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Abstract

We consider the question of how well a given distribution barapprox-
imated with probabilistic graphical models. We introducgesv param-
eter, effective treewidththat captures the degree of approximability as
a tradeoff between the accuracy and the complexity of ajmeion.
We present a simple approach to analyzing achievable tifsdbat ex-
ploits the threshold behavior of monotone graph properéird provide
experimental results that support the approach.

1 Introduction

A major concern in probabilistic reasoning using graphimabels, such as Bayesian net-
works, is the computational complexity of inference, whiglkyenerally NP-hard [5]. Typ-
ical approaches use approximation algorithms that traderacy for efficiency. How-
ever, the following important questions remain open: How a& characterize the accu-
racy/efficiency trade-off of a given distribution, i.e. degree of approximabiliy How do
we distinguish between distributions that are easy to agyprate and those that are hard?

An equally important motivation for studying these questi@omes from learning proba-
bilistic graphical models from data. Our goal is to learn elsdhat not only fit the data
well but also yield efficient inference. Note that traditdbmodel selection criteria, such as
BIC/MDL, aim at fitting the data well and minimizing thiepresentatiortomplexity of the
learned model (i.e., the total number of parameters). Heweas demonstrated in [2], such
criteria are unable to capture thderencecomplexity of the model. In particular, it was
shown that two models that fit the data equally well and hawvelai representation com-
plexity may have quite different graph structures, making modelexponentiallyslower
to reason with than the other.

The complexity of exact inference algorithms in Bayesiatwoeks, such as the junction
tree algorithm [12], or closely related variable-eliminattechniques [7], is exponential
in the size of the largest dependency created during inéeremhich corresponds to the
size of the largest clique induced during graph triangokatissociated with the inference.
This parameter (formally defined later) is known as tleewidth As shown by [11],
some form of triangulation is a necessary components of ahgrse for (exact) belief
updating based on local calculations. Thus, the treewidfesas a natural measure of
inference complexity in graphical models, and it is the mieasve adopt here. In order
the measure the accuracy of an approximate distribufioR ) with respect to the target
distribution P(X') we use the information-theoretic notionKdllback-Leibler divergence
(KL-divergence)lk (P, Q).



The following questions naturally arise: If we tolerate ata&i® inaccuracy in our model,
what is the best inference complexity we can hope to achi€m¥ice versa, what is the
best achievable approximation accuracy given a constoaitthe complexity (i.e., a bound
on the treewidth)? Intuitively, a distributioR(X) is "easy” (approximable) if its close to
a distributionQ(X) representable by a low-treewidth Bayesian network, soahanall
sacrifice in accuracy yields a significant gain in efficientie following example should
make the motivation clear.

Motivating Example Consider the parity function om binary random variables, and let
our target distribution” be the uniform distribution on the values to which it assigns
(i.e., onn-bit strings with an odd number of 1s). It is easy to see thatagaproximation
that decomposes over a Bayesian network whose moralizet ¢iermally defined in the
next section) misses at least one edge, is precisely asirseas the one that assumes all
variables to be independent (i.e., has no edges).

dir, This follows from the fact that the probability
distribution induced on any proper subset of the
variables is uniform, and thus for any subset
{Xiy,...,X;,} of & < mn variables, P(X;, |
Xigs--»Xi,) = P(X;,), uniform on {0,1}. It
: is then readily seen thad  P(x)logQ(x) =
n—2 treewidth 2~ (1) Zx:P(x)>0 log H?:l Q(xl ‘ Ligy ey xir) =
0 n—1 log [Ti_, Q(zi) = log2" = —n, *anddk (P, Q) =
(empty graph) (clique) —H(P)+n = 1sinceH(P) = n—1. Thus, unless we
can afford the complexity of the complete graph, there
is absolutelyno sense (i.e., absolutely no gain in accuracy and a polilgréiponential
loss of efficiency) in using a model more complex than the grgpaph. Intuitively, this
gives an example of a nonapproximable distribution.

