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Abstract

Irregularly observed time series and their analysis are
fundamental for any application in which data are
collected in a distributed or/and asyncronous manor.
In this paper, we provide theory-sound, practical ap-
proaches to analyze such time series. We propose two
models and their parameter estimation algorithms for
both stationary and non-stationary irregular time se-
ries. Our models can be viewed as extensions of the
well-known Auto-Regression (AR) model. We then
develop a resampling strategy that uses the proposed
models to reduce irregular time series to regular time
series. This enables us to take advantage of the vast
number of approaches developed for analyzing regular
time series. Our experiments with real and synthetic
data demonstrate that our approach performs well in
computing the basic statistics and doing prediction.

1 Introduction

Unevenly sampled time series are common in many
real-life applications when measurements are con-
strained by practical conditions. The irregularity of
observations can have several fundamental reasons.
First, any event-driven collection process (in which
observations are recorded only when some evet oc-
curs) is inherently irregular. Second, in such appli-
cations as sensor networks (or any distributed mon-
itoring infrastructure), data collection is distributed,
and collection agents cannot easily synchronize with
one another. In addition, their sampling intervals and
policies may be different. Finally, in many applica-
tions measurements cannot be made regularly or have
to be interrupted due to some events (either forseen
or not).

Time series analysis has a long history. The
vast majority of methods, however, can only handle
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regular time series and do not easily extend to
unevenly sampled data. Continuous time series
models can be directly applied for the problem (e.g.,
[5]), but they tend to be complicated (mostly due
to the difficulty of estimating and evaluating them
from discretely sampled data) and do not provide a
satisfying solution in practice.

In data analysis practice, irregularity is a rec-
ognized data characteristic, and practitioners dealt
with it heuristically. It is a common practice to ig-
nore the times and treat the data is if it were regular.
This can clearly introduce a significant bias leading
to incorrect predictions. Consider, for example, the
return of a slowly, but consistently changing stock,
recorded first very frequently and then significantly
less frequently. If we ignore the times, it would ap-
pear as if the stock became more rapidly changing,
thus riskier, while in fact the statistical properties
of the stock did not change. We will discuss other
heuristics in the following section.

Many basic questions that are well understood
for regular time series, are not dealt with for un-
equally spaced time series. The goal of this paper
is to provide such a theoretical foundation. At the
very least, we would like to be able to compute the
basic statistics of a given time series (e.g., its mean,
variance, autocorrelation), and predict its future val-
ues.

We propose two models for dealing with irregu-
larly sampled time series. The first model assumes
stationarity and can be viewed as a natural exten-
sion of the classical AR(1) model for regular time
seres. We discuss how to efficiently estimate model’s
parameters using the maximum likelihood method,
and show how to use this model for prediction. The
second model relaxes the stationarity assumption by
allowing a more general dependence on the current
time, time difference and the state of the process at
a given time. Both models can be used for convering
irregular time series to regular times series by resam-
pling. Such a reduction allows to take advantage and
automatically transfer existing models and methods
from a well understood domain of regular time series



to a relatively unexplored domain of irregular time se-
ries. We emphasize that both models are extremely
simple and can be efficiently fit to the data.

This paper has the following structure. Section
2 discusses the basic concepts and related work, and
Section 3 overviews our approach. Section 4 intro-
duces a statistical model and discusses prediction and
estimation of the basic statistics under the stationar-
ity assumption. Section 5 presents a model for non-
stationary irregularly sampled time series. In this
section, we first introduce a simple model to explain
the intuition behind our model and then present a
generalization of the simple model. Section 6 further
elaborates the resampling approach. Section 7 pro-
vides our experiemental results with real data.

2 Background and Related Work

2.1 Basic Notation and Definitions We first
define the basic concepts and introduce some of the
notation that we will need in the paper.

Bold parameters denote vectors. For example 6 is
a scalar while @ is a vector. The transpose of a vector
6 is denoted by 7. We use the following convention
when representing vectors: Elements in a column
vector are separated by semicolons, elements in a
row vector — by commas. The notation Z ~ N(0,1)
is used to denote that Z is distributed as a normal
random variable with mean 0 and variance 1.

A time series X (t) is an ordered sequence of ob-
servations of a variable X sampled at different points
t over time. Time series data arise in monitoring
any system. The observed temporal variations often
have some internal structure (e.g., autocorrelation,
trend) that can provide an insight into the dynamics
of the system under investigation. By analyzing and
modeling time series one obviously hopes to under-
stand this dynamics and make predictions about the
future. Economic forecasting, stock market analysis,
yield projections, process control, workload projec-
tions are just a few applications of time series analy-
sis.

