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Abstract

We consider the well-known minimum quadratic assignment problem. In this problem we are
given twon x n nonnegative symmetric matrices= (a;;) andB = (b;;). The objective is to
compute a permutationof V' = {1,...,n} sothat) ey (), (j)bi,j 1S Minimized.

We assume that is a 0/1 incidence matrix of a grapﬁ, and thasatisfies the triangle inequal-
ity. We analyze the approximability of this class of problems by providing polynomial bounded
approximation for some special cases, and inapproximability results for other cases.

1 Introduction

In the MINIMUM QUADRATIC ASSIGNMENT PROBLEM tw0 n X n nonnegative symmetric matrices
A = (a;j) andB = (b;;) are given and the objective is to compute a permutatiohl” = {1,...,n}
so that) ijev ar(;)x(j)bi; iS minimized. The problem is one of the most important problem in
combinatorial optimization. It generalizes many fundamental problems such aRH#vELING
SALESMAN PROBLEM, GRAPH BISECTION MINIMUM WEIGHT PERFECT MATCHING, MINIMUM
k-CLIQUE, LINEAR ARRANGEMENT, and many others. It also generalizes many practical problems
that arise in various areas such as modeling of backboard wiring [20], campus and hospital layout
[6, 8], scheduling [12] and many others [7, 17].

The MINIMUM QUADRATIC ASSIGNMENT PROBLEM (MQA) is a notoriously difficult problem
both from practical and theoretical viewpoints. Practically, only instanceswith30 are compu-
tationally tractable [2]. Theoretically, Sahni and Gonzalez [19] show that no constant factor approx-
imation exists for the problem unlegs= NP. In fact, Queyranne [18] showed that approximating
the MQA within a polynomial factor in polynomial time impliesSNP even for the case when the
weights inG g correspond to a line metric.

In this paper we consider a special case MheMUM METRIC QUADRATIC ASSIGNMENT PROB-
LEM ( METRIC MQA), in which the weights i3 satisfy the triangle inequality, ; < b; i + by ;, for
alli, 5,k € V andA is a 0/1 incidence matrix of a graph. We usg to denote the graph correspond-
ing to A andG g to denote the complete weighted graph corresponding to the nitrithus, the
problem is to compute it¥ 5 a subgraph isomorphic @ 4 of minimum total weight. We will denote
by OPTthe cost of an optimal solution to the MQA problem. An algorithm for a minimization prob-
lem is calleda p-approximation algorithnif it always delivers in polynomial time a feasible solution
whose cost is at mogttimesOPT.

Several interesting special casesvTRIC MQA can be solved in polynomial time, others are
known to have polynomial algorithms that guarantee a solution withing a constant or a logarithmic
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factor from optimal. The approximability of other interesting cases is still open. In this paper we
obtain new results on the approximability mETRIC MQA, thus narrowing the gap between the
known cases that can and cannot be approximated.

Known results for the special cases.The METRIC k-TRAVELING SALESMAN PROBLEM is a
special case oMQA, for which there is a known 2-approximation [11], and a 1.5-approximation
whenk = n [5]. Similarly, theHAMILTONIAN PATH PROBLEM is a special case of MQA, for which
a similar bound is known [16].

The case whelir z corresponds to a metric oninteger points{1,...,n} andG 4 is an arbitrary
graph om vertices is known as theNEAR ARRANGEMENT PROBLEMand admits & (1/Iog n log log n)-
approximation [9].

WhenG 4 consists ofp vertex disjoint paths, (cycles, cliques) there are constant factor approxi-
mations under restrictions: Fpifixed see [14, 15], and for equal-sized sets see [13].

The case wheK 4 is a matching corresponds to teNIMUM MATCHING PROBLEM which is
polynomially solvable.

