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Abstract

Consider some preemptive scheduling problem, i.e., a problem where we can inter-
rupt operations and resume them later without any penalties. What can we say about
the optimal schedule? When does the optimal schedule exist? When does it have a
limited (polynomial) number of interruptions? Do they occur at integer time points?
Such theoretical questions are also of practical interest since structural properties can
be used to reduce the search space in a practical scheduling application. In this paper
we answer these questions for a large variety of scheduling models, including parallel
machine scheduling, shop scheduling and resource constrained project scheduling.

1 Introduction

Motivation. Consider some preemptive scheduling problem, i.e., a problem where we can
interrupt operations and resume them later without any penalties. What can we say about
the optimal schedule for such a problem? When does it exist? When does it admit a finite
(polynomial) number of interruptions? When can we reduce all possible interruptions to only
those happening at integral (or rational) points in time? Such questions are investigated in
this paper for a large variety of scheduling models and objective functions. It can be shown
that in some cases we cannot guarantee even the existence of an optimal schedule even if
the set of feasible schedules is nonempty. As a simple example, let us consider a single-
machine instance with one job having unit processing time p1 = 1; the penalty function
f1(C1) depending on the completion time C1 of job J1 is defined as:

f1(x) =

{
x, for x ≤ 1;
x− 1, for x > 1.
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The infimum of the penalty function over all feasible schedules is equal to 0, but it can not
be attained by any feasible schedule — neither non-preemptive, nor preemptive.

As the reader might conclude from this example, the trouble with the above example is
an objective function that is not nondecreasing. Consider another scheduling problem that
can be shortly written as Q2|pj = 1, pmtn|∑ fj(Cj) in standard scheduling notation [11].
In this problem we are given two jobs J1 and J2 with unit processing times that should
be scheduled preemptively on two uniform machines M1 and M2 having speeds s1 = 1 and
s2 = 2. The goal is to minimize an additive function F (C1, C2) = f1(C1) + f2(C2), where

f1(x) = 2x; f2(x) =

{
x, for x < 3/4;
x + 1, for x ≥ 3/4.

As one can see, the objective function is now nondecreasing, and the infimum of its values
over all feasible preemptive schedules is equal to 7/4. Yet it still cannot be attained.

This time our failure in getting the optimum may be associated with the objective func-
tion being not continuous. Still it would be interesting to get an answer to the question:
what are the minimal conditions that should be imposed on the objective function of a
scheduling problem with preemptions allowed, so as to guarantee the existence of at least
one optimal solution? Of course, it is hardly possible to derive such minimal conditions that
would fit in any case, to ALL scheduling problems. However, as we prove in Section 2.4,
some minimal universal requirements to the objective functions exist that for “almost all”
scheduling problems can guarantee the existence of their optimal solutions. To be exact, it
suffices for the objective function to be nondecreasing and continuous from the left.

In other situations the optimal value of an objective function can be only attained by
schedules with an infinite number of interruptions, although there are feasible schedules
without interruptions. An instance of such a problem is presented on page 10.

At the same time, we show that in many situations it is possible to guarantee the exis-
tence of an optimal schedule that satisfies some nice properties. For example, the classical
preemptive job shop scheduling problem with integral data and the minimum makespan
objective has an optimal schedule where all interruptions occur at integral dates; moreover,
preemption only occurs when some operations complete their processing. On the other hand,
for a natural extension of this problem, namely, the preemptive dag shop scheduling problem
(where the precedence constraints between operations of the same job need not form a chain)
these properties do not hold (an example is given in Section 4.2 and is pictured in Figure 1).

Our Results. We first obtain some general results for preemptive scheduling problems
concerning the existence of an optimal schedule, and the existence of an optimal schedule with
a finite number of interruptions. Such results are established for a wide class of preemptive
scheduling models including most classical, as well as non-traditional machine scheduling
models and project scheduling models with constrained resources and a large variety of
objective functions including all classical ones. We next show that certain classical shop
and parallel machine scheduling problems with integral data satisfy the following Strong
Structural property: there exists an optimal preemptive schedule where all interruptions
occur at integral dates. We establish this property for the preemptive versions of the parallel
machine scheduling with chain precedence constraints and release dates, for the job shop and
two-machine dag shop scheduling problems under a general classes of objective functions.
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We also show that for the preemptive three-machine dag shop scheduling problem with two
operations per job and the minimum makespan objective this property does not hold. Besides
that, for the job shop problem we prove the existence of an optimal schedule in which each
preemption of an operation occurs only when another operation is completed.

A straightforward consequence of our results is the so-called preemption redundancy for
a wide class of scheduling problems with unit processing times. This preemption redundancy
implies that all such preemptive scheduling problems are equivalent to their non-preemptive
counterparts from complexity viewpoints. This equivalence provides us with new and some-
times simpler proofs of existing complexity results. E.g., our results imply NP-hardness
of Pm|pj = 1, chains, pmtn|∑ wjCj and Pm|pj = 1, chains, pmtn|∑ Uj previously pub-
lished in [1, 5, 19]. Our results also imply the existence of polynomial time algorithm for
P |pj = 1, rj, pmtn|∑ wjTj and NP-hardness for Pm|pj = 1, chains, pmtn|∑ Tj for any m,
— both problems were open before.

Finally, for the most general scheduling model and quite general objective functions we
prove two Rational Structure Theorems (Theorems 5.1 and 5.2) which state that for any
instance of the problem there exists an optimal schedule with the following properties:
(1) the total number of interruptions grows polynomially with the number of operations and
the number of fixed dates;
(2) all operation start times and completion times and all interruptions occur at integer
multiples of a rational number δ > 0 with size polynomially bounded in the input size;
(3) the optimal value of the objective function is an integer multiple of δ, where the size of
the integer multiplier is also polynomially bounded in the input size.

An important consequence of those Rational Structure Theorems is that the decision ver-
sion of preemptive scheduling problems under consideration are in the class NP . Indeed, for
any feasible instance and a specified target objective value, there exists a concise certificate
of polynomial size which is provided by a feasible schedule satisfying properties (1)–(3).

Related Results. There are few systematic studies of such structural questions in the
preemptive scheduling literature, and most known results follow from either (i) the fact that
there is no advantage to preemption [2, 3], or (ii) the existence or properties of polynomial
time algorithms. Results following from (i) are clearly the strongest type of structural results
one could hope for for scheduling problems. We refer to the standard scheduling literature
(e.g., [11]) for many such classical results; another extensive reference is the book by Tanaev,
Gordon and Shafransky [18].

Structural results following from (ii), the existence or properties of polynomial time
algorithms, have been obtained mostly for parallel machine and open shop problems. We use
the standard three-field notation [11] to describe such scheduling problems. McNaughton [12]
constructs an optimal schedule with at most m−1 interruptions for the problem P |pmtn|Cmax

on m identical parallel machines and makespan objective. Gonzalez and Sahni [7] construct
an optimum schedule with at most 2(m− 1) interruptions for the uniform parallel machine
version Q|pmtn|Cmax of this problem. The bounds of McNaughton and of Gonzalez and
Sahni on the number of interruptions (and preemption dates) are tight. Labetoulle et al. [9]
prove that the natural greedy algorithm for the problem Q|rj, pmtn|∑ Cj with m machines
and n jobs finds an optimal solution with at most 2n−m interruptions. For the unrelated
parallel machine problem R|pmtn|Cmax, Lawler et al. [11] state that a procedure of Lawler
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and Labetoulle [10] can be modified to yield an optimal schedule with no more than 7m2/2
interruptions. Turning now to open shop problems, Gonzalez and Sahni [6] construct an
optimal schedule for the problem O|pmtn|Cmax with m machines, n jobs and ξ operations,
which has at most ξ + n + m preemption dates. Du and Leung [4] proved the corresponding
result for O2|pmtn|∑j Cj. Little attention seems to have been given in the literature to
structural properties for other preemptive shop scheduling problems.

Some general structural results were obtained by Sauer and Stone [16] (see also [15]).
They proved that for the parallel machine scheduling problem with n jobs, precedence con-
straints, unit processing times and the minimum makespan objective there is an optimal
preemptive schedule with at most n− 1 preemption dates. They also proved that the length
of the time interval between two such consecutive points is equal to a rational number and
gave a lower bound on its value. We extend the technique used in [16] to prove our gen-
eral Rational Structure Theorem for a much more general class of scheduling problems and
objective functions.

Paper Outline. In Section 2 we give definitions of basic notions, formulate the most general
problem and prove most general results about the existence of an optimal schedule for a given
preemptive problem and the finiteness of the number of interruptions in an optimal schedule.
In Sections 3 and 4 some strong structural properties are shown for parallel machine and
shop scheduling problems respectively. Section 5 is dedicated to weaker but more general
Rational Structure Theorems. Finally, in Section 6 we discuss our results and propose some
open questions.

2 Definitions and general results

In this section we first introduce some necessary notions and give some definitions. The most
general problem GP will be formulated, for which the Finiteness Theorem will be proved.
According to this theorem, every time when an optimal schedule exists, there exists such a
schedule with a finite (and polynomially bounded in the input size) number of interruptions.
The Optimum Existence Theorem establishes the existence of an optimal schedule for a given
instance of the GP problem with an arbitrary regular objective function, provided that the
set of feasible schedules is nonempty.

2.1 Definitions

For two vectors x′ = (x′1, . . . , x
′
n) and x′′ = (x′′1, . . . , x

′′
n) we write x′ ≤ x′′, if the inequality

x′i ≤ x′′i holds for each component i.

Definition 1 We say that a function F (x) (x ∈ Rn) defined on a domain D ⊆ Rn is
nondecreasing if F (x′) ≤ F (x′′) holds for any pair of vectors x′, x′′ ∈ D such that x′ ≤ x′′.

Definition 2 We say that a function F (x) (x ∈ Rn) defined on a domain D ⊆ Rn is
continuous from the left, if for any point x ∈ D and any ε > 0 there exists a number δ > 0
such that the inequality |F (x) − F (x′)| < ε holds for every x′ ∈ D such that x′ ≤ x and
xi − x′i ≤ δ, ∀ i = 1, . . . , n.
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Definition 3 A real valued function F (x) (x ∈ Rn) is called regular, if it is nondecreasing
and continuous from the left.

Definition 4 We say that a function F (x) (x ∈ Rn) is integer-concave, if the inequality

F (λx′ + (1− λ)x′′) ≥ λF (x′) + (1− λ)F (x′′)

holds for any λ ∈ [0, 1] and any x′ = (x′1, . . . , x
′
n), x′′ = (x′′1, . . . , x

′′
n) such that x′i, x

′′
i ∈

[ti, ti + 1] for some integer ti, i = 1, . . . , n.

For instance, tardiness is a classical example of a penalty function (of either operation
or job completion times) which is integer-concave for integral due dates, but not concave.
Consequently, the total weighted (but not the maximum!) tardiness is integer-concave. Of
course, any linear, e.g. the total weighted completion time, or just concave function is
integer-concave, as well.

