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I. INTRODUCTION
Ill. SOME TABLES ) _ _ _
For codes designed for the Hamming distance, the asymptotic

) _ Gilbert—Varshamov (GV) bound gives an achievable lower bound on

In Tables I1-VI, we calculate the improved codes from Propositiofhe normalized rate of the code for a specified normalized Hamming
2.1 and Corollary 2.6, and compare them with the true distances of 0g&stance. For a length-codeC' over ag-ary alphabet with minimum
point Hermitian codes of [12] having the same lengths and dimensiop{sdmming distancédr (C), the asymptotic GV bound [21] is given by

In Tables 11I-V, some improved codes fpe= 4, 5, 7, 8 from Propo-
sition 2.1 are calculated and listed. Table VI is from Corollary 2.6. R(6u)=1— Hy(6u) Q)

It is obvious that whery becomes larger, there are more improved
codes and the differeneEmprovea — dirue DeCOmMes larger. This phe- where

nomenon can be easily observed from Tables IV-VI. , .
R(ém) = TIILIEO(l/n)logq |C|

is the normalized rate and

by = lim (1/n)du(C)
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setS is said to be matched to a grodpif there exists a mapping Theorem 1: Let S be an}M -point DU signal set. Let the set of SEDs,

from G onto S such that for aly andg’ in G called SED distribution, of all the signal points from any particular
pointbe{d*(r),r = 0, 1..., M—1}.Then, the number of codewords
de (p(9), 1(g")) = dw (g™ "d"), p(e)) 2) |C|in the largest code€’ C S™ with minimum squared Euclidean

distance (MSED) at leasts? satisfies

wheredg(x, y) denotes the squared Euclidean distance (SED) be-
tweenz, y € S ande is the identity element af. Signal sets matched

to groups constitute an important ingredient in the construction of ge- )
ometrically uniform codes [6] and those matched to noncommutatiwereﬁ(
groups have been shown [13] to be superior to signal sets matched to

1 In|C|>WnM—H (3(p)) (3)
n 2

) is the distribution{ 3, (u),» =0, 1..., M — 1} given by

2 r

commutative groups in terms of having capacity exceeding the PSK Brlp) = M:L() 4)
limit [3]. Existence of DU signal sets not matched to any group is ’Z e—nd2(s)
shown in [20]. In terms of probability of error, if the signal s¢t= 5=0
{s0, 51, ..., spm—1}iSmatchedto a group then the probability oferrogjlnd the parameter is determined by the condition
whens; is transmitted is independentgfwhereas if itis DU then only
the union bound is independentiof M=1

A version of the GV bound that yields geometrically uniform codes 8 = Z Be(p)d>(s). (5)
was given by Loeliger [16]. This bound applies for signal sets matched 5=0

to the additive group of a finite field (elementary Abelian groups), for  prof. | et

example, M -PSK whenl is prime and for simplex signal sets with

power of a prime number of signal points. Piret [17] has obtained an VoA =o€ 8™ |z — ao)” < A

asymptotic lower bound for codes over symmetric PSK signal sets for

Euclidean distance of the signal space code and has shown that i)ieéhe number of points inside a sphere of radi@ound some fixed
asymptotic GV bound foy = 2 andg = 3 is obtainable from the pointzo € S™. Then

bounds for 2-PSK and 3-PSK signal sets and ii) his boundfoe 4

is obtainable by multiplying bg the corresponding values of the case |CVa(nd®) > |S]" (6)
for M = 2; no such match exists with the GV bound faf > 5.