The MAXIMUM METRIC QUADRATIC ASSIGNMENT PROBLEM seems to be a much easier prob-
lem since it admits %-approximation algorithm [3]. Another case that admits good approximation is
so-calledDENSE QUADRATIC ASSIGNMENT PROBLEM This subclass of problems has a polynomial
time approximation scheme [4].

Our Results. First we consider the case whéhy, is a spanning tree. Note that in this case
the topology of the tre€;74 is pre-specified and therefore theQA on trees is different from the
MINIMUM SPANNING TREE PROBLEM We prove that there is n@(n®)-approximation algorithm
for any o < 1 for this special case, unledd = NP. On the positive side we show thatdf 4
is aspider, i.e. a tree with at most one vertex of degree3, then there exists a constant factor
approximation algorithm. For the case in which the maximum degreéa vertex in the treé 4 is
bounded, we present(a log n)-approximation algorithm.

Finally, we consider the problem in the case wiiénis a special case Gregular Hamiltonian
graph and the case whé&n, is a double tour (see Section 4 for the exact definitions). We obtain a
3-approximation for the first problem arxd®25-approximation for the second one.

Techniques and ideasThe most nontrivial result of this paper is a constant factor approximation
algorithm for the special case wheh, is a spider. Although this case looks quite specialized, it
contains the Minimum Metric Hamiltonian Path Problem as a special case when the spider is just a
path. We prove that by guessing the root and partitioning the vertex set into classes by their distance to
the root, we could find a collection of spanning trees connecting each of the vertex sets to the root so
that their total weight is at most constant factor of optimal value of the problem. This theorem provides
us with an auxiliary optimization problem that is easy to solve, and its output has cost approximating
the cost of the optimal spider. The proof looks at each leg of the optimal solution (mapping of
into Gg) and uses a non-trivial charging technique to prove that within one leg we could find subtrees
that span vertices of one class only and have bounded total cost. Given the collection of spanning
trees we transform it into a tour and after that into a spider by a well known spanning tree doubling
and short-cutting techniques.

The algorithm for the general bounded degree graphs consists of recursively finding the approxi-
mate Hamiltonian path and ordering vertices of the current subtree according to that path. After that
we map subtrees i@ 4 into the path such that the subtree with more vertices is mapped closer to the
beginning of the Hamiltonian path. Finally, we connect each child of the current root vertex by direct
edges and repeat the algorithm with each subtree rooted at a child node.



2 Non-approximability of the MQA on trees

It is trivial to compute anO(n)-approximation for theMQA whenG 4 is a tree. If the tree is a
spanning tree then by the triangle inequality, any feasible solutionsisapproximation. Otherwise,
compute a 2-approximatddMST wherek is the number of vertices as the required tree (using Garg’s
[11] 2-approximation algorithm), and compute any feasible solution using these vertices. Again the
bound follows from the triangle inequality. We now prove that this is essentially the best possible
bound.

Theorem 1 UnlessP = NP, there is no a polynomial time®-approximation algorithm for the
MQA whenG 4 is a tree, for anyy < 1.

Proof: Similar to [18], we use a reduction fromBRTITION: Given 3k integerss(1), ..., s(3k)
such thaty, s(a) = kR, the goal is to decide wheth¢t, . .., 3k} can be partitioned inté disjoint
subsetsSy, ..., S, with [Sp| = 3and}_ ¢ s(a) = Rforh =1...,k The 3PARTITION problem
is known to be NP-complete in the strong sense (see problem [SP15] in [10]).

Consider a positive constant< 1, and suppose that there exists an algorithrthat guarantees
an®-approximation to théQA on trees. Lef = 2 (3k*R)', where;; > a.

Suppose that an instanéeof 3-PARTITION is given. We define an instance of tMEQA where
G 4 corresponds to the treE with 1 + 3k>RP vertices: a root vertex, connected t@% subtrees
where theu-th subtree is a star witBks(a) P vertices. The graplrz consists oft disjoint cliques,
each with3k RP vertices and with zero weight edges, plus one additional vertexhich does not
belong to any of these cliques. The other edges ghave unit weight. Note that SinCEFRTITION
is NP-hard in the strong sense, the resulting instance d¥ilRé\ has a polynomial size.