On the other hand, such a classical objective function as the makespan is not integer-
concave. Indeed, let us consider the example with 2 jobs and F (C1, C2) = max{C1, C2} .

=
Cmax, where Ci denotes the completion time of job i. Let x′ = (C ′

1, C
′
2) = (1, 0); x′′ =

(C ′′
1 , C ′′

2 ) = (0, 1). Then for the point x = 1
2
x′ + 1

2
x′′ we have F (x) = max{0.5, 0.5} = 0.5,

whereas 1
2
F (x′) + 1

2
F (x′′) = 1, and the required inequality is failed.

Definition 5 Let D ⊆ Rn be a convex domain in Rn. We say that a function F (x) defined
on x ∈ D is quasiconcave, if for any x′, x′′ ∈ D and any λ ∈ [0, 1] the inequality F (λx′+(1−
λ)x′′) ≥ min{F (x′), F (x′′)} holds.

Simple examples of such functions are:

1. concave functions;

2. any nondecreasing function F (x) of a one-dimensional variable x.

The latter example admits extensions to the n-dimensional case, yet not that trivial.

2.2 Problem formulation

Let O = {o1, . . . , oξ} be a finite set of operations to be processed. Each operation oj ∈ O has
a specified processing requirement pj ≥ 0 and may be processed in a number of different modes
(specifically: on different machines, with different speeds, consuming different amounts of
resources, etc.). Let M(oj) be the finite set of all possible modes for operation oj ∈ O. With
each mode µ ∈ M(oj) a speed sµ > 0 is associated such that it takes pj/sµ time units if
operation oj is processed entirely using mode µ. We assume that an operation may use several
modes in parallel (e.g., different machines, resources, tools, etc.). Furthermore, for the sake
of generality we assume that the modes belonging to different operations should be treated,
in general, as different. This enables us to model a much wider variety of compatibility
constraints, taking into account the whole specificity of each operation (see the examples on
page 8 for illustration).
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Let M = ∪oj∈OM(oj) be the set of all modes. As follows from the above assumption, all
mode sets M(oj) are disjoint, i.e. M(oi) ∩M(oj) = ∅ for oi 6= oj, which enables us, given
a mode µ ∈M, to identify uniquely, to which operation ω(µ) ∈ O it belongs.

We next assume that a finite sequence τ1 ≤ τ2 ≤ · · · ≤ τD of fixed dates τk (independent
of a schedule) is defined such that the processing of all given operations must occur during
the time interval [τ1, τD]. Thus, τ1 may be the earliest release date of an operation or a job,
or the earliest availability date of a resource; in many situations we may have τ1 = 0. The
last date τD may be any finite upper bound on the completion time of the last operation
in any “reasonable” (or optimal) schedule; such an upper bound is usually easy to derive
from the problem data. A few typical examples of fixed dates can be found on page 8. The
situation τk = τk+1 may occur, when we have got a zero length operation whose release date
and deadline coincide.

We consider three types of constraints: compatibility constraints between modes, prece-
dence constraints between operations, and a full execution requirement.

Compatibility constraints are defined for each time interval [τk, τk+1] (k = 1, . . . , D−1)
by associated families P(k) ⊆ 2M of feasible subsets of modes P ⊆ M (feasible patterns)
that may be simultaneously used at any time t ∈ [τk, τk+1]. In our model they play a role
of the main components of any feasible schedule. In most situations, P(k) are closed under
inclusion, that is, P ⊂ P ′ and P ′ ∈ P(k) imply P ∈ P(k) — unless technological constraints
require the simultaneous processing of certain modes. Similarly, we allow ∅ ∈ P(k), whereby
all operations and resources may be idle.

Now we need to introduce the notion of a slice, as an elementary item of any feasible
schedule.

Definition 6 A partial schedule Ŝ is called a slice, if it is defined in a time interval [t′, t′′] ⊆
[τ1, τD] so that only one (maybe, empty) pattern P is used throughout this interval. In
this case a slice is called a P -slice. In other words, each slice can be specified by (and
will be associated with) a triplet (t′, t′′; P ). A slice (t′, t′′; P ) is called feasible, if [t′, t′′] ⊆
[τk, τk+1], P ∈ P(k) for some k ∈ {1, . . . , D−1}. A positive length slice will be simply called
a positive slice.

Definition 7 Let I = {1, 2, . . . } be a countable (finite or infinite) set of indices. A family of
feasible slices {Ŝi = (t′i, t

′′
i ; Pi) | i ∈ I} is called a full schedule for a given instance of problem

GP, if:
(a) each point t ∈ [τ1, τD] is covered by at least one slice;
(b) any two intervals [t′i, t

′′
i ], [t

′
j, t

′′
j ] (i, j ∈ I; i 6= j) may overlap in at most one point which

can only be a boundary point for both intervals.
The end-points t′′i of slices will be further referred to as changeover dates.

It follows from (b) that the slices follow each other, in the sense that for any two slices Ŝi

and Ŝj of a full schedule S we can determine which slice goes first. Namely, we set Ŝi ¹ Ŝj,

if t′′i ≤ t′j. (For zero-length slices Ŝi and Ŝj assigned to the same time point t we have

simultaneously Ŝi ¹ Ŝj and Ŝj ¹ Ŝi.) However, this does not mean that we can always

renumber the slices {Ŝi | i ∈ I} so as to have Ŝi ¹ Ŝj for any i < j. For instance, such a
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numbering is impossible, if there is a point t ∈ [τ1, τD) such that each of its neighborhoods
contains an infinite number of slices.

Full execution requirement. Suppose, we are given a full preemptive schedule S =
{(t′i, t′′i ; Pi) | i ∈ I}, and let sji

.
=

∑
µ∈Pi∩M(oj)

sµ stand for the total speed of processing an
operation oj in a pattern Pi. Then we should have

∑
i∈I

sji(t
′′
i − t′i) = pj, ∀ oj ∈ O.

Furthermore, for any operation oj with pj = 0 there must be at least one slice Ŝi ∈ S such
that Pi ∩M(oj) 6= ∅.

Definition 8 The completion and the starting time of an operation oj ∈ O in a preemptive
schedule S = {(t′i, t′′i ; Pi) | i ∈ I} are defined as Cj = sup{t′′i | i ∈ I, Pi ∩M(oj) 6= ∅} and
Sj = inf{t′i | i ∈ I, Pi ∩M(oj) 6= ∅} respectively.

Precedence constraints on the set of operations O can be specified by a directed
weighted graph G = (O, U) whose vertices are operations of the given instance, and to each
arc (oi, oj) ∈ U a weight pij ∈ R is assigned (which may be negative). Each arc (oi, oj) ∈ U
imposes the constraint

Ci + pij ≤ Sj. (1)

When all weights pij ≥ 0, they are usually called precedence delays in the scheduling litera-
ture. Yet we will also consider the cases that allow negative pij.

Let now F (x1, . . . , xξ) be a function defined in every point of the ξ-dimensional domain
[τ1, τD]ξ. The goal of the GP-problem consists in constructing a full schedule S that is feasible
with respect to the three above constraints and minimizing the function F (C1, . . . , Cξ) of the
operation completion times. If F (C1, . . . , Cξ) is a regular function, then we say that problem
GP has a regular criterion.

Summing up the above said, the GP-problem is the problem of minimizing a func-
tion F (C1, . . . , Cξ) of the operation completion times over all preemptive schedules S =
{(t′i, t′′i ; Pi) | i ∈ I} satisfying the full execution requirement, some compatibility constraints
and some precedence constraints.

We should make here an important note on the usage of zero-length slices in schedules.

Note 2.1 In our model we admit existence of zero-length operations. This enables one to
model more general situations in a uniform style, and also provides convenient tool to specify
some complicated constraints via an introduction of a few zero-length (dummy) operations.
As a price for this convenience, we have to admit the existence of zero-length slices, as well
as possible existence in schedule S of several such slices (Ŝi, Ŝj, . . . ) assigned to the same
point in time (t′′i = t′i = t′′j = t′j = . . . ). The latter assumption is a natural extension of the
agreement commonly used in machine scheduling that several zero-length operations can be
processed on the same machine at the same point in time. (Despite the admitted
constraint that at most one operation is allowed to be processed on each machine at
any point in time.) Furthermore, once preemption is allowed, a zero-length slice need not
contain a zero-length operation, but instead may consist of zero-length pieces of operations.

7



This enables us to place a zero-length slice with a given operation o (i.e., with a pattern P
containing a mode µ ∈ M(o)) at any point t where the pattern P is feasible. Especially,
such a trick can help, when we try to attain a desirable completion time of an operation
provided that some capacity constraints do not prevent this.

Finally, we give a strict definition of the notion of interruption.

Definition 9 We say that an operation oj ∈ O has an interruption at time t in a preemptive
schedule S = {(t′i, t′′i ; Pi) | i ∈ I}, if

(a) t is the endpoint of a slice where the operation is processed; formally, there exists i ∈ I
such that t′′i = t and Pi ∩M(oj) 6= ∅;

(b) arbitrarily close to t, there must be a slice where the operation is processed in another
set of modes or is not processed at all. Formally, for any ε > 0 there exists an index
i′ ∈ I such that t′i′ ∈ [t, t + ε] and Pi′ ∩M(oj) 6= Pi ∩M(oj);

(c) the operation oj is again processed at a later moment; formally, there exists i′′ ∈ I
such that t′′i′′ > t and Pi′′ ∩M(oj) 6= ∅.

Now let us formulate few examples of special scheduling problems covered by the GP-
problem. The most typical examples of fixed dates are job release dates and deadlines, as
well as changeover points of the objective functions (e.g. job due dates) and changeover
points of the resource availability functions.

The compatibility constraints may prevent a simultaneous processing of:

(i) two different modes µ, µ′ for the same operation, if {µ, µ′} 6⊆ P for all P ∈ P ;

(ii) two operations o and o′ that belong to the same job Jj, as in classical shop scheduling
models (see, e.g., [11]), if M(o) ∩ P 6= ∅ implies M(o′) ∩ P = ∅;

(iii) similarly, of two operations on the same machine or processor with unit capacity;

(iv) more generally, of any subset Q of modes which would require a larger amount of a
resource than is available at any time t ∈ (τk, τk+1], if Q 6⊆ P for all P ∈ P(k);

(v) finally, assuming mode sets of different operations to be disjoint allows us to model sit-
uations of personal incompatibility. Let us consider the following example: operations
1,2,3 mean passing an examination by students A,B,C, while there are two alternative
examiners: D and E, i.e. “machines” on which those operations can be processed. Let
modes 1 and 2 correspond to passing the exam by student A (to examiners D and
E respectively); similarly, modes 3,4 correspond to student B, and modes 5,6 — to
student C. Then we may have the situation that each examiner can accept the exam
of any two students simultaneously, except the case that the students are A and B and
the examiner is E because of their incompatible personal relations. In other words, the
combination of modes {2, 4} is forbidden. Evidently, it would be hard to reflect this
constraint if we treated the processing of ANY operation on the same machine as the
same mode and therefore, we could not distinguish between the modes 2,4,6.
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Furthermore, letting the family P(k) of feasible patterns vary over time allows us to model:

(vi) mode date constraints, whereby mode µ ∈ M cannot be used before a given mode
release date rµ, if µ ∈ P ∈ P(k) implies k ≥ ρ(µ), where τρ(µ) = rµ; or after its mode
deadline d̄µ, if µ ∈ P ∈ P(k) implies k < δ(µ), where τδ(µ) = d̄µ;

(vii) similarly, an availability calendar for a resource, whereby the processing in any mode
using the resource may be restricted to one or several given time intervals;

(viii) more generally, the restriction of any given subset of modes to a finite number of given
time intervals.