The present correspondence begins by stating a general versioW%'ICh is the Gilbert bound: if the .balls of radiug” around all code-
the GV bound that is applicable to any DU signal set. We then use tWQrds do not cover the whole signal space, the code could be aug-

bound to investigate a variety of DU signal sets in Euclidean space n'i&emed by at least one codeword. As shown in [15], we also have

Hamming spaces [12] and signal sets matched to groups. In particular,
we consider two-, three-, and four-dimensional signal sets matched to

groups and compare them in terms of this bound. Among symmetjigiere 3 is the probability distribution defined in (4) and (5) ahds

PSK and asymmetric PSK we show that the symmetric PSK signal g6k pase of the logarithm in the definition Hf( 3). Combining (6) and
leads to a better bound. In three dimensions, we consider the Masggyie|ds (3). - O

signal set [13] and obtain the GV bound for different parameters. We
also show that, among the four-dimensional signal sets matched td he asymptotic version of Theorem 1 along with the proof obtained
dicyclic, binary tetrahedral, binary octahedral, and binary icosahedf¥ using modifications in Piret's proof [17] is given in the Appendix.
groups, signal sets matched to dicyclic groups lead to smaller dignceforth, we refer to the bound given by (3) as the extended GV
bound compared to signal sets matched to the remaining three gro{fgfgV) bound.
for the same number of signal points. Also, we compare signal sets iff-or simplex signal sets of sizg for any given point, the remaining
different dimensions in terms of this bound based on spectral rate. (¢ — 1) signal points are at the same SED. {f-ary alphabet is used to

A class of Euclidean space codes is said to be asymptotically gd#@fignate the points then for any chosen point the remaining- 1)
if, for a fixed normalized SED, the normalized rate of the code #®0ints are at the same Hamming distance. This suggests that the EGV
bounded away from zero as the length of the code approaches infinRQund for simplex signal sets and the classical GV bound are the same
Using the well-known distance bound due to Ginzburg [9], we poiftP to scaling of the distance.

out (Theorem 2) that certain multilevel constructions [10], [11] give Corollary 1 (Simplex Signal Sets)or all values of;, the GV bound

good classes of Euclidean space codes. _ given in (1) can be obtained from the EGV bound when specialized to
The correspondence is organized as follows. In Section II, we preseflies over simplex signal sets up to a scaling factor.

aversion of the GV bound (Theorem 1) applicable to any DU signal set  p,oof For simplex signal sets we had(r) = K if r # 0, and
and specialize it to simplex signal sets and Hamming spaces. App”?ﬁéreover

tion of the GV for various signal sets in two, three, and four dimensions
matched to groups and their comparison based on the bound normalized pd2(r WK LK
with respect to dimension constitute Section Ill. Section IV deals with Z e =14 Z =14 (M =D (8)
construction of good Euclidean space codes by multilevel construction.  "=° =t

Concluding remarks constitute Section V and the modifications of th#sing (8) in (4) we have

Piret’s proof leading to the bound of Theorem 1 are presented in the

Appendix. Bo(p) =

Vo (nd®) < p"HE® @)

M—-1 M—-1

1
T+ (M —1)erK’

e H K

Il. GV BOUND FORDU SIGNAL SETS Bo(p) =
o 1+ (M —1)e—nK

The following theorem is a version of the GV bound that applies to i
any DU signal set. =e " 3o (p), if 7 # 0. (9)
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Moreover, (5) gives, utilizing thaz;“:gl Br(p) =1 [ll. EGV BOUND FORSIGNAL SETS MATCHED TO GROUPS INTWO,
THREE, AND FOUR DIMENSIONS

Bo(p)=1-— %, Br(p) = <ﬁ) I(z r # 0. (10) In this section, we apply the EGV bound to investigate two-, three-,
‘ and four-dimensional signal sets matched to groups.

Using (10) in (3) and choosing A. Two-Dimensional Signal Sets Matched to Groups

K =2M/(M —1) (11) The two classes of signal sets in two dimensions matched to groups
‘ ’ are those matched to cyclic groups (symmetric PSK (SPSK)) and those
matched to dihedral groups (asymmetric PSK (APSK)). Several au-
thors have studied codes over APSK signal sets [1], [2], [5], [7]. The
dihedral groupD2,; with 2M elements generated by two of its ele-
mentsr ands with identity element is

and after substituting
5/ K = b (12)
(3) coincides with (1) but for the base of the logarithm. Note that the),,  — {7,i31|7.M =sP=e,r's=sr ", 0<i<M, j=0, 1}

ranges also coincide, since
and the group operation can be expressed as

0<by < (MA; D (#1571 ) (12 592 ) = pirti2(1=200) i
Lo< 6 < (M —1) In general, such signal sets are matche®4a; under the mapping
- K — M #(Tl'sj) — VI / M40 2mi /M)
=0<6< %I‘ =2 O where# is the angle of asymmetry. Fig. 1(a) shows the gen&iat