Suppose thaf has a 3-patrtitiorby, . . ., S,. We can map the stars @faccording to this partition
to the cliques of7 5. The only unit length edges used by this solution are those connegtioghe
centers of the stars. Therefore the value of this solutiGi is

Suppose now thathas no 3-partition. We claim that in this case the optimal solution td/dDA
instance has value strictly greater ttg#nP. Consider feasible solution for sudhQA instance. This
solution defines an assignment of star centers into cliqguessamnd the graphGp. Consider the
cligue with maximum number of centers assigned to it. Nebe the total size of the stars with
centers assigned to that clique and Since there is no 3-partition, it follows that > (R + 1)3kP.
Therefore, the\l Q A solution uses at least P unit weight edges that connect star centers to their
leaves, and its cost is strictly greater tisarP.

Note that in the graph we constructed, the number of vertic¥sis1+3k2RP = 1+ (%)

41

P , and therefore® > Nl%l > N®. Thus, a guaranteed error ratio less tlhat means that if a
3-partition exists in/ then it must be found by the algorithsh. [

1+
<

3 Approximating MQA on spiders

Definition 2 A spider graph consists of a root vertex and a collection of subtrees that are paths. If
the paths have equal lengths then the spider is uniform. These paths are called legs, and the size of a
leg is the number of vertices in the leg excluding the root.

We note that the proof of Theorem 1 does not apply to spiders. MQ& on spiders is obviously
NP-hard even with just two subtrees since this is exactly the Hamiltonian Path Problem.



Theorem 3 There is a polynomial 3-approximation algorithm ffQA on uniform spiders.

Proof: Suppose that the spid&rconsists of a root and! path subtrees of vertices each. Then the
algorithm by Altinkemer and Gavish [1] for tr@APACITATED MINIMUM SPANNING TREE PROBLEM
with capacityk has performance guarantgdor our problem since every subtree returned by their
algorithm is just a path. [

We now consider th#1QA on general non-uniform spiders. We assume that the weights in the
matrix B are positive integers (except zeros on the diagonal).qLetl be a constant to be chosen
later. We assume that we know the root ventexf the tree whose degree is at least three in a fixed
optimal solutionOPTwhose cost is also denoted BYPT. This assumption can be justified by testing
all possibilities for choosing and applying the following algorithm for each possibility.

We partition the vertices ifv \ {r} according to their distances fromin the following way. Let
V; be the set of vertices whose distance frorelongs to the intervdl’—!, ¢%), that isV; = {j €
V\{r}: ¢! < by < q¢'}. Foravertexj, we say thay is aclassi vertexif j € V;. Letl be the
maximum index for whicH/; # 0.

For eachi, we compute an approximate minimum tdtyron the set of vertice®; U {r} by first
computing the minimum spanning tréeoverV; U {r} in G, doublingT;, converting the new graph
into a Eulerian tour and finally short-cutting the Eulerian tour to get the Hamiltonian tolirofy}.

We next create a Hamiltonian pathoverV in which the indices of classes of the vertices along the
path are monotone non-decreasing sequence. We do so by first ptativen 1/, and so on until
we placeV; at the end of the path. For eachthe order ofV; along this tour is exactly the order in
C;, starting at arbitrary chosen vertexdf. Letv, = r,v9, . .., v, be the permutation of the vertices
along the Hamiltonian patk.

Assume that the input spidér has legs of size; < ny < --- < n;. We return the spider whose
root vertex isr, and its edge set B U E> whereEy = {(r,v;) : k =1+ Z};ll nj,i=1,2,...,t}
andBy = {(vi,vit1) 11 =2,3,...,n — B\ {(vp—r,00) k=143 nji =1,2,... ¢} le,
we start to allocate the vertices along the ordePab different legs starting from the shortest leg that
is allocated the vertices from the classes with smallest index.