1

On the other hand, one can easily construct a distributiadh l@rge but weak depen-
dencies. Exact representation of such distribution regur complex Bayesian network
(e.g., a complete graph); however, a small sacrifice in aogumay yield a very simple
model. For example, consider a distributibhover n Boolean variables, in which vari-
ablesXy,..., X, are independent and uniformly distributed; if &, ..., X, _; are
true, X, is true with probabilityl /4 (and false with probability 3/4); otherwisg,, is true
with probability 1/2 (regardless of the values ®f, ..., X,,_1). Itis easy to see that any
exact representation d? (e.g., X,, is a child node ofX4,....X,,_1) requires a complete
graph (after moralization). On the other hand, it is easyhtmsthatP is very close (has
KL-divergence2~("t1) vanishing exponentially witlh — o) to the joint distribution
Q(X) = I[, P(X;) of n independent, uniformly distributed variables, represetity the
disconnected gragh

In practice, of course, distributions are typically betwélse extremes. The tradeoff be-
tween the complexity and accuracy is monotonic; howevenay be far from linear. The
goal is to exploit these nonlinearities in choosing the beatlable tradeoff, given a target
distribution we wish to approximate, or a data set samplewhfa distribution we wish to
learn. We propose an approach that uses the existence shtids in monotone graph
properties. The theory of random graphs was initiated byd&mhd Rnyi [8], and one
of the main observations they made was that many natural toneg@roperties appear (or
disappear, depending on the direction of monotonicity)easuddenly; i.e., a sharp tran-

'Second to last equality is due to the well-known fact that, (P, @) is minimized by forcing
conditional probabilities of) to coincide with those computed frof.

Note thatP(X) differs fromQ(X) in only two states, when aky, ..., X,,_; are true, and\,
is either true or false.



sition from the property being very unlikely to it being vdilgely happens as the edge
probability is increased a little (or decreased, if the grtpis monotone decreasing).

This paper makes the following contributions. First, wevghbat both important proper-
ties of random graphical models, the property of “being Effit’ (i.e., having treewidth at
most some fixed integer) and the property of “being accurate” (i.e., being at distaat
most some from the target distribution), are monotone and demorestrgtireshold behav-
ior, giving us two families of threshold curves parametediby k and byd, respectively.
Second, we introduce the notion effective treewidtlk(d), which denotes the smallest
achievable treewidtlk given a constraind on KL-divergence from the target (level of in-
accuracy). The effective treewidth captures the approBilityof the distribution, and is
determined by relative position of the threshold curvesinaerent property of the target
distribution. Finally, we provide an efficient samplingslea approach that actually finds a
model achieving:(d) with high probability. We estimate the threshold curves,arging
their relative position, identify a class of treewidth-lnoled models such that the models in
the class arstill simple, yet this clasalreadycontains (with high probability) a sufficiently
good approximations to the target distribution (otherywige suggest that the distribution
is inherently hard to approximate).

2 Preiminariesand Related Wor k

Let P be a probability distribution on a set of discrete random variableX =
{X1,Xs,...,X,}. A Bayesian netwoiflt2] is a directed acyclic graph (DAGY where
the nodes correspond to the random variables and the edgeseat direct dependencies
among them. The dependencies are quantified by associaiignedeX; with a local
conditional probability distributiod(X; | I1;), wherell, is the set of parents of; (nodes
pointing to X;) in G. The joint probability distribution encoded by a Bayesiatwork is
given by the produc(Xy,...,X,) = [[, P(X; | II;). We say that a distribution
P(X) decomposesver a DAGG if there exist local conditional probability distributisn
corresponding t@- such thatP(X') can be written in such a form.

In general, exact probabilistic inference in Bayesian oek& is NP-hard [5]. For singly-
connected networks (i.e., networks with no undirectedes)clthere is a linear time local
belief-propagation algorithm [12]. In order to use thisalthm in the presence of cy-
cles, one typically constructsjanction treeof the network and runs the algorithm on this
tree [12]. Constructing a junction tree involves triandim@ the graph, i.e., adding edges
so that every cycle of length greater than three has a chead &n edge between a pair
of non-adjacent nodes). Each triangulation correspondsiite order of eliminating vari-
ables when summing terms out during inference [7]. Exaererice can then be done in
time and space linear in the representation of clique malgin the junction tree, which is
exponentialn the size of the largest clique induced during triangolatiThis number (mi-
nus one) is called theidth of a given triangulation. The minimum width over all possibl
triangulations is called thieeewidthof the grap#.

Given a target distributior?(X) and an approximatio)(X), the information diver-
gence(Kullback-Leibler divergence, or KL-divergence) betweBrand @ is defined as
drr(P,Q) = Y, P(x)log %, wherex ranges over all possible assignments to the
variables inX (See [6].) Notice thatx 1, (P, Q) is not necessarily symmetric.

