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Abstract

We consider the question of how well a given distribution barapprox-
imated with probabilistic graphical models. We introduasesv param-
eter, effective treewidththat captures the degree of approximability as
a tradeoff between the accuracy and the complexity of ajmion.
We present a simple approach to analyzing achievable tifsdbat ex-
ploits the threshold behavior of monotone graph propertied provide
experimental results that support the approach.

1 Introduction

A major concern in probabilistic reasoning using graphinabels, such as Bayesian net-
works, is the computational complexity of inference, whiglgenerally NP-hard [5]. Typ-
ical approaches use approximation algorithms that tradearacy for ef ciency. How-
ever, the following important questions remain open: How a& characterize the accu-
racy/ef ciency trade-off of a given distribution, i.e. itkegree of approximabiliy How do
we distinguish between distributions that are easy to apyprate and those that are hard?

An equally important motivation for studying these questi@comes from learning proba-
bilistic graphical models from data. Our goal is to learn elsdhat not only t the data
well but also yield ef cient inference. Note that tradit@mmodel selection criteria, such as
BIC/MDL, aim at tting the data well and minimizing theepresentatiortomplexity of the
learned model (i.e., the total number of parameters). Heweas demonstrated in [2], such
criteria are unable to capture thderencecomplexity of the model. In particular, it was
shown that two models that t the data equally well and haweilsir representation com-
plexity may have quite different graph structures, making modelexponentiallyslower
to reason with than the other.

The complexity of exact inference algorithms in Bayesiatwoeks, such as the junction
tree algorithm [12], or closely related variable-eliminattechniques [7], is exponential
in the size of the largest dependency created during inferemhich corresponds to the
size of the largest clique induced during graph triangakatissociated with the inference.
This parameter (formally de ned later) is known as ttieewidth As shown by [11],
some form of triangulation is a necessary components of ahgrse for (exact) belief
updating based on local calculations. Thus, the treewidfesias a natural measure of
inference complexity in graphical models, and it is the measve adopt here. In order
the measure the accuracy of an approximate distribu@@X ) with respect to the target
distributionP (X ) we use the information-theoretic notionkdllback-Leibler divergence
(KL-divergencellk (P; Q).



The following questions naturally arise: If we tolerate ataim inaccuracy in our model,
what is the best inference complexity we can hope to achi€me¥ice versa, what is the
best achievable approximation accuracy given a constoaithhe complexity (i.e., a bound
on the treewidth)? Intuitively, a distributidd(X) is "easy” (approximable) if its close to
a distributionQ(X ) representable by a low-treewidth Bayesian network, sodtramnall
sacri ce in accuracy yields a signi cant gain in ef ciencyhe following example should
make the motivation clear.

Motivating Example Consider the parity function am binary random variables, and let
our target distributiorP be the uniform distribution on the values to which it assigns
(i.e., onn-bit strings with an odd number of 1s). It is easy to see thataguproximatiorQ
that decomposes over a Bayesian network whose moralizeti iarmally de ned in the
next section) misses at least one edge, is precisely asirseas the one that assumes all
variables to be independent (i.e., has no edges).

dicL This follows from the fact that the probability
distribution induced on any proper subset of the
variables is uniform, and thus for any subset
{Xi;;:5: X5} of k < n variables, P(Xi, |
Xipiin X5) = P(Xj,), pniform on {0;1}. It
is thenPreadin seerb that , P(x)logQ(x) =

1

n—2; treewidth 21 (N1 1) x:P(x)>0 109 i QUi | Xipiiinxg,) =
0 n—1 log ~iL; Q(xi) =log2" = —n, tanddk (P;Q) =
(empty graph) (clique) —H (P)+n = 1sinceH (P) = n—1. Thus, unless we

can afford the complexity of the complete graph, there
is absolutelyno sense (i.e., absolutely no gain in accuracy and a poligréiponential
loss of ef ciency) in using a model more complex than the gmgriaph. Intuitively, this
gives an example of a nonapproximable distribution.