Before we start to estimate the weight of the approximate solution we prove the following techni-
cal lemma.

Lemma 4 We are given a set of positive humbers < as < --- < a,. LetQq,...,Q; be a
partition of the set{1,...,n} such that|Q;| = n;, n1 < ng < --- <y, andQ; = {j : j =
1+ Z 1My ey Zs:l ns}. Let P, ..., P, be arbitrary partition of the sef1,...,n} such that

| P;| = n;. Then
maxa; < maxa;.
deé‘ 2 maxa;

Proof: The proof is a straightforward application of induction on the nuntbef the sets in the
partition. [

It is clear that the algorithm returns a feasible solution in polynomial time. It remains to analyze
its performance guarantee. We bound separately the céstafid the cost oF,. We first bound the
cost of /.

Lemma 5 Z DeE bri < q-OPT.

Proof: Consider thei-th leg in a fixed optimal solution. Assume that it consists of the vertices
r,uf, uj, . .., up, inthis order. Then, the total cost of this legjs: +Z”Z’1b | Zmaxi<j<n, b
ul <<

i
ru
J
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by triangle inequality. We sum this inequality for all the legs, and conclude that

t n;—1 t t

= i > ;> -
OPT Z ru + Z bus wiie | = ergnzgz b”‘j T 1?;2}7{1 bmé

i=1 =1 =1

where for a vertex € V; we defineb,, = ¢*~1.
On the other hand, we note that along the Hamiltonian pathe vertices are ordered according

to the value oft,,. Letj(1) < j(2) < --- < j(t) be the indices such that, v;;)) € E for

i =1,2,...,t. By the definition of the pattP we havej(s) = 1+ > ;" ,1 Nj. Therefore,b’

TU; ( ) —
ming—g, . n;— maxy—o,.. Applying Lemma 4 we obtain

/ /
< v .
000y 4 i1 bruy

/
>, bisa meu )< Z X By SO Zlg@;b <4q-OPT
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|
Next we bound the cost df, by bounding the cost of patR. We do it by proving the existence
of the collections of trees defined &HuU {r} with bounded total cost.

Lemma 6 There exists a collection of tred$ defined on the sef§; U {r} with total cost bounded
above by-*%OPT.

Proof: Given an optimal solutio® P Tand the set of verticdlg U{r}, we construct tre&; as follows.
Consider aled.y = (r = uq, ..., u;) of OPTwith vertex setU such that/ NV # (). We scanly
from u, to u;, and consider each vertexc Ly N'V;. For each such vertex we act as follows:

e Suppose that either all vertices betweeand the previous vertexe V; U {r} belong toV;_;
or they all belong td/; 1. In such a case we add the edge (v, u) into the tre€l; and define
charge(e) to be the length of the — u path inLy.

e Suppose thatthere is a vertexc Ly such that all vertices betweanandu belong toV;_; and
w ¢ V; UV;_1. In this case we conneatdirectly to the root-, i.e. we add the edge= (r, u)
to the tre€T;, and definecharge(e) to be the length of thew — w path in L. The first edge
(w,w’) of this path will be called thvitness of the edge: = (r, ). Sincew ¢ V; UV;_; and
u € V; we have by triangle inequality that

charge(e) > byy > by — by > bry(1 —1/q)
if weV,fors<i-—2and
charge(e) > buu > by > brw = bror > brw(1 = 1/q) > bru(1 — 1/q)
if weVsfors>i+1.

e Analogously, suppose that there is a vertexc Ly such that all vertices between andu
belong toV;; andw ¢ V; U V;;1. We connect: directly to the root- and define:harge(e) to
be the length of thev — « path in L. The first edgdw, w’) of this path is the witness of the
edgee = (r,u). The lower bound forharge(e) is computed similarly:

charge(e) > byn > brw — by = bpy(1 —1/q) > bpy(1 —1/q)

5



if we V,fors >4+ 2and
charge(e) > by > byw = b — bpw > b (1 —1/q) > by (1 —1/q)
if we Vifors <i—1.