Continuous time series are obtained when ob-
servations are recorded continuously over some time
interval. Recording the observations continuously,
however, may be difficult and/or expensive. There-
fore, in practice most continuous time series are sam-
pled at discrete time points. Let process X(t) be
sampled at points tg, t1, - - -, t, satisfying 0 < tg <
t1 <...<tp. ! If the time points are equally spaced
(i.e., tix1 —t; = A for all 4+ = 0,...,n — 1, where

TWe will always assume that the sampling times are or-
dered.

A > 0 is some constant), we call the time series regu-
larly sampled time series. Otherwise, the sequence of
pairs {X (¢;),t;} is called an irreqularly sampled time
series.

Definition 1. (AUTOCOVARIANCE [4])

If {X(t),t € T} is a process such that var(X (t)) < oo
for each t € T, then the autocovariance function
covx (X (t),X(s)) of X(t) is given by

E[(X(#) - E[X(1)])(X (s) — E[X(s)])]
fort,seT.

Definition 2. (STATIONARITY [4]) A time series
{X ()} is said to be stationary if

(1) E[X(#)*] < oo,
(ii) E[X(t)] =c, forallt €T,

(iii) covx(X(t),X(s)) =covx(X(t+h),X(s+ h)))
for allt,s,h € T.

In other words, a stationary process is a process
whose statistical properties do not vary with time.

Definition 3. (AR(1) PROCESS [4]) A  regularly
sampled process {X(t),t = 0,1,2,...} is said to be
an AR(1) process if {X(t)} is stationary and if for
every t

Xt)=0X({t—1)+oe,

where {€;} is a series of random variables with ex-
pectation E(e;) = 0, variance var(e;) = 1, and and
cov(e, €5) = 0 for every t # s. (The process {et} is
also called “white noise”.)

In this paper, we will assume that ¢, ~ A(0,1) for all
t. By recursive substitution, we can write X (t + h)
for any positive integer h in terms of X (t) as

h—1
(21) X(t+h) =0"X(t)+0 > ey
j=0

2.2 Related work A vast amount of techniques
were developed for analyzing regularly sampled time
series. Unfortunately, most of these techniques do
not take into account sampling times, and cannot be
easily generalized to irregularly sampled time series.
Irregular time series are difficult to handle and only
a few successful efforts have been made so far.

As a simple heuristic, we can ignore the times and
treat the values as regularly sampled. Obviously, if
there is enough structure and irregularity in sampling



times, we lose a lot of information about the dynamics
of the system.

One of the earliest ideas was to resample the ir-
regular time series into regular time series by interpo-
lation, and then use techniques developed for regular
time series. A survey of such interpolation techniques
can be found in [1]. While this is a reasonable heuris-
tic for dealing with missing values, the interpolation
process typically results in a significant bias (e.g.,
smoothens the data) changing the dynamics of the
process. The following quote from Krolik [8], sum-
marizes another problem with this approach: “There
is virtually no literature on which method does best
with which kind of problem”. Although the quote is
more than a decade old, it still seems to be true.

Many techniques have been proposed to handle
time series with missing data, which in the limit can
be viewed as irregularly sampled [10]. These models
try to either fill in the missing values or estimate the
parameters directly. However, these models can not
be applied if the data is truly unequally spaced with
no underlying sampling interval.

A number of authors suggested to use continuous
time diffusion processes for the problem. Jones [6]
proposed a state-space representation of the process,
and showed that for Gaussian inputs and errors, the
likelihood of data can be calculated exactly using
Kalman [7] filters. A nonlinear (non-convex) opti-
mization can then be used to obtain maximum like-
lihood estimates of the parameters. Brockwell [3]
improved on this model and suggested a continuous
time ARMA process driven by the Lévy process. His
models, however, assume stationary, and parameter
estimation is done via non-convex optimation using
Kalman filtering, making these models not very prac-
tical. A similar approach is also proposed in [2] in the
context of continuous-time finance modeling. This
model assumes that the underlying stochastic prosses
is stationary and that the diffusion equation used to
describe the process has a specific structure, so it is
not practical in areas other than finance.