On the other hand, one can easily construct a distributiadh l@rge but weak depen-
dencies. Exact representation of such distribution regur complex Bayesian network
(e.g., a complete graph); however, a small sacri ce in aacymay yield a very simple
model. For example, consider a distributiBnover n Boolean variables, in which vari-

exact representation & (e.g., Xy is a child node ofX1,...X; 1) requires a complete
graph (after moralization). On the other hand, it is easyhtmsthatP is very close (has
KL—diverqgnceZi (n+1) vanishing exponentially witm — o) to the joint distribution
Q(X) = " ; P(Xj) of n independent, uniformly distributed variables, represéry the
disconnected gragh

In practice, of course, distributions are typically betwélse extremes. The tradeoff be-
tween the complexity and accuracy is monotonic; howevenay be far from linear. The
goal is to exploit these nonlinearities in choosing the beatlable tradeoff, given a target
distribution we wish to approximate, or a data set samplewhfa distribution we wish to
learn. We propose an approach that uses the existence shtids in monotone graph
properties. The theory of random graphs was initiated byo&m@hd Rnyi [8], and one
of the main observations they made was that many natural toneg@roperties appear (or
disappear, depending on the direction of monotonicity)easuddenly; i.e., a sharp tran-

1Second to last equality is due to the well-known fact ihat (P; Q) is minimized by forcing
conditional probabilities of to coincide with those computed frofh.

is either true or false.



sition from the property being very unlikely to it being vdilgely happens as the edge
probability is increased a little (or decreased, if the grbpis monotone decreasing).

This paper makes the following contributions. First, wevghbat both important proper-
ties of random graphical models, the property of “being &frd” (i.e., having treewidth at
most some xed integek) and the property of “being accurate” (i.e., being at distaat
most some: from the target distribution), are monotone and demorestrgiireshold behav-
ior, giving us two families of threshold curves parametedibyk and byz, respectively.
Second, we introduce the notion effective treewidthk(+), which denotes the smallest
achievable treewidtk given a constraint on KL-divergence from the target (level of in-
accuracy). The effective treewidth captures the approBilityof the distribution, and is
determined by relative position of the threshold curvesinaerent property of the target
distribution. Finally, we provide an ef cient sampling-4ed approach that actually nds a
model achievind () with high probability. We estimate the threshold curves,arging
their relative position, identify a class of treewidth-lnoled models such that the models in
the class arstill simple, yet this clasalreadycontains (with high probability) a suf ciently
good approximations to the target distribution (otherwige suggest that the distribution
is inherently hard to approximate).

2 Preliminaries and Related Work
Let P be a probability distribution on a set af discrete random variableX =

the nodes correspond to the random variables and the edgeseat direct dependencies
among them. The dependencies are quanti ed by associaticlg eodeX ; with a local
conditional probability distributio® (X | M;), wherelT; is the set of parents of;; (nodes
pointing toX ) in G. The joint probabilitbdistribution encoded by a Bayesiatwork is
given by the producP (X;:::; Xpn) = ?:1 P(X;i | Mj). We say that a distribution
P (X)) decomposesver a DAGG if there exist local conditional probability distributisn
corresponding t@ such thaP (X ) can be written in such a form.

In general, exact probabilistic inference in Bayesian oek& is NP-hard [5]. For singly-
connected networks (i.e., networks with no undirectedes)clthere is a linear time local
belief-propagation algorithm [12]. In order to use thisalthm in the presence of cy-
cles, one typically constructsjanction treeof the network and runs the algorithm on this
tree [12]. Constructing a junction tree involves triandinl@ the graph, i.e., adding edges
so that every cycle of length greater than three has a ch@ad &n edge between a pair
of non-adjacent nodes). Each triangulation correspondsiite order of eliminating vari-
ables when summing terms out during inference [7]. Exaererice can then be done in
time and space linear in the representation of cligue malgin the junction tree, which is
exponentialn the size of the largest clique induced during triangolatiThis number (mi-
nus one) is called theidth of a given triangulation. The minimum width over all possibl
triangulations is called thieeewidthof the grap#.

Given a target distributior® (X) and an approximatio®Q(X), the information diver-
gence(Kullback;Leibler divergence, or KL-divergence) betweenand Q is de ned as

dxL(P;Q) = , P(x)log g&; wherex ranges over all possible assignments to the

variables inX (See [6].) Notice thatl (P; Q) is not necessarily symmetric.