APSK signal set matched #.,;. Fig. 1(b) shows the EGV bound for

The substitutions given by (11) and (12) can be combined to ofdes over 8-SPSK as well as 8-APSK signal sets for seven different
tain the relation between the normalized SED in the EGV bound af9!es of asymmetry. The uppermost curve in the bundle of curves in

the normalized Hamming distance in the classical GV bound to gifdd- 1(b) corresponds to 8-SPSK and the bottom-most to 8-APSK with
Bl (Aéfﬂ—]ﬂ] = 6, This is the scaling factor by which the plot of clas-angle of asymmetry £0The intermediate curves correspond to values
sical GV bound can be obtained from the EGV bound aind versa  Of angle of asymmetry as listed in the figure. As the angle of asymmetry

A signal set is said to form amth-orderg-ary Hamming space [12] is increased the curve moves up toward the 8-SPSK curve. Notice also
if there exists a labeling of the signal set wittary m-tuples with the that as the angle of asymmetry increases the APSK signal set tends
property that the SED between any two signal points is proportional Pre and more toward SPSK signal set. The corresponding plots for
the Hamming distance between the corresponding labels. Notice thétSPSK and 16-APSK were seen to have similar patterns. Three ob-
the symmetric 4-PSK set forms a second-order binary Hamming sp&gsvations from these plots are as follows:

and, more generally, th¥ -dimensional cube is aVth-order binary 1) signal sets matched to cyclic groups (SPSK) give better bound
Hamming space. In Corollary 2, we obtain the EGV bound for Ham- ~ han signal sets matched to dihedral groups (APSK) with the

ming spaces. same number of elements;
Corollary 2 (Hamming Spaces)Let S be anmth-orderg-ary Ham- 2) for APSK signal sets, the EGV bound gives a better distance as
ming space. Then the angle of asymmetry increases; and

; ] 3) as the number of points in the signal set increases, the bounds
Rr(S, 8) =m (1= Hq(6[(¢ = 1)/2d])). 13) differ only for smaller values of normalized distance, i.e., the
range of values of for which the bounds for symmetric and

Proof: SinceS is anmth-orderg-ary Hamming space, it has" asymmetric PSK are the same increases.

points. LetS’ be the subset df such that the labels of elements$f

differ only in one fixed coordinates” is a simplex signal set consisting Although these observations are based on 8- and 16-point signal sets
of ¢ signal points. Codes of lengthover.S can be considered as codedt is conjectured that these are true for PSK signal sets with any even
of lengthmn overS’. Hence, we have number of points.

Rr(S, 8) = mRL(S', §) = right-hand side of (13) B. Three-Dimensional Signal Sets Matched to Groups

Loeliger [13] has discussed a class of three-dimensional signal sets
Note thatS’ is a simplex signal set consisting of points, hence observed by Massey with points on a unit sphere matched to cyclic
R.(S', §) is given by Corollary 1. O  groups with even number of elements which we refer as Massey signal

Since a simplex signal set witif points is a first-ordefs -ary Ham- sets. Fig. 2(a) shows a Massey signal set, with parameteatched

ming space, Corollary 2 is a generalization of Corollary 1. Applying/J a cyclic group with eight elements. In general, a Massey signal set