Given a set of independent samples from a distribufidX’), the general goal is to learn
a Bayesian network model of this distribution that involdependencies only on limited

3The triangulation procedure is defined for undirected graphs, so wsefirat make the network
undirected while preserving the set of independence assumptionsathiieaone bynoralizingthe
network, i.e., connecting (“marrying”) the parents of every nodalnjique and then dropping the
direction of all edges.



subsets of the variables. Restricting the size of depemeenontrols both overfitting and
the complexity of inference in the resulting model. The sk®are in the form of tuples
(x1,...,2,) each corresponding to a particular assignméfit = x1,..., X, = z,). A
natural way of controlling the complexity of the learned rabi to limit ourselves to a
class of treewidth-bounded networks. 72t denote the class of distributions decompos-
able on graphs with treewidth at mds{0 < k& < n), with D; corresponding to the set of
tree-decomposable distributions. The distribution withi, minimizing the information
divergence from the target distributidnis called theprojectionof P ontoD;,.

L earning bounded-treewidth models Chow and Liu [4] showed that the projection of
an arbitrary distributior?(X') on the class of tree-decomposable distributibags simply

a maximum weight spanning tree, where the edge weight is tlheahinformation between
the corresponding variables. Notice that candidate spgrtrées can be compared without
any knowledge ofP beyond that given by pairwise statistics, which yields dicieht
algorithm. The additive decomposition @f ;, used in the proof, can be easily extended
to “wider” networks. Fix a network structui@, and letQ) be a distribution decomposable
overG. Then

der(PQ) = 30 Pix)log 2 == 3 3 Plai,m)log Qe | m) — H(P),
x 1=1 x;,m;

wherer; ranges over all possible valuesIdf. If P is the empirical distribution induced
by the given samplé& of size N (i.e., defined by frequencies of events in the sample),
then the first term can be shown to be.L(Q)/N, where LL(Q) = logP(S|Q), the
log-likelihod of the modelp* Thus minimizingdx (P, Q) is equivalent to maximizing
the log-likelihoodL L(Q). Standard arguments (see, for example, [12]) show thatrte fi
term is maximized by forcing all conditional probabiliti€gx, | ;) to coincide with those
computed fromP (e.g., relative frequencies in the sampl®ifs the empirical distribution).
Hence ifG is fixed, the projection onto the set@Gfdecomposable distributions is uniquely
defined, and we will identifyG with this projection (ignoring some notational abuse). A
more challenging problem is finding the best D&Gn some treewidth-bounded claBs
that yields a model closest 18; this clearly reduces to finding the minimum-weight hy-
pertree [10]. Foundirectedgraphs (i.e., Markov models), Srebro [13] showed the revers
reduction, thus proving the NP-hardness of learning bodwiceewidth Markov networks,
and provided an approximation method. It is also importantdte that our approach is
complementary to the ones of [4, 13] as we address the onttabgooblem of identifying
the optimal treewidth-boundesdass of modelgiven the data.

Threshold behavior of random graphs We use the model of random directed acyclic
graphs (DAGs) defined by Barak and Bsd[1]. Consider the probability spac&n, p)

of random undirected graphs amodes with edge probability (i.e., every pair of nodes
is connected with probability, independently of every other pair). Lét, , stand for a
random graph from this probability space. We will also ocwaally useG,, ., to denote

a graph chosen randomly from among all graphs withodes andn edges. Whemp =
m/(;”) , the two models are practically identical. Arandom DAG ia Barak-Erés model

is obtained from(,, ,, by orienting the edges according to the ordering of vertices all
edges are directed from higher to lower indexed vertices.

A graph propertyP is naturally associated with the set of graphs haviihgA property
is monotone increasing it is preserved under edge addition: If a gra@hsatisfies the
property, then every graph on the same set of nodes corgyaihis a subgraph must sat-
isfy it as well. It is easy to see (and intuitively clear) tlifaf® is a monotone increasing
property then the probability that,, , satisfiesP is a non-decreasing function pf A

4Since the true distributio® is given only by the sample, we It also denote the empirical
distribution induced by the sample, ignoring some abuse of notation.



monotone decreasingroperty is defined similarly. For example, the property a¥ihg
treewidth at most some fixed integeis monotone decreasing: adding edges can only in-
crease the treewidth. The theory of random graphs wastettiby Erds and Rnyi [8],
and one of the main observations they made was that manyahatenotone properties
appear rather suddenly, i.e., as we increasthere is a sharp transition from a property
being very unlikely to it being very likely. Friedgut [9] pred thateverymonotone graph
property of undirected graphs has such a threshold beh@&&rdom DAGs (correspond-
ing to random partially ordered sets) have received lessi@dh then random undirected
graphs, partially because of the additional structure hewents the completely indepen-
dent choice of edges. Nonetheless, many properties of nariidGs were also shown
to have threshold functions. (See, for example, [3] andreefees therein.) However, we
don't know of any general result for random DAGs analogoubh&b of Friedgut [9].