Given a set of independent samples from a distribuB@X ), the general goal is to learn
a Bayesian network model of this distribution that involdependencies only on limited

3The triangulation procedure is de ned for undirected graphs, so wat mst make the network
undirected while preserving the set of independence assumptionsathiea@one bynoralizingthe
network, i.e., connecting (“marrying”) the parents of every nodanjique and then dropping the
direction of all edges.



subsets of the variables. Restricting the size of depermgenontrols both over tting and
the complexity of inference in the resulting model. The sk®@are in the form of tuples

natural way of controlling the complexity of the learned rabi to limit ourselves to a
class of treewidth-bounded networks. &t denote the class of distributions decompos-
able on graphs with treewidth at mast{0 < k < n ), with D; corresponding to the set of
tree-decomposable distributions. The distribution withi, minimizing the information
divergence from the target distributiéhis called theprojectionof P ontoDy.

Learning bounded-treewidth models Chow and Liu [4] showed that the projection of
an arbitrary distributio? (X ) on the class of tree-decomposable distributiDass simply

a maximum weight spanning tree, where the edge weight is theahinformation between
the corresponding variables. Notice that candidate spgrtrées can be compared without
any knowledge of beyond that given by pairwise statistics, which yields aniefit
algorithm. The additive decomposition d& used in the proof, can be easily extended
to “wider” networks. Fix a network structu®, and letQ be a distribution decomposable
overG. Then

oy=" POy _ ¢ X

G
where¥4 ranges over all possible valuesIdf. If P is the empirical distribution induced
by the given sampl& of sizeN (i.e., de ned by frequencies of events in the sample),
then the rst term can be shown to beLL (Q)=N, wherelLL (Q) = logP(S|Q), the
log-likelihod of the modelQ* Thus minimizingdk, (P; Q) is equivalent to maximizing
the log-likelihoodLL (Q). Standard arguments (see, for example, [12]) show thatrste
term is maximized by forcing all conditional probabiliti©gx; | %) to coincide with those
computed fronP (e.g., relative frequencies in the samplBifs the empirical distribution).
Hence ifG is xed, the projection onto the set @-decomposable distributions is uniquely
de ned, and we will identifyG with this projection (ignoring some notational abuse). A
more challenging problem is nding the best DA&in some treewidth-bounded claBg
that yields a model closest #; this clearly reduces to nding the minimum-weight hy-
pertree [10]. Foundirectedgraphs (i.e., Markov models), Srebro [13] showed the revers
reduction, thus proving the NP-hardness of learning bodwiceewidth Markov networks,
and provided an approximation method. It is also importantdte that our approach is
complementary to the ones of [4, 13] as we address the onttabgooblem of identifying
the optimal treewidth-boundesddass of modelgiven the data.

P(xi;¥%)logQ(xi j %) i H(P);

Threshold behavior of random graphs We use the model of random directed acyclic
graphs (DAGSs) de ned by Barak and Exsl[1]. Consider the probability spax(n; p)

of random undirected graphs omodes with edge probability (i.e., every pair of nodes
is connected with probabilitp, independently of every other pair). L&, , stand for a
random graph from this probability space. We will also otwaally useGn n, to denote

a g[a@h chosen randomly from among all graphs withodes andn edges. Whemp =
m= 7, the two models are practically identical. A random DAG ia Barak-Erds model

is obtained fronG,, ;, by orienting the edges according to the ordering of vertices all
edges are directed from higher to lower indexed vertices.

A graph propertyP is naturally associated with the set of graphs hangA property
is monotone increasing it is preserved under edge addition: If a gra@hsatis es the
property, then every graph on the same set of nodes corgaias a subgraph must sat-
isfy it as well. It is easy to see (and intuitively clear) tlilaP is a monotone increasing
property then the probability th&, , satis esP is a non-decreasing function pf A

4Since the true distributioR is given only by the sample, we I& also denote the empirical
distribution induced by the sample, ignoring some abuse of notation.



monotone decreasingroperty is de ned similarly. For example, the property aving
treewidth at most some xed integ&ris monotone decreasing: adding edges can only in-
crease the treewidth. The theory of random graphs wasteutiby Erds and Rnyi [8],
and one of the main observations they made was that manyahatenotone properties
appear rather suddenly, i.e., as we incrgasthere is a sharp transition from a property
being very unlikely to it being very likely. Friedgut [9] pred thateverymonotone graph
property of undirected graphs has such a threshold beh@&&rdom DAGs (correspond-
ing to random partially ordered sets) have received lessiidh then random undirected
graphs, partially because of the additional structure phewents the completely indepen-
dent choice of edges. Nonetheless, many properties of narldGs were also shown
to have threshold functions. (See, for example, [3] andreefees therein.) However, we
don't know of any general result for random DAGs analogouh&t of Friedgut [9].