2.3 Summary of our Contributions Our con-
tributions in this paper can be summarised as follows:

e We propose two statistical models for handling
irregular time series. QOur first model is a
simple extension of the classical AR(1) model
and assumes that the data is stationary. Our
second model does not assume stationarity and
allows the state of the process at a time, say
t+ A, non-linearly depends on ¢, A and the state
of the process at time t.

e We show that the parameters of the both model
can be estimated efficiently, and derive closed
form solutions for estimating the parameters and
using the fitted model for prediction.

e We propose two strategies based on the proposed
models. The first stategy is to compute the basic
statistics (e.g., auto-correlation function) and
prediction directly from a model. This approach
does not easily extend to non-linear time series
and multiple irregular time series. The second
strategy avoids these problems by using the
model to convert irregular time series to regular
time series. The reduction reduces the problem
to a problem that has already been thoroughly
analyzed and for which many approaches are
available.

3 Overview of our Approach

Suppose that our irregularly sampled time series Y (t)
does not have a “seasonal component” and can be
decomposed as

(3.2) Y (t) = a(t) + X(2),

where a(t) is a slowly changing deterministic func-
tion called the “trend component” and X (t) is the
“random noise component”.

In general, one can observe only the values Y (t).
Therefore, our first goal is to estimate the determin-
istic part a(t), and extract the random noise compo-
nent X (t) = Y (¢) —a(t). Our second goal is to find a
satisfactory probabilistic model for the process X (t),
analyze its properties, and use it together with a(t)
to predict Y(t).

Let {y(t;),t:},4=0,1,...,n be a sample of Y (¢).
We assume that a(t) is a polynomial of degree p in ¢,
ie.,

(3.3) ap(t) = po + p1t + pat’+, ... + ppt?

where p is a non-negative integer and p =
[po; p1; ---; pp] is the vector of coefficients. A more
general structure can also be used. The vector p
can be estimated using the least squares method.
More precisely, we choose a vector p that minimizes
Yico(y(ts) — alt))?, set x(t;) = y(t:) — a(t;) and
treat {z(t;),t;} as a sample of X (¢). Since fitting the
parametric polynomial a,(t) to data using the least
squares method is a straightforward task, we will turn
to developing a statistical model for analyzing X (t).

We propose two parametric statistical models to
analyze X (t). The first model is a direct extension
of the classical AR(1) model given in Definition 3
and assumes that X () is stationary. To estimate the



parameters we use the least squares method and the
maximum likelihood approach.

The second model does not assume that X (t) is
stationary. We model X (¢ + A) as a function of ¢, A,
and X (t). In particular, we let both the mean and
the variance of X (¢t + A) depend on ¢, A and X(¢).
To estimate the parameters of this model in a closed
form we use the maximum likelihood approach. To
better present the intuition behind this model, we
first give a simple model and then generalize it.

4 A statistical model for stationary X(t)

Suppose that X (¢) obtained from Y'(t) after remov-
ing the trend component a,(t) (Equation 3.2) is a
stationary process. We define an irregularly sampled
stationary AR(1) (IS-AR(1)) process as follows.

Definition 4. (IS-AR(1) PROCESS) A time series
{X (:),t:} is an irreqularly sampled stationary AR(1)
(IS-AR(1)) time series if {X (t)} is stationary and if
for every t and A > 0,

(4.4) X(t+A)=02X(t)+orcqn,

whereet ~ N(0,
and o} = o (L4

1) and cov(e;, e5) =0 for everyt # s
2

gz-) for some o > 0.

Note that if we compare the process given by equation
(4.4) with the one given in Definition 2.1 and observ-
ing UZ] o ! g €145 ~ N(0,0% (5% 992 )), we can see
that these processes are the same if A = h. We can
recover the original AR(1) process if each ¢; of the IS-
AR(1) process is a positive integer and t;41 =¢; + 1
for all 4. Thus IS-AR(1) is an extension of AR(1) to
irregularly sampled time series.

4.1 Parameter estimation In this section, we
show how to estimate parameters § and o, given a
set of observations {z(to), z(t1),...,z(t,)} of X (¢).

Define A; =t;41 —t; foralli =0,...,n — 1. We
may assume without loss of generality that A; > 0
for all 4. Furthermore, we can assume that all A; > 1,
otherwise we rescale each A; by min;{A;}.

Since E[e] = 0 and cov(e,e5) = 0 for all ¢ # s,
we can estimate 6 by the least squares method. In
particular, we need to find § € (—1,1) minimizing
S (X (tign) — 02X (8;))2. Since A; > 1 for all
i, this sum is a convex function of # that can be
minimized very effiently using convex optimization.