3 Formalization and Main Idea
First we introduce two properties of networks essentiattierrest of the paper.

Accuracy Recall that the information divergence of a given DAG from the tar-

get distribution P is given by dx.(P,G) = W(G) — H(P), where W(G) =

— >y Yogs i, Plwismi)log P(z; | mi). (In our casepP is the empirical distribution in-
duced by the given sampkeof size N. As mentioned beford) (G) = —LL(G)/N > 0.)

Fix a distance parametér> 0, and consider the properfys of n-node DAGs of having
W(G) > 6. Notice thatPs is monotone increasing: Adding edges to a graph can only
bring the graph closer to the target distribution, sincedistribution decomposable on the
original graph is also decomposable on the augmented onss iT&' is a subgraph of,
thenW (G) > ¢ only if W(G') > 4.

Complexity Fix an integerk, and consider the property ef-node DAGs of having
treewidth of their moralized graph at mast Call this propertyP,, and observe that it
is a structural property of a DAG, which doest depend on the target distribution and its
projection onto the DAG. It is also a monotone decreasingénty, since if a graph has
treewidth at mosk, then certainly any of its subgraphs does.

Recall that we identify each graph with the projection of taget distribution onto the
graph. We call a paifk, §) achievablefor a distribution P, if there exists a distribution
() decomposable on a graph with treewidth at mostuch thatdx (P, Q) < 6. The
effective treewidtlof P, with respect to a gived, is defined as the smallesto) such that
the pair(k, d) is achievable, i.e., if all distributions at distance at tnbfom P are not
decomposable on graphs with treewidth less th@n). This formulation gives the level of
inevitable complexity (i.e., treewidtt®), given the desired level of accuragyWe will also
be interested in average-case analogs of these definitiirg. > 0. We will say that a
pair (k, 9) is e-achievabldor P if at least are-fraction of all DAGs inDy, certify that(k, )
is achievable. Thus we not only care about the existence approximation with giverd
andk, but also in theaumberof such approximations.

Given an empirical distributio® as above and a distance paraméter 0, the goal is to
find the smallest treewidth bouridsuch that the paifk, ¢) is achievable fo. It should, of
course, be also feasible to actually find a model achieviisgthdeoff. This consideration
leads to a somewhat different goal, which we achieve (artdhjubelow.

Consider the curve given ks (p) = Pr[W (G, ,) > ¢]. Letp; be the critical value of the
propertyPs defined byus(ps) = 1/2. Roughly, the probability that a random DAG, ,,
satisfiesPs jumps from zero to one around= ps. Similarly, for each treewidth bouri
let p (p) = Priwidth(G,, ,,) < k], and letp;, be such that, (py) = 1/2.

Suppose that we knew the valuegf For reasons that will become clear in a moment, our
goal will be to find the smallest such thap, > ps + o(1). More precisely, we want the



smallestt satisfyingPr[width(G,, ,,) < k] > 1/2 + ¢, for some constart > 0. Let k*
denote this:. To find £*, we will generaten independent random DAGs i (n, ps) and
use them to approximater|width(G,, ,,,) < k] forall k, 0 < k < n. Chernoff bounds can
be used in the straightforward way (see Appendix A) to shaatth = 1“22% samples
suffice to get within an additive errgrwith probability at least — ~. Notice thatm is
independent of. andd; and if p and~ are constant, then sosis. The desired* is just the
smallestt whose estimate is at leakt2 + € + p.