Note that the mode date constraints (vi) can also be used to model job release dates and
deadlines; resource availability calendars (vii) can be used to model planned equipment up-
grades and maintenance, varying (but piecewise constant) speeds and yield, and certain forms
of nonrenewable (or consumable) resources. Some examples of classic scheduling problems
that fall into this framework are the precedence constrained preemptive job shop problem
J |prec, pmtn|F , and the preemptive scheduling problem R|rj, d̄j, prec, pmtn|F on unrelated
parallel machines subject to release dates, deadlines and precedence constraints.

Next, precedence constraints of the form (1) enable us to model many interesting con-
straints on the order of processing the operations. For instance,

(ix) to make two operations start (alternatively, be completed) at the same point in time
in any feasible schedule; to do this for operations oi, oj, we add to graph G two arcs:
(oi, oj) and (oj, oi); if we now put pij = −pi, pji = −pj, then the operations will always
start simultaneously; alternatively, if we put pij = −pj, pji = −pi, then the operations
will finish at the same time in any feasible schedule;

(x) to make several operations follow in any feasible schedule in a common bunch, so that
no operation of the bunch outruns other operations of the bunch too much, as well
as no operation falls behind too much; for instance, operations o1, o2, o3 have to be
processed on the same machine in a bunch; to achieve this, we add to graph G an
arc (oi, oj) of length pij = −p1 − p2 − p3 for each pair i, j ∈ {1, 2, 3}, i 6= j; then, as
one can easily check, in any feasible schedule these three operations will be processed
successively, without an intermediate delay of the machine;

(xi) to make an operation oi be processed within an interval of a given length `i (which
however is not fixed in time), we add to graph G a loop (oi, oi) of length pii = −`i;
in particular, to prevent any delay in processing this operation, we should put `i = pi

(although, this cannot prevent an interruption of the operation by a zero-length slice).

Of course, such constraints cannot be realized without using cycles and arcs of negative
weight in graph G.

2.3 Finiteness of the number of interruptions

Lemma 2.2 If for a given instance of the GP-problem there exists a feasible schedule S,
then there exists a feasible schedule S ′ with the same values of the operation completion times
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and at most (2ξ +D− 1)H +2ξ slices, where ξ is the number of operations, D is the number
of fixed dates, H is the number of feasible patterns.

Proof. Suppose, we are given a feasible schedule S, and let Sj, Cj be the starting and
the completion times of operation oj in schedule S. We define a set of distinguished dates
T = {Sj, Cj | oj ∈ O} ∪ {τk | k = 1, . . . , D} .

= {τ ′k | k = 1, . . . , K}, with τ ′1 < τ ′2 < · · · < τ ′K .

It is clear that each slice Ŝi ∈ S is entirely located within some interval Ik = [τ ′k, τ
′
k+1] for

k = 1, . . . , K − 1.
Let Sk be the set of slices located within the interval Ik in schedule S. For each k =

1, . . . , K − 1 we do the following.

1. For each operation oj with Cj = τ ′k+1 we choose a pattern P ′
j used by the operation oj

at time τ ′k+1 and form an additional zero-length P ′
j-slice Ŝ ′j and assign it to time τ ′k+1.

Analogously, for each operation oj with Sj = τ ′k we choose a pattern P ′′
j used by the

operation oj at time τ ′k and form an additional zero-length P ′′
j -slice Ŝ ′′j and assign it to

time τ ′k. Let S ′k be the set of such slices. We also include into the set S ′k all zero-length
slices Ŝ ∈ Sk containing operations oj with starting times Sj = τ ′k+1 or completion
times Cj = τ ′k.

2. For each pattern P feasible in the whole interval Ik glue together all P -slices Ŝi ∈ Sk\S ′k.
Sequence the resulting aggregated slices within interval Ik in an arbitrary order.

It can be seen that the above transformation of schedule S (into a schedule S ′) does not
change the completion and starting times of operations because of dummy zero-length slices.
Therefore, it does not violate precedence and compatibility constraints and preserves the
value of the objective function.

The total number of zero-length slices in schedule S ′ containing at least one completion
or starting time of an operation is upper bounded by 2ξ. Then we may claim that for each k
all remaining slices located within the interval [τ ′k, τ

′
k+1] in schedule S ′ use pairwise different

patterns. Therefore, each interval [τ ′k, τ
′
k+1] contains at most H such slices. This gives in

total (over all intervals) at most (K − 1)H ≤ (2ξ + D − 1)H slices, which results in the
desired bound. 2

As a straightforward corollary, we can formulate the following

Theorem 2.3 If for a given instance of the GP-problem there exists an optimal schedule,
then there exists such a schedule with a finite number of interruptions consisting of at most
(2ξ + D − 1)H + 2ξ slices, where ξ is the number of operations, D is the number of fixed
dates, H is the number of feasible patterns.

It should be noted that the crucial factor providing the finiteness of the number of slices
is the finiteness of the number of fixed dates and the number of operations. In the following
instance with an infinite number of fixed dates, any optimal schedule has to have an infinite
number of slices, despite the fact that a feasible schedule exists having no preemptions at
all.

Consider the problem with the objective to minimize the completion time of a single
operation of unit length. The operation consumes a resource available within the time
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intervals {[5/2i, 6/2i] | i = 0, 1, . . . }. Although scheduling the operation in the interval [5, 6]
provides its processing without any interruption, to attain the optimal value Cmax = 3, we
have to make an infinite number of interruptions of the operation.

2.4 Theorem on the existence of an optimal schedule

Theorem 2.4 For any instance of the GP-problem with a nonempty set of feasible schedules
and K regular criteria F1(C), . . . , FK(C) each depending on the vector C = (C1, . . . , Cξ) of
operation completion times, there exists a feasible schedule S that lexicographically minimizes
the vector-function (F1(C(S)), . . . , FK(C(S))).

Proof. The statement of the theorem will be proved by induction on the number of regular
criteria. The basis of induction follows from the existence of a feasible schedule since we can
always define an additional objective function F0(C(S)) ≡ const (which is, evidently, regu-
lar). Thus, it remains to prove the induction step only. Keeping in mind that the completion
time Cj of an operation oj depends on a given schedule S, each function Fi(C1(S), . . . , Cξ(S))
can be viewed as some function F̃i(S) of a schedule.

So, let us assume that for some n < K the set S of feasible schedules that lexicographically
minimize the vector-function (F̃1(S), . . . , F̃n(S)) is nonempty (basis of induction). Since each
function F̃i, i = 1, . . . , n, has identical values F̃i(S) for all S ∈ S, this single value can be
denoted by F ∗

i . Our goal is to prove that there exists a schedule S ∈ S at which the value
inf{F̃n+1(S) |S ∈ S} is attained (induction step).

Suppose to the contrary that there is no schedule S ∈ S which minimizes the value of
F̃n+1(S) on the set of schedules S ∈ S. Since the function F̃n+1(S) is bounded from below
(e.g., by the value Fn+1(τ1, . . . , τ1) — because of the function Fn+1(C) being nondecreasing),
the set of its values {F̃n+1(S) |S ∈ S} has a tight lower bound denoted by F ∗

n+1. Since there

is no schedule S ∈ S for which F̃n+1(S) = F ∗
n+1, by the definition of a tight lower bound

there exists an infinite sequence S1, S2, . . . of schedules Si ∈ S such that the sequence of
values F̃n+1(S1), F̃n+1(S2), . . . converges to F ∗

n+1.
By Lemma 2.2, with each schedule Sj (j = 1, 2, . . . ) we can associate a feasible schedule

S ′j with at most T
.
= (2ξ+D−1)H+2ξ slices and the same values of the operation completion

times. The latter implies that S ′j ∈ S, ∀ j, and F̃n+1(S
′
j) → F ∗

n+1 for j →∞.
Now we define a subset S ′ ⊆ S of schedules with the following properties:

a) each schedule S ′ ∈ S ′ consists of at most T slices {Ŝν};
b) each slice is entirely scheduled within one of the time intervals [τk, τk+1].

Evidently, all schedules {S ′j} found above belong to S ′.
Let us consider an arbitrary schedule S ′ ∈ S ′ consisting of θ(S ′) ≤ T slices {Ŝν =

(t′ν , t
′′
ν ; Pν) | ν = 1, . . . , θ(S ′)}. Since S ′ is a full schedule (see Definition 7), the finite set of

its slices can be sequenced in such an order σ(S ′) = (Ŝ1, . . . , Ŝθ(S′)) that

1. t′′ν−1 = t′ν , ∀ ν = 2, . . . , θ(S ′); t′1 = τ1, t′′θ(S′) = τD;
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2. there are indices {θk | k = 1, . . . , D} such that

0 = θ1 ≤ θ2 ≤ · · · ≤ θD = θ(S ′), (2)

and [t′ν , t
′′
ν ] ⊆ [τk, τk+1], Pν ∈ P(k) holds for all ν = θk + 1, . . . , θk+1; k = 1, . . . , D− 1.

Let π(S ′) = (P1, . . . , Pθ(S′)) be the sequence of patterns used in slices Ŝ1, . . . , Ŝθ(S′) in this

order, L(S ′) = (l1, . . . , lθ(S′)) be the vector of lengths of slices {Ŝν}; Θ(S ′) = (θ1, . . . , θD) ∈
ZD. The pair A(S ′) = (π(S ′), Θ(S ′)) and the triplet B(S ′) = (π(S ′), Θ(S ′), L(S ′)) will be
called a short and a full configuration of schedule S ′ respectively.

It is clear that any schedule S ′ ∈ S ′ is completely defined by its full configuration B(S ′)
whose components are constrained by the following relations:

θk+1∑

ν=θk+1

lν = τk+1 − τk, k = 1, . . . , D − 1; (3)

θ(S′)∑
ν=1

sjνlν = pj, ∀ oj ∈ O, (4)

where sjν =
∑

µ∈Pν∩M(oj)
sµ is the total speed of processing the operation oj in pattern Pν .