To estimate o, we set z; = z(tip 1) — (0)2ix(t;).
By Definition 4, we have z; ~ N(0,0%,) where

— ()24
oA, = 02(11—(9()9)2 )

maximizing the Gaussian likelihood of the residuals

We therefore estimate o by

z(to), ..., 2(tn—1) at times to,t1,...,tn—1. The max-
imum likelihood estimator of o is given by

/\

4y o= L3 Gl Aim(t"))z,

n
=0

1-92A

e ) for all . The proof of this

statement is very similar to the proof of Proposition
5.1, and is omitted.

where p; = (

4.2 Prediction using the IS-AR(1) model In
this section, first we establish conditions for X (¢o) un-
der which X (¢) is a stationary process. Then assum-
ing the stationarity of X (t), we derive equations for
the one-step prediction and the auto-covariance func-
tion. Without of generality we will assume t, = 0.

Using Equation 4.4, independence of ¢; and X (0),
and the fact that E[e;] = 0 for all ¢, we can express
E[X (¢)], var[X (¢)], and cov[X (t), X (t + A)] in terms
of X (0) as follows.

(46)  BIX()] = #'BX(0)

_p2t
(4.7) var[X (t)] = 6% var[X (0)] + 11 _902
(4.8) cov[X (t),X (t + A)] = 02 var[X (0)]

PROPOSITION 4.1. Assume that E[X (t)?] < oo and
E[X(0)] = 0. Then X(t) in Definition 4 is a
stationary process if var[X(0)] = % and the
auto-covariance funtion of X(t) is covx(A) =
cov[X (1), X(t+ A)] = 62 2.

Proof. For var[X (0)] = %2‘, Equation 4.7 gives

2 2t 2
ot O 216" o
var[X(t)] = 6 T~ T T 1o
yielding
J2
cov[X (1), X (t + A)] = 0 var[X (t)] = §° 5

Since cov[X (t), X (t+A)] does not depend on ¢, X (t)
is stationary. [

A one-step predictor of X (¢t + A) given X (¢) for any
A > 0 is given by the conditional expectation of
X (t+ A) (using Equation 4.6):

X(t+A) =E[X(t+A)|X()] =62X(t).



4.3 Analyzing Y (t) with a Stationary Compo-
nent X (t): Algorithm 1 can be used for estimating
the auto-covariance function of irregularly sampled
time series Y (t) and for predicting Y (¢t + A) given
Y (t).

Algorithm 1 Auto-covariance function and one-step
prediction

Given: {Y(ti),ti} with ¢; < tiv1 fori =0,...,n—1,
time interval 6 > 0.

Output: auto-covariance function covy (A); predic-
tion Y (¢, + 9).

(1) Set A; =t;4; —t; fori=0,1,...,n —1.

(2) Fit a polynomial function a,(t) to Y (¢):
Find the coefficients of a,(t) minimizing
S oY (t:) — ap(t;))? for p=0,..., P where P
is some upper bound on the degree of the poly-
nomial. Choose a, with the best fit, and set

X(t:) =Y (t:) — alti)-
Estimate 6 as § = argming Z?;OI(X (tiy1) —
62X (t;))?, and o using & in Equation (4.5).

Since ap(t) is deterministic, set covy(A) =
covx(A) = HA%.
(5) Prediction:

Y(t+A)=ap(t+A) + X(t+A)
= ap(t + A) + E[X(t + A)|X (2)]
=a,(t+ A) + 02X (t).

5 A model for non-stationary X (t)

The model introduced in Definition 4 can be used if
X (t) is stationary. Mean and variance of a stationary
process are time independent; and the covariance
between any two observations X (t) and X (s) depends
only on their time difference |t — s|. This allowed us
to derive a simple expression for the auto-covariance
function. In practice, however, one may not have
stationarity all the time. If X(¢) is not stationary,
its statistical properties may vary with time. Thus
it is natural to focus on estimating these properties
in the near future instead of trying to obtain some
global, time-independent values. To achive this goal,
we model X (t + A) as a function of ¢, A, and X (%),
plus a random noise whose variance also depends on
t, A, and X (¢).

As before, after fitting a polynomial of degree p

to Y (t) we get X (t) = Y (t)—ap(t). We first introduce
a simple model for X (t) to show the intuition behind
the general model, and then present the general
model.

5.1 A simple IN-AR(1) process We define a
simple, non-stationary, irregularly sampled AR(1)
process that allows us to model X (t+A) as a function
of only X (t) and A > 0:

(5.9)
X({t+A)=X({#) —0(X(#) — c)A + VAceria,

where €.4.a ~ N(0,1) and cov(e,es) = 0 for all
t #5s. Here 8 > 0, 0 > 0, and ¢ are the unknown
parameters that will be estimated from observations.
The above expression implies that if A is sufficiently
small, then X (¢t + A) can be approximated by a
linear function of A. Such approximation is very
common when estimating parameters of continuous
time processes.