Now, we know that at least half of the DAGs #(n, ps) satisfyPs. On the other hand,
at least a(1/2 + ¢)-fraction of DAGs inG(n, ps) satisfyPy«. Thus there must trivially
exist DAGs inG(n, ps) satisfying both. In fact, at least arfraction of them surely will.
Moreover, there is a very simple probabilistic algorithm finding one: We just need to
sampleO(1/¢) DAGs inG(n, ps) and choose the closest one. Clearly we are overcounting,
since the same DAGs may contribute to both probabilitiesvdfcut below 1/2, however,
we may be unlucky enough to find ourselves in the situatiorevh®st DAGs inG (n, ps)
satisfyingPs are not the ones that have small treewidth; and, intuititblg does not seem
too unrealistic, since the graphs @ (n, ps) with small treewidth will not necessarily fit
the distribution better than the ones with large treewidte value oft* defined as above
certainly gives an upper bound on the smallest achievaddsvidth. In practice, especially
whenn is large, it may be desirable to cut lower than 1/2. The appigpcutoff value can
be found by simply doing a binary search on the intef0al /2].

It remains to find the critical valugs, which can be done using sampling. Note that the
values related to treewidth are independent of the targétillition and can be precom-
puted for the givem. In order to findps, we can do a binary search on the interjéall ):

If the current edge probability is, we will approximateus (G, ,) using the sampler from
Appendix A, and branch accordingly based on the estimate.s€arch is continued until
p gets sufficiently close to satisfying; (G, ,) = 1/2.

A simple example should help make the goals clear. A didinbus calledk-wise in-
dependenif any subset of; variables is mutually independent (however, there mayt exis
dependencies on larger subsets). Figure 1 shows the cavas3fwise independent dis-
tribution on 8 random variables.

u(m) | We can hardly expect graphs

' with treewidth at most 2 to do
08 well on this distribution, since
all triples are independent, and
06 \=3 h their marginals do not reveal any
sl i higher-order structure; as we will
' see this is indeed the case. The
02 L | x-axis in Figure 1 corresponds to
the number of edges:, the y-
0 1‘0 2'0 2‘5 axis denotes the probability that

> 15 30 G satisfies the property corre-

_ number of edges m sponding to a given curve. The
Figure 1. Threshold curves for a 3-wise independefionotone decreasing curves cor-
distribution on 8 random variables. respond to the propertieB;, for

k={1,...,6} (from left to right respectively). Fok = 7, the curve is just,,(Pr) = 1.

The monotone increasing curves correspond to the propehgMng dx;, at mosts. The
leftmost curve is fory = 0.07, and it decreases by 01 as we go from left to right; the
smallerd, the higher the quality of approximation, thus the smalher probability of at-
taining it. The empty graph (treewidth 0) had divergefid3. As m increases, the prob-
ability of having small treewidth decreases, while the pitality of getting close to the
target increases. (Sineeis small, we computed the divergence exactly.) As the random
graph evolves, we want to capture the moment when the firbgjitity is still high, while



the second islreadyhigh. As expected, graphs with treewidth at most 2 are acurate

as the empty graph since all triples are independent. Ghvenl¢sired level of closeness
0, we want to find the smallest treewidttsuch that the corresponding curves meet above
some cut-off probability. For example, to get withig ;, at most 0.7, we may suggest, say,
projecting onto graphs with treewidth 4 (cutting at 0.4).eTdut-off value determines the
efficiency of finding a model with suchandd (see discussion above).

Estimating di;, Fix a bounded-treewidth DAG'. The target distribution is the empiri-
cal distributionP induced by the given sample. Recall that;, (P, G) decomposes into the
sum of conditional entropies induced 6y(minus the entropy of’). Hoffgen [10] showed
how to estimate these conditional entropies with any fixedita precisionp using poly-
nomially many samples. FiR < p,v < 1. More precisely, he showed that a sample

of sizem = m(y,p) = O(( )2 log? 2 > log *—— ntt ) suffices to obtain good estimations of

all induced conditional entrop|es W|th probab|I|ty at leds- ~, which in turn suffices to
estimatel (P, G) with the additive precisiop.

Estimating Treewidth Finding the treewidth of an arbitrary graph is known to be NP-
hard. However, in practice, efficient heuristic algorithare commonly used to find a
suboptimal elimination ordering that often provides a gestimation of the treewidth
(e.g., min-degree or max-cardinality orderings). We usegt lthe maximume-cardinality
heuristic. The computational time for networks on severaidred nodes is insignifi-
cant. Note that the values related to treewidth are indesr@naf the target distribution
and can be computed in advance using even more sophistiglgtedthms that provide
better treewidth estimates.