Here relations (3) prescribe the constraints for each fixed date τk be a boundary point of
some slice Ŝν ∈ S ′, while relations (4) control the requirement that each operation oj must
be completed. Furthermore, let s(oj) and c(oj) be the indices of the first and the last slice in
sequence π(S ′), where the operation oj is processed. (Formally, s(oj) = min{ν |Pν∩M(oj) 6=
∅}, c(oj) = max{ν |Pν ∩M(oj) 6= ∅}, which shows that both parameters s(oj) and c(oj)
entirely depend on the component π(S ′) = (P1, . . . , Pθ(S′)).) Then for any arc (oi, oj) ∈ U of
graph G, the full configuration B(S ′) must meet the requirement

c(oi)∑
ν=1

lν −
s(oj)−1∑

ν=1

lν ≤ −pij. (5)

Conversely, it can be seen that each triplet (π, Θ, L), π = (P1, . . . , Pθ), θ ≤ T, Θ =
(θ1, . . . , θD) ∈ ZD, L = (l1, . . . , lθ) ∈ [0, τD − τ1]

θ .
= L satisfying the above requirements

uniquely defines a feasible schedule S ′ ∈ S ′.
Note that π(S ′) may take at most HT different values (over all schedules S ′ ∈ S ′), as

well as Θ(S ′) may take no more than TD values. Therefore, the short configuration A(S ′)
may take at most a finite number of values. Since the sequence of schedules α = S ′1, S

′
2, . . .

is infinite, α contains an infinite subsequence β = S ′′1 , S ′′2 , . . . such that all schedules S ′′i ∈ β
have the same short configuration A(S ′′i ) = (π, Θ) and only differ in vectors L(S ′′i ).

Since all vectors L(S ′′i ) belong to the compact domain L ⊂ Rθ, we can find an infinite
subsequence γ = S ′′′1 , S ′′′2 , . . . of the sequence β such that the sequence of vectors L(S ′′′i )
converges to a certain point L∗ = (l∗1, . . . , l

∗
θ) ∈ L. It can be easily checked that vector L∗

meets all relations (3)–(5). Therefore, the triplet (π, Θ, L∗) specifies a feasible schedule S∗.
Let us show now that

S∗ ∈ S ′ and F̃n+1(S
∗) = F ∗

n+1. (6)
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Since the completion time of an operation oj in each schedule S ′′′i ∈ γ can be computed
by the formula

Cj(S
′′′
i ) =

c(oj)∑
ν=1

lν(S
′′′
i )

(where c(oj) is the same for all schedules S ′′′i ∈ γ and for schedule S∗), we have

lim
i→∞

Cj(S
′′′
i ) =

c(oj)∑
ν=1

lim
i→∞

lν(S
′′′
i ) =

c(oj)∑
ν=1

l∗ν = Cj(S
∗), ∀ j = 1, . . . , ξ,

in other words,
C(S ′′′i ) → C(S∗), as i →∞. (7)

Now, for each schedule S ′′′i we define a vector C̃(S ′′′i ) = (C̃1(S
′′′
i ), . . . , C̃ξ(S

′′′
i )), where

C̃j(S
′′′
i ) = min{Cj(S

′′′
i ), Cj(S

∗)}. Using (7), we have

(a) C̃j(S
′′′
i ) ≤ Cj(S

∗), for every j;

(b) limi→∞ C̃(S ′′′i ) = C(S∗);

(c) C̃j(S
′′′
i ) ≤ Cj(S

′′′
i ), for every j.

Recalling that all functions Fµ(C) are continuous from the left, from (a) and (b) we derive

lim
i→∞

Fµ(C̃(S ′′′i )) = Fµ(C(S∗)), ∀ µ. (8)

On the other hand, from (c) and the nondecreasing of Fµ(C) we obtain Fµ(C̃(S ′′′i )) ≤
Fµ(C(S ′′′i )), and so,

lim
i→∞

Fµ(C̃(S ′′′i )) ≤ lim
i→∞

Fµ(C(S ′′′i )) = F ∗
µ , µ = 1, . . . , n + 1. (9)

It follows from (8) and (9) that F̃µ(S∗) .
= F (C(S∗)) ≤ F ∗

µ holds for any µ = 1, . . . , n + 1.

Since schedule S∗ is feasible, by the definitions of values F ∗
µ strict inequalities F̃µ(S∗) < F ∗

µ

are impossible, which implies (6) and completes the proof of the induction condition. 2

Note 2.5 In the proof of the above theorem we used that the objective functions are non-
decreasing and continuous from the left. As the examples presented in the introduction
show, none of those properties can be neglected. Indeed, in the first example the function
is continuous from the left, but is not nondecreasing, while in the second one we have an
inverse situation: the function is nondecreasing, but is not continuous from the left. In both
situations even for the simplest scheduling models we cannot guarantee the existence of an
optimal solution, despite the fact that the set of feasible solutions is nonempty.
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3 Integer Interruptions in Preemptive Parallel Machine

Scheduling with Integer-Concave Objective Functions

Consider the situation when n jobs J1, . . . , Jn with integer processing times p1, . . . , pn and re-
lease dates r1, . . . , rn have to be scheduled on m parallel identical machines preemptively. Fol-
lowing the notation of Graham et al. [8], this scheduling problem is denoted as P |pmtn, rj|F .

The following theorem includes some of the results from [2] and [3] as special cases. In
particular, our theorem implies the preemption redundancy for P |pj = 1, pmtn, rj|

∑
wjUj

and P |pj = 1, pmtn, rj|
∑

wjTj thereby resolving an open question of [3].

Theorem 3.1 For any instance of problem P |pmtn, rj|F (C1, . . . , Cn) with integer processing
times and release dates and with the objective to minimize a regular integer-concave function
F (C1, . . . , Cn), there exists an optimal schedule where all interruptions occur at integral dates.

Proof. Clearly, for any instance of the above problem the set of its feasible schedules is
nonempty, and once the objective function is regular, there always exists an optimal schedule
by Theorem 2.4. Assume that we are given an instance of the above problem and its optimal
schedule S. Let Ci(S) denote the completion time of job Ji (i = 1, . . . , n) in that schedule
and Cmax(S) = max

i=1,...,n
Ci(S). Let T = {t ∈ Z | mini ri ≤ t < Cmax(S)} be the set of time

units occupied by the schedule S. We define a bipartite graph G = ({J1, . . . , Jn}, T ; E) such
that for any job Ji and a time point t ∈ T , (Ji, t) belongs to E if and only if ri ≤ t < Ci(S).
Every edge e ∈ E has a unit capacity. We say that a flow x = {xit | (Ji, t) ∈ E} in network
G is feasible if ∑

t

xit = pi, ∀ i = 1, . . . , n; (10)

∑
i

xit ≤ m, ∀ t ∈ T ; (11)

0 ≤ xit ≤ 1, ∀ i, t. (12)

The set of feasible flows is denoted by X.
Let xit(S) be the volume of job Ji scheduled in S within the integral time interval [t, t+1].

It is clear that the set of values x(S) = {xit(S) | (Ji, t) ∈ E} meets requirements (10)–(12),
and therefore, the flow x(S) determined by schedule S belongs to X.

Next, for any i = 1, . . . , n we define an integral function ti of x ∈ X:

ti(x)
.
= max{t |xit > 0}.

(The function is well-defined, since we may assume, w.l.o.g., all pi being positive.) Let

C̄i(x)
.
= ti(x) + xiti(x), C̄(x) = (C̄1(x), . . . , C̄n(x)).

Evidently, we have
C̄i(x(S)) ≤ Ci(S). (13)

Now we define a cost function F̃ on the set X of feasible flows:

F̃ (x)
.
= F (C̄(x)).
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It follows from (13) and nondecreasing of F that

F̃ (x(S)) ≤ F (C(S)). (14)

Let us now prove that function F̃ (x) is concave on the set X of feasible flows. Consider
x′, x′′ ∈ X, λ ∈ (0, 1), x = λx′ + (1− λ)x′′. First let us show that

ti(x) = max{ti(x′), ti(x′′)}. (15)

Indeed, since both coefficients λ and (1 − λ) are strictly positive, the value of xit = λx′it +
(1 − λ)x′′it is positive, while at least one of two components x′it and x′′it is positive. On the
other hand, if both components x′it and x′′it are zero, then xit = 0 as well, which implies (15).

Let C̃i(x
′) .

= max{C̄i(x
′), ti(x′′)} and C̃i(x

′′) .
= max{ti(x′), C̄i(x

′′)}. Using (15), we now
prove that

C̃i(x
′), C̃i(x

′′) ∈ [ti(x), ti(x) + 1]. (16)

and
C̄i(x) = λC̃i(x

′) + (1− λ)C̃i(x
′′). (17)

Indeed, in the case ti(x
′) > ti(x

′′) we have C̄i(x
′′) ≤ ti(x

′′) + 1 ≤ ti(x
′) = ti(x), hence,

C̃i(x
′′) = ti(x

′), whereas C̃i(x
′) = C̄i(x

′) (which provides (16)). Note also that x′′iti(x) = 0.
Therefore,

λC̃i(x
′) + (1− λ)C̃i(x

′′) = λC̄i(x
′) + (1− λ)ti(x

′) = ti(x
′) + λx′iti(x′)

= ti(x) + λx′iti(x) + (1− λ)x′′iti(x) = ti(x) + xiti(x) = C̄i(x).

In the case ti(x
′) < ti(x

′′) the proof of (16),(17) is similar. Finally, if ti(x
′) = ti(x

′′) = ti(x),
then we have

C̃i(x
′) = C̄i(x

′) ∈ [ti(x), ti(x) + 1] and C̃i(x
′′) = C̄i(x

′′) ∈ [ti(x), ti(x) + 1].

So, we have (16). Using these relations, we obtain (17):

λC̃i(x
′) + (1− λ)C̃i(x

′′) = λC̄i(x
′) + (1− λ)C̄i(x

′′) = ti(x) + λx′iti(x) + (1− λ)x′′iti(x)

= ti(x) + xiti(x) = C̄i(x).

Now, we can derive

F̃ (x) = F (C̄(x))
(17)
= F (λC̃(x′) + (1− λ)C̃(x′′))

(16) and i.c.

≥ λF (C̃(x′)) + (1− λ)F (C̃(x′′))
n.d.≥ λF (C̄(x′)) + (1− λ)F (C̄(x′′)) = λF̃ (x′) + (1− λ)F̃ (x′′),

which implies that function F̃ (x) is concave in X. (Here “i.c.” means integer-concaveness
and “n.d.” means nondecreasing.)