The stochastic process given in Equation 5.9 is a
mean reverting process with mean ¢, mean reversion
parameter 6, and variance o. If X(t) > ¢ (i.e., the
value of X (t) is above the mean reversion level), the
drift term —0(X (t) — ¢)A is negative for all A > 0,
and the value of the process will tend to decrease. If
X(t) < ¢, the drift term —6(X (t) — ¢)A is positive,
resulting in an upward influence on X. This way,
if the process drifts away from its mean ¢, it will
eventually be pulled back towards the mean ¢, at a
speed determined by the mean reversion rate 6. The
term v/Acegy a adds some noise to this process.

Figure 1 gives an example of a mean reverting
process with parameters ¢ = 0.5, a = 2.5, ¢ = 0.01.

Mean reverting stochastic prosesses are widely
used in practice to model interest rates, energy
prices, option pricing, heat transfer, and many other
processes. The model is very intuitive and supported
by our observations about these processes.

5.2 A Generalization of the IN-AR(1) Pro-
cess In model (5.9) the value of X (t+ A) given X (t)
is a linear function of only X(¢) and A. In prac-
tice, however, time series may have more complicated
dependences. For example, since X (t) may be non-
stationary, X (t + A) may depend on t or t + A, or —
since the data is irregularly sampled, A may be large,
so the linear approximation we used in 5.9 may not
be adequate. To handle more general cases, we intro-
duce the following (still linear in 6 and o) model.
Let @ € R™ be an m-dimensional drift parameter
vector and ¢ € R be a scalar variance parameter.
Let a(A,t, X (t)) : [0,00) x [0,00) x R = R™ be
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Figure 1: Mean reverting process with ¢ =
a=25,0=0.01

0.5,

a function of A, ¢, and X(¢). Similarly, define
B(A,t,X(t)) : [0,00) x [0,00) x R = R.

Definition 5. (GENERAL IN-AR(1) PROCESS)
A general irregularly sampled mon-stationary time
series (General IN-AR(1)) process is defined as

X(t+A)=X(t)+0"a(At,X(t)

+ U/B(Aa L X(t))et-i-A:

where ez n ~ N(0,1), cov(es, e;) = 0 for all t # s,
0 is the vector of drift parameters, a(A,t, X(t)) is
the drift function, o is the variance parameter, and
B(A,t, X (t)) is the variance function. In addition, if
A = 0 then the functions o and 8 satisfy

(0,1, X (1)) = 0 and B(0,t, X(t)) = 0.

Since the above condition is the only assumption on
the structure of o and (3, the model covers a wide
range of irregularly sampled time series.

Observe that if we set 8 = [a; ac], a(A,t, X (t)) =
[-X (t)A; A], and B(A, t, X (t)) = VA in Definition 5,
we get the simple model given by (5.9).

EXAMPLE 1. [A general dependence on X (¢)
and A] Consider an irregulary sampled time series
given in Figure 2. This time series is not stationary
and does not have any specific pattern. Also, it has a
number of jumps with different magnitude. However,
the time series in Figure 2 is a sample path of X(t)
whose state space equation is

X({t+A)=X(t) +05X(#)A —0.01A
(5.10) +1.4/X (t)A% + 2V Aer A
Note that if we set 6 = [0.5;—0.01;1.4],
a(At, X (1) = [X(H)A;A;/X(#)A?], and 0 = 2,
B(A,t, X (t)) = VA in Definition (5) we get (5.10).

(] 0.2 0.4 06 ., 08 1 12 14
Time (t)

Figure 2: A general dependence on X (t) and A

These examples show that a wide range of ir-
regularly sampled time series can be modeled as an
IN-AR(1) process.

5.3 Parameter Estimation We first show how to
find the maximum likelihood estimators of 8 and o
for given a(A,t,X(t)) and B(A,t,X(¢)), and then
discuss how to appropriately select a(A, ¢, X (¢)) and
B(A, X (1)),

Let {z(t;),i = 0,...,n} be the values of X (t) at
times 0 < tg < t1 <,...,< t, and define A; = t;41 —
t;fori =0,...,n—1. Since ¢ and €; are independent
for all ¢ # s, the distribution of X (t;11) given X (¢;)
is normal with mean X (t;) + 87 (A, t;, X (t;)) and
variance 3%(A;,t;, X (t;))o?. Therefore, @ and o can
be estimated by maximizing the Gaussian likelihood
of observations x(t1),...,z(t,) at times ty, ..., ty.