3 Formalization and Main Idea
First we introduce two properties of networks essentiatierrest of the paper.

Accuracy Recall that the information divergence of a given DA& from the tar-
gep distgbutionP is given by dx (P;G) = W(G) — H(P), where W(G) =

- ?:1 x m P (Xi;¥4) log P (Xi | %). (In our caseP is the empirical distribution in-
duced by the given samp&of sizeN . As mentioned beforéy/ (G) = —LL (G)=N =0.)

Fix a distance parameter> 0, and consider the properB;s of n-node DAGs of having

W (G) = . Notice thatP5 is monotone increasing: Adding edges to a graph can only
bring the graph closer to the target distribution, sincedistribution decomposable on the
original graph is also decomposable on the augmented onss iT6 is a subgraph o6°,
thenW (G) = +only if W(G? = +.

Complexity Fix an integerk, and consider the property of-node DAGs of having
treewidth of their moralized graph at mdst Call this propertyPy and observe that it
is a structural property of a DAG, which domet depend on the target distribution and its
projection onto the DAG. It is also a monotone decreasingénty, since if a graph has
treewidth at mosk, then certainly any of its subgraphs does.

Recall that we identify each graph with the projection of taget distribution onto the
graph. We call a paifk; ) achievablefor a distributionP, if there exists a distribution
Q decomposable on a graph with treewidth at mostuch thatdx (P; Q) < £ The
effective treewidtlof P, with respect to a givet, is de ned as the smallegt(+) such that
the pair(k; £) is achievable, i.e., if all distributions at distance at mbfrom P are not
decomposable on graphs with treewidth less th@t). This formulation gives the level of
inevitable complexity (i.e., treewidttk), given the desired level of accuratyWe will also
be interested in average-case analogs of these de nitibixsz > 0. We will say that a
pair (k; £) is 2-achievabldor P if at least ar?-fraction of all DAGs inDy certify that(k; )
is achievable. Thus we not only care about the existence approximation with givert
andk, but also in theaumberof such approximations.

Given an empirical distributio® as above and a distance parameter 0, the goal is to
nd the smallest treewidth bourkdsuch that the paitk; +) is achievable foP . It should, of
course, be also feasible to actually nd a model achieving titadeoff. This consideration
leads to a somewhat different goal, which we achieve (artdhyjubelow.

Consider the curve given Bys(p) = Pr [W (Gn,p) = #]. Letps be the critical value of the
propertyPs de ned by? 5(ps) = 1=2. Roughly, the probability that a random DAG p
satis esPs jumps from zero to one aroumm= p;. Similarly, for each treewidth bourid
let?  (p) = Pr [width(Gn p) = K], and letpk be such that «(px) = 1=2.

Suppose that we knew the valuepgf For reasons that will become clear in a moment, our
goal will be to nd the smallesk such thapy > ps + o(1). More precisely, we want the



smallestk satisfyingPr [width(Gn p,) < k] = 1=2 + 2; for some constart> 0. Letk"”
denote thik. To nd k", we will generatem independent random DAGs f&(n; ps) and
use them to approximager [width(Gn, p,) =< k] for all k, 0 < k < n . Chernoff bounds can
be used in the straightforward way (see Appendix A) to shaatiti = % samples
suf ce to get within an additive errovzwith probability at least. — °. Notice thatm is

independent of and+; and if2and® are constant, then soriis. The desired” is just the
smallestk whose estimate is at lealt2 + 2 + %2