Corollary 2 to theV-dimensional hypercube, the EGV bound obtaine ith 27 points h"’.‘S Its points on two cm_:les parallel tq they plane
. . "woe o . . Separated by a distan@e along thez-axis, with A/ points on each
isR.(S, ) = NRr(S", §), whereS" is a one-dimensional hyper- ~. . . - . )
cube, i.e., the binary antipodal signal set. circle. The points on each circle constitute/ @rSPSK signal set with
T one M -SPSK signal set when projected onto the other circle forming
Example 1: The three-dimensional cube is a third-order binargnother}/-SPSK signal set which is a rotated version of the other one
Hamming space. Taking the points to be on a unit sphere the SBipr /M. The points on each circle are indexed{ify 2. ..., 2M —2}
distribution from (000) is {0, 4/3, 4/3, 8/3, 4/3, 8/3, 8/3, 4}. and{1, 3, ..., 2M — 1} in the anticlockwise direction. It is easy to
The EGV bound for codes over this cub&id — H»(§/4)). Similarly, check that this signal set is matched to the cyclic group of integers
for the four-dimensional cube the EGV boundl{d — H2(6/4)). modulo2M under the natural mapping. In the next section, we show
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Fig. 1. (a) The generalM -APSK signal set matched 1.5, . (b) EGV bound for codes over 8-SPSK and 8-APSK (for different angles).

that the Massey signal set with eight points is superior to 8-SPSK aedds itself to simple encoding and decoding with around 1.2-dB gain
three-dimensional cube in terms of having a better bound. in noise margin over the conventional two-dimensional 16-point QAM

For M =64, Fig. 2(b) shows the EGV bound for several values.of signaling. Moreover, a four-dimensional signal set matched to a non-
From Fig. 2(b), itis seen that the best bound depends on the normalizechmutative group with 7200 signal points has been observed to have
distance. For instance, the curve foe 0.5 intersects with the curves higher capacity than the PSK limit [13]. In this subsection, we apply the
for all other values shown in the figure. F&f = 8, also there is EGV bound for four-dimensional signal sets matched to dicyclic, bi-
no unique value of for which the bound is tighter than for all othernary tetrahedral, binary octahedral, and binary icosahedral groups. The
values ofr. For this case, it was observed that the bounds for valuesaéss of signal sets matched to dicyclic groups includes those matched
r betweerD.53 and0.58, in steps 0f).01, intersect pairwise. However, to the quaternion group and generalized quaternion groups since these
for valuesr = 0.2, 0.4, 0.6, and0.8 it was observed that for any pair two are special cases of dicyclic groups. These groups are simply de-
of values ofr, one bound lies above the other for the entire range stribed in terms of the quaternions as follows. The elements of the set
the normalized distance. F8f = 8, with » = 0.6 the curve appears .
in Fig. 5. H={oc=ac+bj+ck+dl

|a, b, ¢, d € R : A+l 4rdt= 1}

C. Bounds for Four-Dimensional Signal Sets Matched to Groups where R denotes the field of real numbers andj, &, and! are the
Modulation schemes with four-dimensional signal sets have begéctors satisfying -

studied by several authors [13], [24], [4], [19], [8], [18], [22], [23]. PR 9 ) ) )

Gersho and Lawrence [8] describe the basic theory and implementation & =J_ =k = —¢, jk = —kj =1 kl = ~lk =

J J.
for a particular lattice type, four-dimensional signal set, which readily lj=—jl=%k, and oc-e=c-0=o0, Yo € H.

|&
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4.5 T T T T T T T T T
—— Massey M=64 r=0.6:.A
— — Massey M=64 r=0.5:..B
4+ — — Massey M=64r=0.4:.C |
-+ Massey M=64 r=0.3:..D
-— - Massey M=64 r=0.2:..E
-— - Massey M=64 r=0.1:..F
35
2
Fig. 2. (a) The Massey signal set fdf = 8. (b) EGV bound for codes over Massey signal sets\br= 64.
In the infinite noncommutative groul, multiplication of two ele- The special casd/ = 2 gives the quaternion grou@s =
ments(aie 4 bij + c1k 4+ dil) and(aze + b2j + c2k + dol) results {*e, +j, Tk, 1} with eight elements.
in (ase + bsj + csk + dsl) where 2) The Binary Tetrahedral Group Ga4: This group with 24 ele-
ments consists dPs and the two cosets@)s andw?Qs of Qs,
a2 b €2 d2 where
—bg a2 —dg Ca
[as b3 c3 ds] = [a1 b1 1 di] . 1
—Co d2 —das b2 w= _(§+]+L+D
—dy —cz —by —a 2 -
3 _ i _
The groups of interest to us are the following finite subgroupH of N?;e LtjhaE“Q = (—e) € Qs. Explicitly, we haveGzi = Qs U
wilsg w 8.