PROPOSITION 5.1. The maximum likelihood estima-
tors of @ and o are given by

& (= (At x(t) e (Agy i, 2(t;)) N
0= (Z ﬂ2(Az;tz;m( )) )

. - (x(tiv1) —z(t:))a(Ag, ti, z(t:))
Z ﬁ (Alat’lam( ))

7

~T
o |1 @) —a(t) — 0 oAy i, 2(t:)))?
7T\n 2 B2(Ai, i, (t:))

Proof. See Appendix A.

We suggest the following strategy for choosing
a(A,t, X (t)) and B(A,t, X (t)). First, a set of candi-
date functions is chosen, by gathering more informa-
tion about the data generating process, ploting the
data, and/or using expert views. In fact, this should



be the first step in any statistical analysis. After iden-
tifying a set of possible functions, we use Proposition
5.1 to estimate the parameters for each one. Finally,
we choose the pair that fits the data best, i.e., has
the lowest mean squared error.

5.4 Prediction using the general IN-AR(1)
model We assumed that Y (¢), the time series we are
analyzing, can be decompsed as Y (t) = a,(t) + X (¢).
Since a,(t) is deterministic, we only need to predict
X(t+ A). In particular, we need to estimate the
following terms.

Y(t+ A) = E[Y(t+ A)|Y(t)]
=a,(t+A) + E[X(t + A)| X (8)],
var[Y (t+A)|Y (¢)] = var[X (t + A)| X (t)],
cov[Y (t+A1 + Ay), Y (¢ + A1) |Y (2)]
= cov[X(t+ A1 + As), X (t 4+ A1) X (2)].

Since we did not assume that X (¢) is stationary, we
might not have a time independent expression for
the mean, variance, and the auto-covariance function.
Therefore, we are interested in estimations about the
near future given the current value of the process.

Using Definition 5, the independence of ;4. A and
X (t), and the assumption that E[e;] = 0 for all ¢, we
can write the conditional expectation of X (¢ + A)
given X (t) as

E[X(t+ A)|X(®)] = X(t) + 0T (A, t, X 1)+
oB(A,t, X (t))Eler+a]
(5.11) — X(1)+ 0 (At X(D)
and the conditional variance as

var[X (t + A)| X ()] = E[(X(t +A)—
— E[X(t+ A)XO)*X(1)] = 0*82(A,t, X (1))

Let Ay,As > 0. The conditional covariance
between X (t + Ay + Az) and X (¢t + A1) given X (¢)
is

cov[X (t + Ay + As), X (t+ A1) X (2)]
=a?B2(At, X (1))
+E0Ta(Ag,t + Ay, X (¢4 A1) X (¢ + A1) X (1)]
~(X(6) + 8 (At X(8)))-
"EB[0T oAy, t+ Ay, X (E+ A1) X (8)]
(5.12)

It can be further simplifed using the structure of
a. The expressions inside the expectation operators
are functions of €4a,, and thus are independent
of X (t), so the operators can be removed. Finally,
cov[X (t+ A1+ Az), X (t+ A1)| X (¢)] is a function of
a,3,0,0 and X (t). Since X (t) is given, if we replace
0 and o by their estimators 0 and o, we can estimate
cov[X (t+ A1 + Az), X (t + A1)| X (B)]-

A one-step predictor of X (t + A) given X (t) for
any A > 0 is given by (5.11):

X(t+A)=E[X(t+A)X®)]
= X(t)+ 8 aA,t X ().

5.5 Analyzing Y (t) with a non-stationary
component X (¢) The following algorithm can be
used to for estimating the auto-covariance function
of irregularyly sampled time series Y (¢) and for pre-
dicting Y (t + A) given Y (¢).

Algorithm 2
Given: {Y(¢;),t:}, i =0,1...,n, with t; < t;41;
values of 01, do;
functions a(A, t, X (t)), B(A,t, X (t))
Output: a predictor }/}(tn + 01),
an estimate of var[Y (¢, + A)|Y (¢,
COV[Y(t + (51 + 52), Y(t + (51)|Y(t)]

)] and

1) Set Az = ti+1 —t; for i = 0,1,...,”— 1.

Estimate 6 and & using Proposition 5.1.

1)
(2) Fit a polynomial a,(t) to Y (t) as in Algorithm 1.
3)
(4)

4) Prediction:

Y(t+061) =ay(t+61)+X(t+6)
— ap(t +61) + X (&) + 0 (b1, t, X (2)).