Let x̃ be the flow minimizing F̃ (x) over all x ∈ X. Due to (14), we have

F̃ (x̃) ≤ F̃ (x(S)) ≤ F (C(S)). (18)
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Since the minimum of every concave function over a polytop is achieved on a vertex of the
polytop, and since the transportation polytop (10)–(12) is integral, x̃ is an integer flow.
Therefore, we can map the flow to a new schedule S̃, in which all interruptions occur at
integral time points. The integrality of flow x̃ implies C̄i(x̃) = Ci(S̃) for every i, and
therefore,

F̃ (x̃) = F (C̄1(x̃), . . . , C̄n(x̃)) = F (C1(S̃), . . . , Cn(S̃)) = F (C(S̃)).

From (18) we have F (C(S̃)) ≤ F (C(S)), and therefore, schedule S̃ is also optimal. 2

A natural attempt to generalize the above theorem is to add precedence constraints.
Unfortunately, Baptiste and Timkovsky [2] gave examples showing that preemptions are not
redundant for P2|pj = 1, intree, pmtn|∑ Cj and P2|pj = 1, outtree, pmtn|∑ wjCj. This
means that the most we could hope for is to add chain precedence constraints, i.e., the
directed graph corresponding to these precedence relations must be a collection of chains.

Theorem 3.2 For any instance of problem P |rj, chains, pmtn|F (C1, . . . , Cn) with integer
processing times and release dates and with the objective to minimize a regular integer-
concave function F (C1, . . . , Cn), there exists an optimal schedule where all interruptions
occur at integral dates.

Proof. The general idea for the proof is very similar to the one of Theorem 3.1. The only
difference is in item (3) below.

1. Given an optimal preemptive schedule S, we construct a network G and a flow in this
network. Show that the flow is feasible for this network.

2. On the set of feasible flows of maximum capacity in network G we find the optimal
network minimizing the objective function. Since the polyhedron corresponding to the
set of maximum flows in network G is integral and the optimal solution for a regular
integer-concave objective function is attained at a node of the polytop, this implies the
existence of an integral optimal solution (a flow in network G). This flow corresponds
to an integral schedule S∗ in which all interruptions occur at integral dates and which
minimizes our objective function.

3. We finally proof that schedule S∗ meets precedence constraints, and so, it is feasible
and optimal.

Instead of presenting the complete proof, we just mention the points in which the proof
differs from that of Theorem 3.1. First of all, network G = (V,E) is slightly different
from the one defined in the proof of Theorem 3.1. We define here the vertex set as V =
{s} ∪ {τ} ∪ {J1, . . . , Jn} ∪Λ∪ T , where the set Λ contains a vertex vij for every pair of jobs
Ji and Jj such that Ji precedes Jj in the precedence relations and both jobs share the same
unit time interval [t, t + 1] for some t ∈ T . The edge set E is defined as follows.

1. There are n edges of capacities pj (j = 1, . . . , n) connecting source s with jobs {J1, . . . , Jn}.
2. There are |T | edges of capacity m connecting vertices from the set T with the sink τ .
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3. If Ji precedes Jj and for some t ∈ T we have t < Ci(S) ≤ Γj(S) < t + 1 (where
Γj(S) is the starting time of job Jj in schedule S), then we define three edges (Ji, vij),
(Jj, vij) and (vij, t) of unit capacities. In such a case we say that Ji and Jj compete
for the same time interval [t, t + 1]. Every job Jj has at most two time intervals where
it competes with other jobs.

4. Let Ij ⊆ T be the set of ”noncompetitive” time units for job Jj, i.e., bΓj(S)c ≤ t <
Cj(S) and job Jj does not compete with any other job in the time interval [t, t + 1] for
t ∈ Ij. For any time unit t ∈ Ij we define an edge (Jj, t) of unit capacity.

The intuition behind the above definition is that we define nearly the same graph, with
the only difference: if two jobs related by a precedence constraint are using the same time
interval [t, t + 1] in a preemptive schedule, then we would like to create some capacity
constraints preventing the concurrent unit assignment of such jobs to the same time unit t.

Given an optimal preemptive schedule S, we define the flow variables {xij} on edges
of graph G as follows. We send pi units of flow from the source s into job vertex Ji for
i = 1, . . . , n. After that we split the flow according to schedule S. If xit(S) > 0, i.e., there is
a nonzero amount of job Ji processed in the time interval [t, t + 1], we send xit(S) units of
flow from vertex Ji to vertex t ∈ T if there is a direct edge (Ji, t). Otherwise, there exists
either a successor or predecessor Jj of Ji processed in time unit t in schedule S. In this case
we send xit(S) units of flow to the intermediate vertex vij ∈ Λ. All other flow variables are
defined by the flow conservation constraint. This s-to-t flow is feasible since it satisfies the
flow conservation and capacity constraints.

The proof that the flow defined above is feasible for network G is straightforward, and
the arguments to prove item (2) are the same as those used for Theorem 3.1. So, it only
remains to proof that any integral flow in network G corresponds to a feasible schedule which
meets precedence constraints.

Indeed, if Ji precedes Jj, then all the time units t ∈ T to which there is a positive flow
from vertex Ji are located before the time units to which there may exist a positive flow
from vertex Jj (due to the properly defined set of edges of graph G). The only intersection
of these two sets of ”time” vertices is the ”boundary” time unit t∗ to which we have an edge
from vertex vij. But due to the integrality of the flow only one of two jobs {Ji, Jj} may
produce a positive (in fact, unit) flow from vertex Jν (ν ∈ {i, j}) to vertex t∗. Thus, all time
units to which job Ji has a nonnegative flow in network G are located strictly before the
time units to which job Jj has a nonnegative flows, which means that precedence constraints
are satisfied.

The remainder of the proof is similar. 2

4 Shop Scheduling

In this section, we will show first that in some special cases of the GP-problem (such as
shop scheduling problems) the number of slices that is guaranteed for an optimal schedule by
Theorem 2.3 can be significantly decreased. We will consider the classical shop scheduling
problems where all machines are fully available during the scheduling horizon.
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In a preemptive shop scheduling problem we are given a set of jobs J = {J1, . . . , Jn},
a set of machines M = {M1, . . . , Mm}, and a set of operations O = {o1, . . . , oξ}. Each
operation ok ∈ O belongs to a specific job J(ok) ∈ J and must be processed on a specific
machine M(ok) ∈M for a given amount of time pk which is a non-negative integer. At any
date, at most one operation can be processed on each machine and at most one operation of
each job can be processed. Any operation can be preempted at any date and resumed later
without any penalty.

Shop scheduling problems are further classified based on ordering restrictions for the
operations of a job. Ordering restrictions represent a special case of precedence constraints
between operations mentioned in the formulation of the GP-problem, when the weights pij

of all arcs (oi, oj) ∈ U are equal to zero. The existence of such an arc (oi, oj) ∈ U in graph
G just means that the operation oj may start only after the operation oi is completed. In
an open shop, the operations of each job may be processed in any order. In a job shop, the
operations of each job must be processed in a given linear order specific to that job. In a dag
shop, the operations of each job Jj must be processed subject to a given partial order defined
by a directed acyclic graph (or dag) Gj specific to that job. Clearly, dag shop scheduling
includes both open shop and job shop scheduling as special cases.

By definition, all interruptions occur at completion times of slices. Since in classical
shop scheduling models, at most m operations can be processed (and therefore, can be
interrupted!) in each slice, the number of interruptions can be bounded above by the amount
θm− ξ, where θ is the number of slices. The amount ξ is subtracted in this bound, because
from among θm possible pairs 〈a slice Ŝj, a machine Mi〉, one should remove all pairs
corresponding to the completion of an operation on a machine. In fact, this upper bound on
the number of interruptions may be far from being tight. At least, it should be reduced by
the number of idle time intervals on all machines within the interval [0, Cmax(S)].

Furthermore, it is clear that the number of interruptions in a feasible schedule S is finite
(polynomial) if and only if the number of slices is finite (polynomial). Next, let

lmax
.
= max

Mi∈M

∑

{ok∈O |M(ok)=Mi}
pk and lJmax

.
= max

Jj∈J

∑

{ok∈O | J(ok)=Jj}
pk

stand for the maximum machine load and the maximum job length, respectively. Evidently,
the makespan of any feasible schedule for a given instance of the preemptive shop scheduling
problem formulated above cannot be less than the amount C̄

.
= max{lmax, l

J
max}. The fol-

lowing result was established in [6] for the open shop problem (which, as was noted above,
is a special case of the dag shop problem).

Theorem 4.1 (Gonzalez and Sahni [6]) For any instance of the O|pmtn|Cmax problem
with ξ operations, n jobs and m machines (m ≤ n), there exists an optimal schedule S with
at most ξ + n + m slices and the makespan Cmax(S) = C̄.

Note 4.2 A slight modification of the Gonzalez and Sahni algorithm enables one to reduce
the number of slices down to ξ + m.

Although, the theorem was proved by Gonzalez and Sahni for the classical version of
the open shop problem, in which each job may have at most one operation per machine, the
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result can be easily extended to the case of the generalized open shop problem Õ|pmtn|Cmax,
where the above restriction is omitted.

Theorem 4.3 For any instance of the Õ|pmtn|Cmax problem with ξ operations, n jobs and
m machines (m ≤ n), there exists an optimal schedule S with at most ξ + m slices and the
makespan Cmax(S) = C̄.

Proof. Given an instance Ĩ of the Õ|pmtn|Cmax problem, let us glue together all operations
of each job Jj being processed on the same machine Mi. The resulting “big” operations form
an instance I of the classical open shop problem. Let ξ′ be the number of “big” operations
(clearly, ξ′ ≤ ξ). Applying to I Note 4.2, we obtain an optimal schedule S with at most
ξ′ + m slices. Let T be the set of completion times of those slices. Clearly, |T | ≤ ξ′ + m.

Now we define an optimal schedule S̃ for the instance Ĩ by choosing an arbitrary order for
the original (“small”) operations within each “big” operation. Consider a “big” operation
o ∈ I consisting of k “small” operations õ1, . . . , õk being processed in S̃ in this order. Since
the completion time of the operation õk coincides with the completion time of the “big”
operation o, it belongs to T . The completion times of the other k−1 “small” sub-operations
of the operation o may generate new completion times of slices in schedule S̃, not belonging
to T , therefore, the total number of such new completion times is no greater than ξ − ξ′. It
can be easily seen that no other completion times of slices may occur in schedule S̃, and so,
the total number of such dates in schedule S̃ is no greater than ξ + m. 2

In what follows, Cj(S) will stand for the completion time of the operation oj ∈ O in
schedule S.

Lemma 4.4 For any instance of the preemptive dag shop problem with a set of operations
{o1, . . . , oξ} and any feasible schedule S there exists a feasible schedule S ′ with at most ξ(ξ +
1)/2 + mξ slices and such that Cj(S

′) ≤ Cj(S), j = 1, . . . , ξ.