4 Experimental Results

Due to page limit, we discuss an application of the method single network known

as ALARM (originating from anesthesia monitoring domain); simisults very obtained

on other networks (e.g., randomly generated ones). Theonkthas37 nodes,46 di-
rected edgesl9 additional undirected edges induced by moralization; thewidth is4.

A sample of sizeV = 10* was generated using ancestral sampling, inducing the empir
ical distribution with support o570 unique variable assignments. Figure 2 shows the
curve illustrating the (estimated) tradeoffs availablle/fo For each treewidth bourd the
curves gives an estimate of the best achievable vald®& 6f di; — H(P). (Recall that

W relates to the log-likelihood as follow€:L = —N - W.)

The estimate is based on generating 400 random
DAGs with 37 nodes anch edges, for every pos-
sible m. Several points on the curve are wor- =
thy of note. The upper-left poin®, 23.4) cor- o}
responds to the model that assumes all 37 varL
ables to be independent. On the other extreme
the lower-right point(36,0) corresponds to the & |
clique on 37 nodes, which of course can model *|
P perfectly, but with exponential complexity. =
The closer the area under the curve to zero, thew} |
easier the distribution (in the sense discussed in © s © s = = = =
this paper). Here we see that the highest gain e e

in accuracy from allowing the model to be moreFigure 2: Tradeoff curve for BARM.
complex occurs up to treewidth 4, less so 5 and

6; by further increasing the treewidth we do not gain muchcicusacy.

In this sense we succeed, since the distribution was siptifabm a treewidth-4 model.
(Note, however, that it does not imply that the empiricakriisition itself decomposes
on a treewidth-4 model. The simplest example of this is whenttue distribution is



probability of satisfying the property

0 20 40 60 80 100 120
number of edges

Figure 3: Threshold curves forlARM

uniform.) Such tradeoff curves are similar to commonly uB&IC (Receiver Operating
Characteristic) curves; the techniques for finding the ffwt@ue in ROC curves can be
used here as well. Instead of plotting the best achievaltamte, we can plot the best
distance achievable by at least affraction of models in the class, parameterizing the
tradeoff curve by. Figure 3 shows the threshold curves. The axes have the sear@mg

as in Figure 1. Varying sample size and the number of randgemgrated DAGs does not
change the behavior of the curves in any meaningful way;unmgirsingly, increasing these
parameters results in smoother curves.

The experiments support the following conclusions: theprties capturing the complex-
ity and accuracy of a model indeed demonstrate a threshdldvim, which can be ex-

ploited in determining the best tradeoff for the given digttion; the simple approach
based on generating random graphs and using them to ap@i@dine thresholds is indeed
capable of capturing the effective width of a distribution.
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Note: Appendix may be ignored at the discretion of the Pnog&ommittee.

A The Sampler

To estimateéPr[W (G, ,,) > 6], givenp andd, the algorithm just generates independent
copies ofG,, ,, denotedGy, ..., Gy, and outputsS,, = % Z,’i’il U; as its estimate of
w = Pr[W(G, ) > d], whereU, is a random variable indicating whethf(G;) > 4.
The approximation is parameterized by the error probgbjlind accuracy; i.e., we want
to get a value at mogtaway fromPr[W (G, ,) > d] with probability at least — ~ (over
the choice of74, ..., G,,). By the Chernoff Bound,

Pr(|S, — u| > p] < 2e2m7".

Settingm = % makes the above error probability at mestas required. Thus

O(ln(;#) samples suffice. The same argument can be used for estintagipgobability
that width(G,, ,,) < k, givenp andk.

If we have an estimate @&|width(G,, ,,,)], then Markov’s inequality immediately gives an
upper bound ort* (see Section 3). Indeed, we have

E[width(G,, ,,)]

Pr[width(G,, ,,) < k] > 1 — p

We haveyy (ps) > 1 — EWIMNGss)) 5 1 yielding 1 — Efwidth(G,, ,q)]/k > 1/2, or

k > 2E[width(G,, ,s)]. The upper bound ok* is given by the smallest integrél sat-
isfying the inequality. Note that for estimating the expeicin E[width(G,, ,,)], the num-
ber of samples required by the above algorithm is no longggpendent ofi. Although
width(G,, ;) is bounded (which is crucial, since otherwise no reasorsdaigpling method
could guarantee any approximation), this bound depends teading to the sample size
_ n?In(2/y)
2¢2 '