(5) Estimate variance and covariance:

var[Y (t + 6)|Y (t)] = 528%(8,, X (1)),
cov[Y(t+ 61+ 82),Y(t+61)|Y(¥)] =
cov[X (t+ 01 + d2), X (t + 01)| X (2)],

where the last equation can be estimated using
Equation 5.12.

6 Resampling

Let X(t) Y(t) — ap(t) as in the previous sec-
tions. In this section, we propose a model to resample
a regularly sampled X () from irregular time series
{X(#:),t:,i =0,1,...,n}. Once we obtain a regularly



sampled version X (t), we can use techniques devel-
oped for the regular time series, and analyze multiple
irregularly sampled time series.

We illustrate our approach using the stationary
model introduced in Section 4. This resampling ap-
proach can easily be modified for the non-stationary
model of Section 5. Before we present details of our
resampling algorithm, we give an example illustrating
the main idea.

Suppose that we are given the values X (0) and
X (4) and we want to construct a regularly sampled
version X (t) of X(t) for t € {0,1,2,3,4}. We set
X(0) = X(0) and X(4) = X(4). According to the
model in Equation (4.4),

X(t+1)=0X(t) + oreq1  for i€ {0,1,2,3},

where 8 and & are the estimators of 8 and o. Since
we only have X (0) and X (4), we cannot estimate the
noises €, t € {1,2,3,4}. Instead, we estimate an
auxilary error ¢ and set ¢ = ¢, for t € {1,2,3,4}.
After replacing e, = € for t € {1,2,3,4} in the above
equation we write X (4) in terms of X (0) as

3
X(4) = A'X(0) +e5 ) 6,
=0

which implies that
X(4) — A1X(0)
YR

Then we set recursively

£ =

X(t+1)=06X(t)+0e forte{0,1,2,3}.

Note that the above recursion sets X(4) X(4)
therefore values of the resampled process X (£) coin-
sides with the values of the irregular time series at
sampling times.

Let {X(t;),t;} be an irregular time series sam-
ple. Without loss of generality we assume that {t;}
are integers and suppose we want to construct a reg-
ularly sampled version {X(sy), sy}, k =0, ..., N with
sampling times sy satisfying sg = tg9, sy = t,. Since
we want {X(s), s} be a regular time series we re-
quire that sgy; = s+ 1forall k=0,...,.N — 1. We
also want the values of the resampled time series and
the original time series be the same at the times {¢;},
i=0,1,..,n.
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Figure 3: 10 year treasury bond data

(1) Set k =0, sp = to and X (so) = X (to).
(2) FORi=0TO n—-1DO

X(ti+1)—§5§(ti)
S

(2.1) Set § =tjr1 —ti, e =

(2.2) FOR j =1t0 6 —1 DO
(2.2.1) spy1 =sp+1
(2.2.2) Set X (spy1) = 0X () + 0¢
(223) k=k+1
— END FOR

¢ END FOR

7 Computational Experiments

7.1 Computational experiments with IS-
AR(1) We analyzed daily prices of 10 year Trea-
sury bonds between January 2, 1990 and Septem-
ber 27, 2004. The regular time series data Y'(t)
is given in Figure 3. We estimated parameters of
the regular time series by fitting a polynomial of de-
gree 1 and assuming that the residuals follow a reg-
ular AR(1) process. The estimated polynomial was
a1(t) = po + p1t = 8.0450 — 0.0011¢ and the param-
eter values were 9} = 0.9955 and &, = 0.0602. The
subscribts r denote that these parameters are esti-
mated using regular AR(1) process. Then we ran-
domly removed points from this data to generate an
irregularly sampled time series and estimated the pa-
rameters using techniques introduced in Section 4 to
compare them with the parametes estimated by reg-
ular time series. In Figures 4 and 5 we show value of
the estimators as a function of the data points of the
irregular time series and compare them with 6, ?7/}.
(the lines in the corresponding graphs represent ..,

Algorithm 3

and o). As seen in the Figure 4, the value of the esti-

~

Given: Irregularly sampled time series {X (¢;),%;}.
Output:Regularly sampled time series {X (sg), s }-

mator § is very close to the one estimated by regular
time series for all irregular time series. However, 6
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decreases as the number of data points decrease, Fig-
ure 4. We also present the estimator of the constant
term of a4 (t), po in Figure 6. Since p; was estimated
perfectly we do not show its estimator to save space.