Proof. For simplicity, we may assume w.l.o.g. that the instance under consideration
contains no zero-length operations. (Adding one such operation increases the needed number
of slices by at most one.) Suppose, we are given a feasible schedule S for the given instance,
and let C ′

0 = 0 < C ′
1 < · · · < C ′

ξ′ represent the sequence of all pairwise different operation
completion times in schedule S (so, we have ξ′ ≤ ξ). We split the schedule S at points {C ′

τ}.
Let Okτ denote the set of all pieces of an operation ok scheduled in S within the time interval
Iτ

.
= [C ′

τ−1, C
′
τ ], Oτ = ∪t

k=1Okτ , and let pkτ be the total length of all pieces o ∈ Okτ . Clearly,
the feasibility of schedule S implies

∑

{ok∈O |M(ok)=Mi}
pkτ ≤ C ′

τ − C ′
τ−1, Mi ∈M, τ = 1, . . . , ξ′; (19)

∑

{ok∈O | J(ok)=Jj}
pkτ ≤ C ′

τ − C ′
τ−1, Jj ∈ J , τ = 1, . . . , ξ′. (20)

Since we cannot have any precedence constraints between operations processed in the same
interval Iτ , pieces from the set Oτ form an instance Nτ of the Õ|pmtn|Cmax problem in
which the set of pieces Okτ can be treated as a set of pieces of an operation okτ . By (19)
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and (20), each machine load and each job length (and therefore, the parameter C̄(Nτ )) in
the instance Nτ can be bounded from above by the length of the interval Iτ . Therefore,
applying Theorem 4.3, we can find a preemptive schedule Sτ for the instance Nτ with length
Cmax(Sτ ) ≤ C ′

τ −C ′
τ−1 and having no more than ξ − τ + 1 + m slices (because at least τ − 1

operations have completed prior to the interval Iτ ). Concatenating the schedules S1, . . . , Sξ′

(in this order), we get a feasible preemptive schedule S ′ for the original problem with at
most ξ(ξ + 1)/2 + mξ slices. Clearly, the described transformation of schedule S increases
no operation completion times. 2

The following result is a straightforward corollary of Lemma 4.4.

Lemma 4.5 If there exists an optimal schedule for an instance of the preemptive dag shop
problem with ξ operations, m machines and a nondecreasing objective function F (C1, . . . , Cξ)
of the operation completion times then there exists such a schedule with at most
ξ(ξ + 1)/2 + mξ slices. 2

Since there are no reasons for the set of feasible schedules to be empty in our case (e.g.,
no deadlines are put to the operations), for the dag shop problem with an arbitrary regular
criterion F (C1, . . . , Cξ), we can derive (by means of Theorem 2.4) the following

Theorem 4.6 For any instance of the preemptive dag shop problem with ξ operations, m
machines and a regular criterion F (C1, . . . , Cξ) → min, there exists an optimal schedule with
at most ξ(ξ + 1)/2 + mξ slices. 2

Another sufficient condition for an optimal schedule to exist is provided by

Lemma 4.7 Suppose, we are given a function F (x1, . . . , xξ) that may take only a finite
number of values. Then for any instance of the preemptive dag shop scheduling problem with
the objective to minimize the function F (C1, . . . , Cξ) of the operation completion times, there
exists an optimal schedule. 2

The proof is trivial. The following result is a corollary of Lemmas 4.5 and 4.7.

Theorem 4.8 Suppose, we are given a nondecreasing function F (x1, . . . , xξ) that may take
only a finite number of values. Then for any instance of the preemptive dag shop problem
with ξ operations, m machines and the objective to minimize the function F (C1, . . . , Cξ) of
the operation completion times, there exists an optimal schedule with at most ξ(ξ+1)/2+mξ
slices. 2

It can be easily checked that all classical objective functions meet the conditions put on
the function F in Theorem 4.6. Moreover, the objective function weighted number of late
jobs

∑
wjUj meets both the conditions of Lemma 4.6 (in particular, it is continuous from

the left) and the conditions of Theorem 4.8 (because it may take only a finite number of
values).

Next, we introduce a notion of an early preemptive schedule playing an important role in
our further analysis and derive a few simple properties of such schedules.
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Definition 10 A feasible schedule for a preemptive scheduling problem is called an active
preemptive schedule, if it contains a finite number of slices, and no positive length piece of
an operation can be moved to an earlier idle time interval without violating the feasibility
of the schedule.

Definition 11 A piece of an operation in a preemptive schedule S is called a whole piece
(or w-piece, for short), if it is a maximal (by inclusion) continuously processed piece of the
operation.

Let S be an active preemptive schedule. It can be shown that for each w-piece o′ of
an operation there exists a critical chain Ch(o′) in S, i.e., a chain o′1 → o′2 → · · · → o′k
consisting of a finite number of consecutive w-pieces of operations and such that

1. it starts at time zero and finishes by the w-piece o′k = o′;

2. the start time of each w-piece coincides with the completion time of the previous w-
piece;

3. every two consecutive w-pieces either belong to the same job or are processed by the
same machine.

Lemma 4.9 If in an active preemptive schedule S of the dag shop problem there exists an
operation oi with nonintegral completion time C(oi, S), then there exists a fractional w-piece
o′ in schedule S such that

(a) C(o′, S) < C(oi, S);

(b) C(o′, S) is nonintegral;

(c) there is no operation oj such that C(o′, S) = C(oj, S).

Proof. Let oi be the operation with the least nonintegral completion time C(oi, S), and
let Ch(o′i) be a critical chain for the last w-piece o′i of the operation oi. If w-piece o′i is
integral, then there exists a fractional w-piece o′ in the chain Ch(o′i) with completion time
C(o′, S) < C(oi, S). Alternatively, if o′i is fractional, then there exists another fractional
w-piece o′ of the operation oi with C(o′, S) < C(oi, S). In both cases we have property
(a). Let now o′′ be the fractional w-piece with the least completion time C(o′′, S) over all
fractional w-pieces in schedule S. Clearly, C(o′′, S) ≤ C(o′, S) < C(oi, S). Moreover C(o′′, S)
is nonintegral since otherwise, in the chain Ch(o′′) there would be another fractional w-piece
o′′′ with C(o′′′, S) < C(o′′, S), which contradicts the choice of o′′. So, we have (b). Finally,
(c) follows from (a), (b), and the choice of operation oi. 2

Since the w-piece o′ from the formulation of Lemma 4.9 cannot be the last piece of the
operation ok to which o′ belongs (because of (c)), it follows that C(o′, S) is a preemption
date (a date when the operation ok is interrupted in schedule S). So, we obtain

Corollary 4.10 If the completion time C(oi, S) of an operation oi in an active preemptive
schedule S of the dag shop problem is nonintegral, then there exists a nonintegral preemption
date t′ < C(oi, S) in schedule S at which no operation completes its processing. 2
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4.1 Structural properties of the preemptive job shop problem

Theorem 4.11 For any instance of the preemptive job shop problem with integer processing
times and a regular criterion F (C1, . . . , Cξ) → min, there exists an optimal schedule S
satisfying the following properties:

(a) S is an active preemptive schedule;

(b) all changeover dates in S are integral;

(c) the set of changeover dates coincides with the set of completion times of the operations.

Proof. Let S ′ be a feasible schedule lexicographically minimizing the vector-function
(F (C1, . . . , Cξ),

∑ξ
k=1 Ck). The existence of such a schedule follows from the Theorem 2.4

since both functions are regular and the set of feasible schedules is nonempty. Due to
Lemma 4.4, there exists another feasible schedule S with a finite number of slices and such
that Cj(S) ≤ Cj(S

′), j = 1, . . . , t. Since both functions are nondecreasing, schedule S

also minimizes the vector-function (F (C1, . . . , Cξ),
∑ξ

k=1 Ck). It is also clear that S is an
active preemptive schedule. Otherwise, we could obtain a feasible schedule S ′′ with a strictly
smaller value of the function

∑ξ
k=1 Ck (and a non-greater value of the function F ) by moving

an ending positive-length piece of some operation to an earlier idle time interval which
contradicts the optimality of schedule S.

Since the objective function F is nondecreasing in operation completion times, we may
assume, w.l.o.g., that each zero-length operation is processed in schedule S exactly at the
completion time of the previous operation of the same job. Furthermore, we may assume
that there are no proper zero-length w-pieces in schedule S, i.e. all zero-length w-pieces
correspond to zero-length operations in the instance.

Next we get rid of “bad preemption dates” that is preemption dates at which no operation
is completed. Suppose in schedule S there exist such “bad” interruptions that happen at
“bad preemption dates”, and let t1 be the earliest such date. Since there are no proper
zero-length w-pieces, t1 > 0. Suppose that it happens with a w-piece o′1 of an operation o1

of job J1 on machine M1, and let I ′ be the time interval between the completion time of
the w-piece o′1 and the starting time of the next w-piece o′′1 of the operation o1. Since we
deal with the job shop problem, i.e. we have a linear order of processing the operations for
each job, no other piece of an operation belonging to the same job J1 can be processed in
the time interval I ′. Since S is an active schedule, there can be no idle time on machine M1

in the time interval I ′. Therefore, there exists a positive-length w-piece of an operation o′2
being processed on machine M1 right after the w-piece o′1. Clearly, the w-pieces o′1 and o′2
must belong to different jobs, say J1 and J2.

Let t0 < t1 be the latest operation completion time prior to t1. If there are no such
operations then t0

.
= 0. Notice that there are no changeover dates in the time interval

(t0, t1). We now describe a transformation of schedule S to another feasible schedule S ′

with a strictly less value of the vector (F (C1, . . . , Cξ),
∑ξ

k=1 Ck). Our actions will depend on
which of the two operations o1 or o2 is completed first in the schedule S.

In the case when C(o2, S) < C(o1, S), we consider the union of the subintervals where
o1 or o2 are processed in the time interval [t0, C(o2, S)). We now process o2 first in these
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subintervals as early as possible, and after that we process o1 in the remaining time. It can
be observed that no piece of jobs J1 and J2 can be processed in the time interval (t0, C(o2, S))
on machines Mi ∈ M \ {M1}, and therefore the new schedule is feasible. As a result of the
transformation, we have C(o2, S

′) < C(o2, S), and C(o, S ′) = C(o, S) for all other operations
o ∈ O. The schedule S ′ is also optimal since the the objective function F is nondecreasing.
Moreover, the value of the function

∑
Ck is strictly decreased. — A contradiction.

The symmetric case C(o1, S) < C(o2, S) can be considered in a similar way, leading
to a new schedule S ′ with better completion time for operation o1 and leaving all other
completion times unchanged. Thus, we may conclude that schedule S cannot have “bad
interruptions”. Next, since S is an active preemptive schedule, the starting time of each w-
piece of an operation (except pieces contained in the first slice) coincides with a completion
time of another w-piece. But, as we have already established, each w-piece completes at a
“good” time equal to the completion time of some operation. So, the set of all changeover
dates in schedule S coincides with the set of completion times of operations.