Now, we know that at least half of the DAGs @&(n; ps) satisfyP5. On the other hand,
at least a(1=2 + 2)-fraction of DAGs inG(n; ps) satisfyPx=. Thus there must trivially
exist DAGs inG(n; ps) satisfying both. In fact, at least &rfraction of them surely will.
Moreover, there is a very simple probabilistic algorithm fading one: We just need to
sampleO(1=2) DAGs inG(n; ps) and choose the closest one. Clearly we are overcounting,
since the same DAGs may contribute to both probabilitiesvdfcut below 1/2, however,
we may be unlucky enough to nd ourselves in the situationrghmost DAGs inG(n; ps)
satisfyingP;s are not the ones that have small treewidth; and, intuititblg does not seem
too unrealistic, since the graphs @(n; ps) with small treewidth will not necessarily t
the distribution better than the ones with large treewidthe value ok® de ned as above
certainly gives an upper bound on the smallest achievaddsvidth. In practice, especially
whenn is large, it may be desirable to cut lower than 1/2. The apmipcutoff value can
be found by simply doing a binary search on the inte(@al=2].

It remains to nd the critical valug, which can be done using sampling. Note that the
values related to treewidth are independent of the targétillition and can be precom-
puted for the givem. In order to nd ps, we can do a binary search on the interjgall):

If the current edge probability is, we will approximate' 5(Gn p) using the sampler from
Appendix A, and branch accordingly based on the estimate.sEarch is continued until

p gets suf ciently close to satisfyings(Gn p) = 1=2.

A simple example should help make the goals clear. A didinbuis calledk-wise in-
dependenif any subset ok variables is mutually independent (however, there mayt exis
dependencies on larger subsets). Figure 1 shows the cavas3fwise independent dis-
tribution on 8 random variables.

1(m) We can hardly expect graphs

' with treewidth at most 2 to do
08 |- well on this distribution, since
all triples are independent, and
0:6 |- 3 n their marginals do not reveal any
04 L i higher-order structure; as we will
‘ see this is indeed the case. The
02 L | x-axis in Figure 1 corresponds to
the number of edgem, the y-
| | |
° 10 20 25

axis denotes the probability that
5 15 30 Gn.m Satis es the property corre-

) _ number of edgesm sponding to a given curve. The
Figure 1: Threshold curves for a 3-wise independefionotone decreasing curves cor-

distribution on 8 random variables. respond to the propertieBy for

The monotone increasing curves correspond to the propehgMngdk . at mostt. The
leftmost curve is forr = 0:07, and it decreases W01 as we go from left to right; the
smaller, the higher the quality of approximation, thus the smalher probability of at-
taining it. The empty graph (treewidth 0) had divergeff¥3. As m increases, the prob-
ability of having small treewidth decreases, while the pitality of getting close to the
target increases. (Sineeis small, we computed the divergence exactly.) As the random
graph evolves, we want to capture the moment when the rdagdodity is still high, while



the second islreadyhigh. As expected, graphs with treewidth at most 2 are acurate

as the empty graph since all triples are independent. Givenl¢sired level of closeness
+, we want to nd the smallest treewidth such that the corresponding curves meet above
some cut-off probability. For example, to get witldg at most 0.7, we may suggest, say,
projecting onto graphs with treewidth 4 (cutting at 0.4).eTdut-off value determines the
ef ciency of nding a model with suctk and+ (see discussion above).

Estimating d.  Fix a bounded-treewidth DAG. The target distribution is the empiri-
cal distributionP induced by the given sample. Recall tdgy (P; G) decomposes into the
sum of conditional entropies induced 8y(minus the entropy dP). Hoffgen [10] showed
how to estimate these conditional entropies with any xediake precisionzusing poly-
nomially many samples. Fif < %;° < 1. More precisely, he showed that a sample

of sizem = m(°;¥) = O((%)2 log? g log “kyﬂ) suf ces to obtain good estimations of

all induced conditional entropies with probability at leéas- °, which in turn suf ces to
estimatedk . (P; G) with the additive precisiofr

Estimating Treewidth Finding the treewidth of an arbitrary graph is known to be NP-
hard. However, in practice, ef cient heuristic algorithraee commonly used to nd a
suboptimal elimination ordering that often provides a gestimation of the treewidth
(e.g., min-degree or max-cardinality orderings). We usegt lthe maximume-cardinality
heuristic. The computational time for networks on severatdred nodes is insigni -
cant. Note that the values related to treewidth are indegrenaf the target distribution
and can be computed in advance using even more sophistiglgtedthms that provide
better treewidth estimates.

