA: Lexington Books, 1977.

[2] E. Eweda and O. Macchi, “Tracking error bounds of adaptnstationary Itering,”Automatica

vol. 21, no. 3, pp. 293-302, 1985.

[3] E. Eleftheriou and D. D. Falconer, “Tracking properteesd steady-state performance of RLS adaptive
Iter algorithms,” IEEE Trans. Acoust., Speech, Signal Processing 34, pp. 1097-1110, 1986.

[4] L. Guo, L. Ljung, and P. Priouret, “Performance analysigorgetting factor RLS algorithm,Int. J.

Adaptive Contr., Signal Processingpl. 7, pp. 525-537, 1993.

[5] S. Bittanti and M. Campi, “Bounded error identi cationf ime-varying parameters by RLS tech-
niques,”|EEE Trans. Automat. Confwol. 39, no. 5, pp. 1106-1110, 1994.

[6] M. C. Campi, “Exponentially weighted least squares iileation of time-varying systems with white

disturbances,TEEE Trans. Signal Processingol. 42, no. 11, pp. 2906—2914, 1994.
[7] A. H. Jazwinski,Stochastic Processes and Filtering Thed®an Diego, CA: Academic Press, 1970.
[8] A.D. O. Anderson and J. B. Moor@ptimal Filtering, Englewood Cliffs, NJ: Prentice Hall, 1979.

[9] A. C. Harvey, Forecasting, Structural Time Series Models and the Kalmiteri- Cambridge, UK:
Cambridge University Press, 1989.

17



[10] H. Lutkepohl, Introduction to Multiple Time Series Analysi2nd edn., New York: Springer-Verlag,
1993.

[11] S. Haykin,Adaptive Filter Theory3rd edn., Upper Saddle River, NJ: Prentice Hall, 1996.

[12] A.H. Sayed and T. Kailath, “A state-space approach ap#de RLS Itering,” IEEE Signal Processing
Mag. vol. 11, pp. 11-60, July 1994.

[13] S. Haykin, A. H. Sayed, J. R. Zeidler, P. Yee, and P. C.,Walaptive tracking of linear time-variant
systems by extended RLS algorithnlEEE Trans. Signal Processingol. 45, no. 5, pp. 1118-1128,
1997.

[14] Y. Zhu, “Ef cient recursive state estimator for dynaensystems without knowledge of noise covari-

ances,'IEEE Trans. Aerospace and Electronic Systewos 35, no. 1, pp. 102-114, 1999.
[15] C.R. Raolinear Statistical Inference and Its Applicatigrsd edn., New York: Wiley & Sons, 1973.

[16] J. Wieslander and B. Wittenmark, “An approach to adaptiontrol using real-time identi cation”

Automaticavol. 7, pp. 211-217, 1971.

[17] P. J. Brockwell and R. A. Davislime Series: Theory and Methodmd edn., New York: Springer-
Verlag, 1991.

[18] P. Wei, J. R. Zeidler, and W. H. Ku, “Adaptive recoverya€hirped signal using the RLS algorithm,”
IEEE Trans. Signal Processingol. 45, no. 2, pp. 363-376, 1997.

[19] E. Eweda, “Comparison of RLS, LMS, and Sign algorithrostfacking randomly time-varying chan-
nels,”IEEE Trans. Signal Processingol. 42, no. 11, pp. 2937-2944, 1994.

18



3.0

25

2.0

15

1.0

PHASE & ITS ESTIMATES

0.5

0.0

AMPLITUDE & ITS ESTIMATES
[Eny
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of the chirped sinusoid in (14). Parameters are the sameas for Fig. 2 and Table IV.
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