Finally, property (b) follows from the properties (a) and (c) and Corollary 4.10. 2

Note 4.12 It follows from the property (c) of the above theorem that for the job shop problem
with ξ operations and an arbitrary regular criterion, there exists an optimal schedule with at
most ξ slices.

4.2 Structural properties of the preemptive dag shop problem

Unfortunately, we were unable to prove strong structural properties for the preemptive two-
machine dag shop scheduling problem with a regular criterion. Below we define a more
restrictive class of objective functions which still includes many interesting and classical
criteria. Let B ⊆ 2O be a subset of the set of operation sets, N

.
= |B|. For a given schedule

S and a set B ∈ B, let C(B) = maxoj∈B Cj(S) stand for the completion time of set B ∈ B.
Let C = (C(B1), . . . , C(BN)) denote the vector of the operation set completion times, where
B1, . . . , BN are the sets from B numbered in an arbitrary order. We will consider regular
quasiconcave objective functions F (C) of set completion times. As an example of such
functions, we mention here the total weighted operation set completion time

∑
B∈B wBC(B)

studied in [13, 14]. A more general example of the function is
∑

B∈B wBC(B)λB , where
λB ∈ [0, 1] for each B ∈ B. Note also that our objective function with set completion times
models bipartite precedence constraints for a certain special case of 1|prec|∑j wjCj that is
equivalent to the general case of this problem [20].

Theorem 4.13 For every instance of the preemptive two-machine dag shop problem with
ξ operations and a regular quasiconcave objective function of the operation set completion
times F (C) there exists an optimal schedule in which:

1. there are at most ξ slices and at most ξ interruptions;

2. if all processing times of operations are integer, then all interruptions occur at integral
dates.
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Proof. By Theorem 4.6, there exists at least one optimal schedule with a finite number
of slices. Let S̃ be an optimal schedule with the minimum number of slices. Let O1 and O2

be the sets of operations that have to be processed on machines M1 and M2 respectively.
We also define two dummy operations õ1 and õ2 assumed to be processed on machines
M1 and M2 (respectively) every time that the corresponding machine is idle; O′

ν
.
= Oν ∪

{õν} (ν = 1, 2). We now define a bipartite multigraph G̃ = (O′
1,O′

2; E) by establishing a
one-to-one correspondence between the set of slices of schedule S̃ and the set of edges E of
graph G̃. Namely, each edge e = (o1, o2) ∈ E corresponds to a slice Sτ in which operation
oν ∈ O′

ν (ν = 1, 2) is processed on machine Mν . For each edge e ∈ E, we define the weight
we equal to the length of the corresponding slice.

First of all, it can be easily checked that graph G̃ has no multiple edges. Indeed, if there
is more than one slice in S̃ corresponding to the same pair of operations {o1, o2}, we glue
these slices together accumulating them at the last such slice, which, clearly, preserves the
feasibility of the schedule and does not increase completion times. As a result of this gluing
procedure, we obtain a new optimal schedule S ′ with strictly fewer number of slices, which
contradicts the choice of schedule S̃.

Next, we may assume that each zero-length operation oi is presented in schedule S̃ in a
single slice of zero length. Otherwise, we could decrease the number of slices containing the
operation oi (without increasing the multiplicity of other zero-length operations) by assigning
the operation oi to its earliest slice only. This, clearly, decreases its completion time, and
thereby, does not violate the optimality of the schedule. Unfortunately, we cannot get rid
of such zero-length operations completely, because they may significantly affect the value of
the objective function, and so, the positions of such operations in the desired schedule have
to be determined simultaneously with the positions of other operations. Therefore, there is
exactly one edge incident to a vertex of graph G̃ corresponding to a zero length operation,
which implies that such vertices cannot lie on cycles of graph G (Note 1 ).

Finally, it can be easily observed (Note 2 ) that there may be no zero-length slices in
schedule S̃ except those containing zero-length operations. (Otherwise, such a slice could be
eliminated, which would generate an optimal schedule with fewer number of slices and would
contradict the choice of schedule S̃.) Therefore, due to these two notes, we may conclude
that no cycle in G̃ may contain edges corresponding to zero-length slices.

We now show that G̃ contains no cycles. Assume to the contrary that there is a cycle C
in G̃. We may also assume that C is a simple cycle. Since G̃ is a bipartite graph, cycle C can
be represented as a union of two edge disjoint matchings: M1 and M2. For any ε ∈ R and
any edge e ∈ C we can define a new weight we(ε):

we(ε) =

{
we + ε, for e ∈M1,
we − ε, for e ∈M2.

Let ε1 = mine∈M1 we and ε2 = mine∈M2 we. Since all weights we are positive due to the
above conclusion about zero-length slices, we have ε1 > 0 and ε2 > 0. It is clear that for
every ε ∈ [−ε1, ε2] the new weights we(ε) of edges e ∈ G̃ are nonnegative. Let us show that
these new weights correspond to a feasible schedule Sε for the original instance.

Firstly, it should be noticed that each vertex oi ∈ C is incident to a single edge e1 ∈M1

and a single edge e2 ∈M2. Therefore, subtracting the amount ε from the weight of edge e2

and adding it to the weight of another edge e1 incident to the same vertex oi corresponds to
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decreasing the processing time of the operation oi in one slice and increasing it in another
slice by the same amount. As a result, the overall processing time of each operation remains
unchanged. Secondly, the relative positions of operations with respect to each other also
remain unchanged, which implies that no precedence and no compatibility constraints can be
violated under the described transformation of weights. So, each schedule Sε for ε ∈ [−ε1, ε2]
is feasible.

Now let us analyze how the set completion times and the value of the objective function
change under the above transformation of the schedule. Let B ∈ B be one of the “control
sets” of operations, and let Ŝτ be the last slice containing a piece of an operation from B.
Under the transformation of weights we(ε) (and the corresponding transformation of slices),
the set completion time C(B, Sε) may be changed as a result of changing the length of some
slices preceding the slice Ŝτ . Indeed, let n1(Sε) and n2(Sε) be the numbers of slices preceding
Ŝτ in schedule Sε (including, may be, the slice Ŝτ itself) and corresponding to edges from
M1 and M2 respectively. Then the completion time of the set B in schedule Sε can be
calculated as C(B, Sε) = C(B, S̃) + α(B)ε, where α(B) = n1(Sε) − n2(Sε), and so, each
function C(B, Sε) is a linear function of ε.

For the extremum values ε = −ε1 and ε = ε2, some of those slices may become of zero
length, but we still keep them in schedule Sε since we don’t want to change the values
of n1(Sε) and n2(Sε). Thus, while varying ε within the interval [−ε1, ε2], all coefficients
α(B) (B ∈ B) do not change their value. Let α = (α(B1), . . . , α(BN)). Since function F is
quasiconcave, its minimum over all ε ∈ [−ε1, ε2] is attained at one of the endpoints: either
−ε1, or ε2. W.l.o.g., we may assume that it is −ε1. Then F (C −αε1) ≤ F (C), which means
that schedule S−ε1 is also optimal. Furthermore, one can observe that at least one slice
(corresponding to an edge from M1) becomes of zero length, and therefore, can be deleted
from the schedule, which contradicts the choice of schedule S̃ (see Note 2 ). Thus, we have
proved that there cannot be any cycles in graph G̃.

Since graph G̃ contains ξ + 2 vertices and has no cycles, it contains no more than ξ + 1
edges. One of those edges is definitely the edge (õ1, õ2) between two dummy operations (be-
cause the infinite length of the corresponding slice cannot be decreased down to zero). Thus,
there are no more than ξ “real” slices in schedule S̃ (and so, no more than ξ− 2 preemption
dates, because there cannot be interruptions at the end of the last but one slice, as well as
at the end of the last one). Using the upper bound θm − ξ on the number of interruptions
(from page 18), we derive that schedule S̃ contains no more than ξ interruptions.

Finally, we show that schedule S̃ cannot contain interruptions that occur at nonintegral
points in time, since otherwise there must exist a cycle in G̃. Let E ′ denote the set of
edges corresponding to slices with nonintegral length. Suppose that E ′ 6= ∅. Since the
processing times of all operations are integral, each vertex oi ∈ O incident to an edge e ∈ E ′

is incident to at least one more edge e′ ∈ E ′. Therefore, the set of edges E ′ either contains
a cycle, or contains a path starting at one dummy operation (õ1) and ending at another
dummy operation (õ2). In the latter case we also obtain a cycle in G̃, because two dummy
operations are connected in G̃ by the edge (õ1, õ2) ∈ E. 2

Theorem 4.14 For every instance of the preemptive dag shop problem with two jobs, ξ
operations with integer processing times and a regular quasiconcave objective function of the
operation set completion times F (C) there exists an optimal schedule in which:
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1. there are at most ξ slices and at most ξ interruptions;

2. all interruptions occur at integral dates.

We skip the proof of this theorem since it is almost identical to the previous one. The
main observation we use is that there are at most two operations processed at any point in
time in any feasible schedule. Therefore, we can build a similar graph G with operations of
the first job on one side and operations of the second job on another side, and the rest of
the argument is the same.

We now construct an instance of the dag shop scheduling problem with three machines
(M1,M2,M3), three jobs (J1, J2, J3) and two operations per job such that each optimal
schedule unavoidably contains interruptions at nonintegral points in time.

Job J1 has two operations: the first operation must be processed on the first machine and
has unit processing time, the second operation must be processed on the second machine
and has processing time 2. This job is of the job shop type, i.e., the second operation must
be processed strictly after the first one.

Job J2 is also of the job shop type and has two operations. The first operation must
be processed on the first machine and the second operation must be processed on the third
machine. Both operations have unit length.

Job J3 is of the open shop type, i.e., there are no precedence relations between two
operations of this job. One operation must be processed on the second machine and has unit
processing time, while the other operation must be processed on the third machine and has
processing time 2.

The objective function is the makespan, i.e., the maximum operation completion time.
We claim that 3.5 is a lower bound on the length of the optimal schedule. Indeed, in every
feasible schedule after time 1 job J1 has at least two units of processing, job J2 — at least
one unit of processing, and job J3 — at least two units of processing on the second and
third machines. Therefore, the second and the third machines must process at least five
units after time 1. So, 3.5 = 1 + 5/2 is a lower bound for the makespan. A feasible schedule
with makespan equal to this lower bound is depicted on Figure 1. It is also clear that
there is no feasible schedule for this problem instance with makespan 3.5 without fractional
interruptions.
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Figure 1: A dag shop instance with non-integral optimal interruptions.

Note 4.15 Almost all results proved in section 4 (except Theorem 4.11) can be easily ex-
tended to a more general problem with precedence and compatibility constraints specified
on the set of all operations (a kind of a project scheduling problem).
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5 Rational Structure Theorem

In this section we again consider the most general GP-problem, yet with more special objec-
tive functions. However, these special functions enable us to derive the Rational Structure
Theorem for the GP-problem with almost all classic objective functions.