The above inequalities imply that the total length of all edges in tlgéaes upper bounded by
75 201 2oeer, charge(e).

To complete the proof we prove that, > ° ;. charge(e) < 30PT. Indeed, if(us, ust1) € Ly
and both vertices belong to the samelgahen the edgéus, us1) may contribute only teharge(e)
fore € T;,_1 UT; UT;11. If us andus41 belong to different sets; then the edgéu,, us+1) could be
a witness for at most one edge u). Also if us € V; andusyq € V; and|i — j| = 1 then the edge
(us, us+1) contributes once to theharge(e) for some edge iff; and once for some i)} . [

It follows that by finding a minimum spanning trees on eachiset {r}, and then doubling and
short-cutting these trees, we get the pRtvith total cost bounded above QI%OPT. By Lemma5
we conclude the following theorem:

Theorem 7 w(E;) + w(Es) < (q‘i—ql + q) OPT.

Choosingg = 1 + /6 we obtain &7 + 2+/6)-approximation algorithm (note + 2v/6 ~ 11.9)
for the MQA on non-uniform spiders.

4 Other types of graphsG 4

4.1 Bounded degree trees

Suppose that the treg&, has a maximum degree of at mdst whereA is some fixed constant. For
this case we present &n(A log n)-approximation algorithm. Note that whexis a constant (e.g.,
A = 3if G4 is a binary tree), this result gives a logarithmic approximation factor.

The algorithm first approximates a Hamiltonian patlisig, and denotes the order of the vertices
along this path as1,v9,...,v,. The cost of this Hamiltonian path is at most twice the cost of a
minimum cost spanning tree, and hence at &P T. We rootG 4 in an arbitrary vertexoot, and
maproot to vy, i.e., one of the endpoints of the Hamiltonian path.

Next, we recursively map the vertices of the ti@g (starting fromroot). We assume that the
current vertex ig that is mapped to,, and the subtree rooted@tontainsn, vertices, is mapped to
a consecutive set af, vertices along the Hamiltonian path startingatl.e., the subtree rooted at
is mapped to the sub-path, v+ 1, ..., v,4n,—1. We start this recursive procedure by mappingt
to v; and the subtree rooted @atot to the entire Hamiltonian patiy, vo, . . ., v,. Assume that in the
current recursion call we process vertethat is mapped te,.. Consider the number of vertices in
the subtrees hanged at each of the children.cAssume that hasé < A children, where thé-th
child denoted as; hasn; vertices in its subtree (sEf:1 n; = ny — 1). W.L.o.g. we assume that
ny <ng < --- < ng. We mape; tov;;) wherej(i) = r+1+ 22;11 nk. We will allocate recursively
the vertices of the subtree rooted-ato the vertex sefv;;y, vjiy11 - - -, Vji+1)—1}- This completes
the definition of the solution.

The edges connecting and its children inz 4 are associated with. The cost of the edges
associated with is at most times the cost of the subpath, v;.11, . . ., v;(;), and we call this subpath
the evidence subpath of We chargethe edges of the evidence subpathy &br the edges connecting
v and its children. Therefore, we conclude that if we can prove a b@&iod the number of times
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each edge is charged, then the total cost of the resulting solution is at\ibsimes the cost of the
Hamiltonian path.