7.2 Computational experiments with IN-
AR(1) We tested prediction abilities of our IN-
AR(1) model on several real datasets. Figure 7 shows
a dataset containing certain historical isotopic tem-
perature record from the Vostok ice core, due to Pe-
tit et al. [9]. The dataset contains about 1K irreg-
ularly sampled points. The figure also shows a 10-
degree polynomial fit to the data. Figure 9 overlays
the dataset with a 10-point prediction given by the
model (see Algorithm 1). More precisely, given a his-
tory of 100 points, we estimate the model and use it
to predict the next 10 points (supplying it with the
desired delta values), then we advance by 10 points,
and repeat. For comparison, we did a similar pre-
diction using a vanilla algorithm that always predicts
the last value it sees. The corresponding curve is
given in Figure 8. The vanilla algorithm produces a
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Figure 7: Fitting a polynomial to the data

step function with a good overall fit to the data, but
with no attempt to give accurate short-term predic-
tions. The curve produced by the IN-AR(1) model
provides a smoother, much more accurate fit to the
data. However, the model appears to be more con-
cervative about predicting spikes, while the vanilla
algorithm has a better chance of exploring them just
because it may be randomly seeded with a spiked
value.

8 Conclusion

In this paper, we addressed the issue of analyzing
irregularly sampled time series. We developed two
auto-regression order 1 (AR(1)-type) models. Our
first model assumed that the irregularly sampled time
series is stationary, and our second model relaxed this
assumption. Then we discussed how to estimate pa-
rameters of these models very efficiently and how to
utilize them to conduct prediction. We showed that
under the assumption of stationarity, our first model
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Figure 9: A 10-step prediction with the proposed
model

can be used to derive the auto-covariance function
of the irregularly sampled time series. We also sug-
gested an interpolation like resampling algorithm to
construct a regularly sampled version of the irregu-
larly sampled time series. This resampling algorithm
can be used for analyzing multiple time series by con-
structing a regularly sampled version of each of the
time series first and then using the techiques devel-
oped for regularly sampled time series.

Our key idea in this paper is to model the value
of an observation as a function of the observation
just before it and the time difference between these
two observations. Then assuming Gaussian noises
we derived the maximum likelihood estimators of the
model parameters. For prediction, we used condi-
tional expection arguments. We demonstrated our al-
gorithms on the real-world data. Our computational
experiments showed that the models intoduced in this
paper can accutaley estimate the model parameters.

Finally, we note that our approach can be ex-
tended to higher order auto-regression processes
(AR(p)), to moving average processes, (MA(q))
and to autoregressive moving average processes,
(ARMA(p,q)). One of the open questions is how one
can develop a model to analyze irregularly sampled
time series when the random noise is not Gaussian.
These are some of the subjects of our future research.
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A Proof of Proposition 5.1

Let z(t1), ..., (t») be the values of X at t, ta, ...,
t, and define A; = t;41 — t; for i+ = 0,...,n — 1.
Since €; and €, are independent for any distinct ¢
and s, the distribution of X (t;41) given X(¢;) is
normal with mean X(t;) + a®(A;,t;, X (¢;))0 and
with variance B2(A;t;, X(t;))o%. Therefore, the
Gaussian likelihood of data is

9(@(t1), -, 2(tn); 8, 0) = H \/;_WB(Ai tilx(ti))a

(x(tip1) —z(t;) — aT(Ai,ti,m(ti))O)Q
o {‘ 2R (B 2o } ‘

Taking the natural logarithm of both sides,

L(0,0) = Ing(z(t1), ., 2(tn); 0,0)
= ——ln 2m) Z |: B(As,t,x(t;))o
4+ @) — ot ) ol (At x(t:))0)°

252(Ai7 t, .’L'(tz))0'2

and the taking partial derivatives of L(6, o), equating
them to zero

VyL(8,0) = iz Z": (@(tirv1) — xég) —alf)a; _
i=1 1
VL©.0) =Y 1 4 i) —ngg) —al)? _

where a; = aT(A,t,x(t,-)) and ,Bz = ﬂ2(Az’,t,’,.’E(ti)).
Solving the resulting equations we get

i (x(ti+1)ﬂ—2w(ti))ai _

i=1 g [

a;af

n
=1

Then any solution ® to the above equation is an

T
estimator of §. If the matrix A = Y7 &%

5z 18

nonsingular, then 0 is given by

n -1
- (£

i=1

2": (z(tiv1) — =)o
5 .
i=1 /BZ

If A is singular, the system has multiple solutions,
and 6 can be set to any such solution. Once we

obtain @, we can substitute it in the second optimality
condition to solve for o. The estimator & is given by
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