To simplify notation, we will further assume that τ1 = 0.
Let N piece-wise linear functions fi(x) (i = 1, . . . , N) be defined for all x ∈ [0, τD] as

fi(x) =

{
αi0, for x = 0,
αik + βikx, for x ∈ (τk, τk+1], k = 1, . . . , D − 1.

(21)

We assume all functions fi(x) to be nondecreasing, which is guaranteed by the relations:

βik ≥ 0, ∀ i, k; αi1 ≥ αi0, ∀ i; αik − αi,k+1 ≤ (βi,k+1 − βi,k)τk+1, ∀ i, k.

In our first theorem, we consider additive piece-wise linear nondecreasing (APLN — for
short) objective functions F (C) = F (C(B1), . . . , C(BN)) depending on the vector C of the
operation set completion times as

F (C)
.
=

N∑
i=1

fi(C(Bi)). (22)

As was already mentioned in the Introduction the following Rational Structure Theorem is
a generalization of the results from [15, 16] for parallel machine scheduling with precedence
constraints.

Theorem 5.1 (Rational Structure Theorem) Suppose, we consider a GP-problem with
ξ operations, D fixed dates, and an APLN objective function F (C(B1), . . . , C(BN)) of oper-
ation set completion times, defined by (21) and (22). If for a given instance of this problem
there exist feasible schedules, then there exists an optimal schedule with the following prop-
erties:

1. There are at most ξ2 + ξ + D − 1 positive slices. If all pij = 0 in constraints (1), i.e.,
there are no precedence delays, then there are at most ξ + D − 1 positive slices.

2. If all processing times, mode speeds, and fixed dates are integers, then there exists a
rational number δ with polynomial encoding length such that each changeover date gν

is an integer multiple of δ.

3. If, in addition to the above conditions, all coefficients {αik, βik} of the objective function
(21),(22) are integers, then the optimal value of the objective function is an integer
multiple of δ.

Proof. Suppose, we are given an instance of the GP-problem, and the set of its feasible
schedules is nonempty. It is clear that our APLN objective function, being considered as a
function of operation completion times, is regular. Hence, by Theorem 2.4, it has an optimal
schedule S0, and due to Theorem 2.3, we may assume that this schedule has at most θ(S0) ≤
(2ξ + D − 1)H + 2ξ slices. Let A(S0) = (π(S0), Θ(S0)) and B(S0) = (π(S0), Θ(S0), L(S0))
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be its short and full configurations defined on page 12, where L(S0) = (l1(S0), . . . , lθ(S0)(S0))
is the vector of lengths of slices of schedule S0 in the order of their implementation. Due to
the feasibility of schedule S0, configuration B(S0) meets relations (2)–(5).

Let S ′ = {S ′} be the set of feasible schedules with the short configuration A(S ′) = A(S0)
and such that lν(S

′) = 0 for any ν such that lν(S0) = 0. We know that S ′ 6= ∅.
Note that for any fixed and feasible short configuration, all parameters in relations (3),

(4), (5), except variables {lν}, become fixed. Furthermore, for all S ′ ∈ S ′ each operation
set completion time C(Bi, S

′) remains within a fixed interval [τk, τk+1]. More precisely, if
C(Bi, S0) = τk for some k, then C(Bi, S

′) = τk as well, and if C(Bi, S0) ∈ (τk, τk+1), then
C(Bi, S

′) ∈ [τk, τk+1]. To our purposes we can derive that for the operation set Bi (i =
1, . . . , N), in any schedule S ′ ∈ S ′ we may use either the same penalty function αik +
βikC(Bi, S

′) (as used for Bi in schedule S0), or the value αi,k−1 + βi,k−1τk of the penalty
function used in the previous interval (τk−1, τk] (with a possible jumping the penalty down),
— in the case when C(Bi, S

′) decreases down to τk.
Let us consider the optimization problem P with variables {lν} corresponding only to

positive values lν(S0), and with linear constraints (3), (4), (5). The objective is to minimize
the function F ′(C(S ′)) .

=
∑N

i=1 f ′i(C(Bi, S
′)) over all schedules S ′ ∈ S ′, where each function

f ′i(x) is determined by the value of the completion time of set Bi in schedule S0:

f ′i(x) = αik(i) + βik(i)x, for C(Bi, S0) ∈ (τk(i), τk(i)+1].

If C(Bi, S0) = 0 we assume k(i) = 0 and βi0 = 0.
As was noted above, in the case that C(Bi, S

′) = τk, while C(Bi, S0) ∈ (τk, τk+1], we may
accidentally have

fi(C(Bi, S
′)) < f ′i(C(Bi, S

′)) (23)

that means that we use a different penalty function for the set Bi in problem P. In general,
we have

F (C(S ′)) ≤ F ′(C(S ′)), ∀ S ′ ∈ S ′. (24)

Since the short configuration is fixed for S ′ ∈ S ′, for each set Bi we have also fixed the
number ηi of the last slice Ŝν , where an operation oj ∈ Bi is presented. So, we have
C(Bi, S

′) =
∑ηi

ν=1 lν(S
′), ∀ S ′ ∈ S ′, and hence,

F̃ (L)
.
= F ′(C(S ′)) =

N∑
i=1

αik(i) +
N∑

i=1

βik(i)

ηi∑
ν=1

lν(S
′) = α0 +

∑
ν

βνlν(S
′), (25)

where βν =
∑

{i | ηi≥ν} βik(i), and α0 is a constant. Thus, problem P is a linear programming
problem.

It is known that there exists a basic optimal solution {l∗ν} of the above LP program [17],
in which the number (θ∗) of positive values of variables lν is upper bounded by the rank
r(A) of the matrix A of coefficients in the left-hand side of relations (3), (4), (5). The rank
r(A) is upper bounded by the number m + ξ + D − 1 of constraints (3), (4), (5) where m
is the number of arcs in graph G, or the number of conditions (5). Since graph G admits
counter arcs (oi, oj), (oj, oi) for any two operations {oi, oj}, as well as loops (oi, oi), m may
be as large as ξ2. If all pij = 0 then we can drop all constraints (5) since in this case all
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precedence constraints can be enforced by the order between slices and therefore r(A) can
be upper bounded by ξ + D − 1.

Let L∗ = (l∗1, . . . , l
∗
θ(S0)) be the complete vector of values of variables {lν | ν = 1, . . . , θ(S0)},

including zero values lν(S0) omitted in the above LP program. Once the triplet (π(S0), Θ(S0),
L∗) meets all requirements (2)–(5), it specifies a feasible schedule S∗ with no greater value
of the objective function: F ′(C(S∗)) ≤ F ′(C(S0)). Hence, by means of (24), we obtain

F (C(S∗)) ≤ F ′(C(S∗)) ≤ F ′(C(S0)) = F (C(S0)), (26)

which means that schedule S∗ is also optimal. It also implies that inequality (23) is impossible
for any set Bi and schedule S ′ = S∗. The number of positive slices of schedule S∗ is equal
to θ∗ ≤ ξ2 + ξ + D − 1 (or ξ + D − 1 if all pij = 0).

The second and third statements in the theorem follow from the standard bounds on the
encoding length of optimal basic solutions of linear programs with integer coefficients [17].

2

It can be easily seen that various total weighted penalty functions such as total weighted
lateness, tardiness, flow time, and even discontinuous weighted number of late jobs

∑
wjBj

can be included into the APLN objective function framework defined by (21)–(22). Further-
more, makespan Cmax is a trivial special case of the function F (C), when there is a single
set B1, and f1(x) = x. At the same time, objective functions such as the maximum lateness
and the maximum tardiness cannot be directly represented by APLN functions. However,
we can show that the GP-problem with an objective function of the max-type also satisfies
the properties of the Rational Structure Theorem.

Indeed, consider the GP-problem with the objective function

F (C(S ′)) = max fi(C(Bi, S
′)), (27)

where functions fi (i = 1, . . . , N) are still defined by (21). Assuming that an optimal schedule
S0 exists, the optimum F ∗ is attained at some set Bi∗ with the completion time C(Bi∗ , S0)
within an interval (τk∗ , τk∗+1]. Let us consider now problem P with constraints (3), (4), (5)
where all parameters, except variables {lν}, are specified by the short configuration A(S0)
of schedule S0 and with the objective to minimize the function αi∗k∗ + βi∗k∗C(Bi∗ , S

′). To
guarantee that the minimum of this function provides the optimum for the original GP-
problem, it suffices to add N − 1 constraints of the type:

αik(i) + βik(i)C(Bi, S
′) ≤ F ∗, i 6= i∗, (28)

where k(i) for each set Bi is determined by the relation C(Bi, S0) ∈ (τk(i), τk(i)+1]. Clearly,
the set S ′ of schedules {S ′} satisfying constraints (3), (4), (5), (28) is nonempty because
S0 ∈ S ′. Using the expressions C(Bi, S

′) =
∑ηi

ν=1 lν(S
′) for fixed {ηi}, we can represent

constraints (28) as linear inequalities in terms of variables {lν}. Therefore, problem P is a
linear program, and its optimum provides the optimum for the original GP-problem. Once
we add N − 1 linear constraints to our LP problem, the number of positive slices in the
optimal schedule may increase by this amount. As a result of all these arguments, we can
formulate the following
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Theorem 5.2 (Rational Structure Theorem II) Suppose, we consider a GP-problem
with ξ operations, D fixed dates, and an objective function F (C(B1), . . . , C(BN)) of the
operation set completion times, defined by (21) and (27). If for a given instance of this
problem there exist feasible schedules, then there exists an optimal schedule with the following
properties:

1. There are at most ξ2 + ξ + D + N − 2 positive slices. If all pij = 0, then there are at
most ξ + D + N − 2 positive slices.

2. If all input data are integers, then there exists a rational number δ with polynomially
bounded encoding length such that each changeover date gν is an integer multiple of δ
and the optimal value of the objective function is an integer multiple of δ.

6 Concluding remarks

In section 5 for the GP-problem and a wide variety of objective functions we established
the existence of optimal schedules with some nice properties provided that for the given
instance there exist feasible schedules. The presented proofs (especially, that of the first
Rational Structure Theorem) are constructive. Indeed, to find the desired optimal schedule,
it suffices to enumerate various short configurations, and for each configuration to solve
the corresponding linear program. Although, it is quite clear that the number of short
configurations is huge, the results obtained at least demonstrate that the complexity of the
problem under consideration is no more than that huge number.

For the second Rational Structure Theorem we presented a shorter but somewhat less
constructive proof (for it assumes the value of the optimum to be known). However, it is
clear that a similar constructive way of proof is also possible.

For the two-machine (two-job) dag shop scheduling problem, we have not succeeded
either to prove, or disprove that there always exists an optimal schedule in which the set of
changeover dates coincides with the set of completion times of operations. This “exercise” is
left to the reader. The same question remains open for the m-machine open shop problem.
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