4 Experimental Results

Due to page limit, we discuss an application of the method single network known

as ALARM (originating from anesthesia monitoring domain); simiesults very obtained

on other networks (e.g., randomly generated ones). Theonkthas37 nodes,46 di-
rected edgesl9 additional undirected edges induced by moralization; thewidth is4.

A sample of sizeN\ = 10* was generated using ancestral sampling, inducing the empir
ical distribution with support o570 unique variable assignments. Figure 2 shows the
curve illustrating the (estimated) tradeoffs available®o For each treewidth bourld the
curves gives an estimate of the best achievable valW of dx, — H (P). (Recall that

W relates to the log-likelihood as followkl. = —N - W.)
The estimate is based on generating 400 random
DAGs with 37 nodes anoh edges, for every pos-
sible m. Several points on the curve are wor- =
thy of note. The upper-left poir(0; 23:4) cor- ol
responds to the model that assumes all 37 vari-,, |
ables to be independent. On the other extremg,
the lower-right point(36; 0) corresponds to the & |
clique on 37 nodes, which of course can model *|
P perfectly, but with exponential complexity. =t
The closer the area under the curve to zero, thew} |
easier the distribution (in the sense discussed in © s © s = = = =
this paper). Here we see that the highest gain e e

in accuracy from allowing the model to be moreFigure 2: Tradeoff curve for BARM.
complex occurs up to treewidth 4, less so 5 and

6; by further increasing the treewidth we do not gain muchcitusacy.

In this sense we succeed, since the distribution was siptifabm a treewidth-4 model.
(Note, however, that it does not imply that the empiricakriisition itself decomposes
on a treewidth-4 model. The simplest example of this is whHenttue distribution is



probability of satisfying the property

0 20 40 60 80 100 120
number of edges

Figure 3: Threshold curves forlARM

uniform.) Such tradeoff curves are similar to commonly uBR&IC (Receiver Operating
Characteristic) curves; the techniques for nding the ffutalue in ROC curves can be
used here as well. Instead of plotting the best achievaltamte, we can plot the best
distance achievable by at least &fraction of models in the class, parameterizing the
tradeoff curve by. Figure 3 shows the threshold curves. The axes have the seam@mg

as in Figure 1. Varying sample size and the number of randgemerated DAGs does not
change the behavior of the curves in any meaningful way;unmgirsingly, increasing these
parameters results in smoother curves.

The experiments support the following conclusions: theprties capturing the complex-
ity and accuracy of a model indeed demonstrate a threshdldvim®, which can be ex-

ploited in determining the best tradeoff for the given digttion; the simple approach
based on generating random graphs and using them to ap@i@dhe thresholds is indeed
capable of capturing the effective width of a distribution.
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Note: Appendix may be ignored at the discretion of the Pnog&ommittee.

A The Sampler

To estimatePr [W (Gn p) = 4], givenp andx, the algorithm jt&t generates independent
copies ofGp p, denotedGy;:::; Gm, and outputsSy, = % ?:1 U; as its estimate of
= Pr[W(Gn,p) = 4], whereU; is a random variable indicating whethéf(G;) = +.
The approximation is parameterized by the error probglsileand accuracy:i.e., we want
to get a value at mostaway fromPr [W (Gn, p) = #] with probability at least — ° (over

Pr[|Sn—1|> %] < 2¢l 2mP":

Settingm = % makes the above error probability at méstas required. Thus

O('”(t#) samples suf ce. The same argument can be used for estinthengrobability
that width(Gn, p) =< K, givenp andk.

If we have an estimate @&[width(Gn p, )], then Markov's inequality immediately gives an
upper bound ok” (see Section 3). Indeed, we have

E[width(Gn p,)].

Pr [Width(Gpp,) < k] =1— 5

We havet i (ps) = 1 — EMIMGw .0 5 1 yielding 1 — E[width(Gy, pe)]=k = 122, or

k = 2E[width(Gp, :)]. The upper bound ok® is given by the smallest integrél sat-
isfying the inequality. Note that for estimating the exg@eicin E[width(Gn p)], the num-
ber of samples required by the above algorithm is no longggpendent of. Although
width(Gn p) is bounded (which is crucial, since otherwise no reasonsdigpling method

could guarantee any approximation), this bound depends teading to the sample size
m = n?In(2 /y)
- T 2@