First, note that each time an edge= (v;, v;+1) is chargect belongs to an evidence subpath of
some vertexy, and the vertices; andvf (for ¢ # j) belong to a common path &4 from root
to a leaf. Next, we consider the number of vertices in the subtree root€d ad denote it by.S.
We argue that¢ ; < (1— %) - n¢. Sincen; > n; for all 4, the number of edges of the evidence
subpath ofv§ is at most(1 — %) - n¢. Note thatvf , is a descendant of one of the childrenugf
that is an inner vertex of the evidence subpathfdfecause otherwise the edges associatedufith
do not belong to the evidence subpathupf Therefore, we conclude thaf,, < (1— %) - nf.
Since, for alli 1 < n{ < n, we conclude that the number of times that an edge is charged is at most
B < O(log% n). Therefore, we conclude the following theorem (for constant values)of

Theorem 8 There is arO(log n)-approximation algorithm for the OUNDED-DEGREE TREEMQA.

4.2 Hamiltonian 3-regular graphs

The approximability oENERAL HAMILTONIAN 3-REGULAR-MQA is currently open. We describe
in the sequel an approximable special case.
Given a graph with an even number of verticegrgeelis a Hamiltonian tour say(v;, vi+1) : @ =
1,...,n} (indices are module) and the edge§(v;, viyz) :i=1,..., 3}
We note that a shortest (or approximate) tour does not guarantee any bowndgar-MQA.
To see this, consider points, . . . p2, ordered by their indices and uniformly scattered along a unit
cycle. Of course, the cycle is a shortest tour. Its weight inviti=EL-MQA is its length plusn
times its diameter, .27 + n. However, there is a much better solution that visits consecutively
P1,P3, ..., Pan_1 and themps, py4, . .., pon. Its weight is approximately three times the length of the
cycle, i.e. 6.

Theorem 9 There is a polynomial 3-approximation algorithm feHEEL-MQA.

Proof: Compute a minimum weight perfect matching = {(a1,b1), ..., (a%, b%)} onGp. Con-
struct a 1.5 approximation todt for the TSP on the graph with verticés,, . . ., an }. By the triangle
inequality,w (7)) < 1.5w(T*), wherew(T™) is the length of an optimal tour ovéfr. W.l.0.g., assume
thatT = {al,...,a%}. Let T4 be the tOUf(al,ag,...,a%,bl,...,b%,al). (See Figure 1.) Return
the union ofl’y and M.

By the triangle inequalityw(b;, b;+1) < w(a;, a;ir1) + w(ai, b)) + w(ais1,bipr) for all i =
L...,n/2 = 1, w(azn,b) < w(az,a1) + w(ar,b1) andw(ar,bz) < w(az,ar) + wlan,bn).
Therefore,

ny

w(Ta) = Y [w(aiaip1) + w(bi bis1)] + w(az, br) + w(ar, ba)
=1
21
< > 2w(as, air) +wlai, bi) + w(aips, b)) + 2w(az, 1) +w(ar, by) + w(az, bs)
=1
< 2w(T) + 2w(M).

Therefore,apr = w(Ta) + w(M) < 3[w(M) + w(T*)], whereasppt = w(Topt) + w(Mopr) >
w(T*) +w(M), where the last inequality holds because of the triangle inequality. [
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Figure 1: The toufl’4

4.3 Double tours

A double tourconsists of the edges of a tour, sgy;,vi+1) : i = 1,...,n} (indices are modula)
and theirshortcuts{ (v;, vi12) i =1,...,n}.

Theorem 10 A 1.5-approximation foMETRIC TSPis a 2.25-approximation for the corresponding
DOUBLE TOUR-MQA instance.

Proof: By triangle inequality, the total length of the shortcuts is at most twice the length of the
approximated tour. Therefore, the total length of the solution is at most 4.5 times that of a shortest
tour. The result follows since any feasible solution has length of at least twice the shortest tour. This
last claim holds because the optimal solution consists of a disjoint union of two Hamiltonian cycles.
This is so for odd values ot as the set of shortcut edges is the edge set of a Hamiltonian cycle
(1,3,5,...,n=0,2,...,n — 1,1), and for even values of this is so because the following are the

two cycles:1,3,5,....n—1,n,n—2,n—4,...,4,2,1and2,3,4,....,n—2,n—1,1,n,2. [
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