1) Dicyclic Groups DCyar: The subgroup off with 40 ele- 3
ments, (/-arbitrary positive integer)

~

The Binary Octahedral Group Gas: This group with 48 ele-
ments is obtained by adding.+ and its coset; G24 where

oy = (cos(mv/M),sin(mv/M), 0, 0), , L
W1 = —=
v=0,1,...,2M -1 V2 -
and i.e.,Gas = Gaoa UwiGoa.

7o = (0, 0, cos(mv /M), sin(mwv/M)), 4) The Binary Icosahedral Group Gi20: This group consists
v=2M 2M+1, ..., 4M — 1. of 120 elements and is obtainable as elements generated by
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Fig. 3. Signal set matched ©©C, ;.

5 T T T T T T T T T
T octe
45k T RS
-... DbC,C
G, D
ar - G48 E 1
- G120 F
0 | L [ | ! | L !
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
delta
Fig. 4. EGV bound for the signal set®,Cs4 (A), DC4s (B), DC12¢ (C), G4 (D), Gus (E), G120 (F).
the following three generators:; = ;—(",/g + 7'+ 1), DCss andDCa appear indistinguishable. As seen from this set of

gy = % (e +v 'k + ~1) andos = 1, wherey = é (1 + v/5).  bounds, signal sets matched to a binary tetrahedral group, a binary oc-
tahedral group, and a binary icosahedral group give better bounds than

Fig. 3 shows four-dimensional signal sets matchef @i FIQUIes  gjona| sets matched to dicyclic groups with the same number of signal
for four-dimensional signal sets matched to binary tetrahedral grOHé]ints

with 24 elements, binary octahedral group with 48 elements, binary
icosahedral group with 120 elements, and other numerous groups R
be seen in [4]. Note that a signal point is specified by four coordinates
with the first two coordinates in the,—z- plane and the other two  For band-limited applications, the rate of the code per dimension is

in thezs—4 plane. The mapping that matches these signal sets to th€ appropriate parameter based on which signal sets are to be com-

nComparison of Signal Sets Based on Spectral Rate

respective groups is the common mappirige + bj + ck + dl) = pared. To facilitate this we measure the rate of the code per two dimen-
(a, b, ¢, d), which can be easily verified to satisfy (2). sions, i.e.,

From the EGV bound for signal sets matched to dicyclic groups of 5
different order (curves not shown in the correspondence), it was ob- % R(C) = ﬁ In|C

served that for larger values of the normalized distance the number of

points in the signal set does not matter and when a smaller normathd call it the spectral rate (rate in bits per symbol per two dimensions)
ized distance is the requirement, a larger number of points in the signéthe code. In this subsection, we compare the signal sets based on the
set are desirable; an observation which is true for SPSK signal setspsctral rate.

pointed out in [17]. The existence &fC54, DC.s, andDC'29 makes It immediately follows from the closed-form expression for the
these directly comparable witfi.4, Gus, and G120, respectively, in - bound (given following Corollary 2), for ang¥ -dimensional cube that
terms of their bounds, as shown in Fig. 4. The bounds for codes o¥er all values ofV, the N -dimensional cube has the same spectral rate



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 48, NO. 2, FEBRUARY 2002 543

14 T T T T T T T T T
"Massey_M=8_r=0.6:.A" —
"n-dim_cube:..B" ----
"dc16:..C" -----
1.2 B
1 = -
£
el L -
& 0.8
@
Q.
]
ﬁ 0.6 B
[
0.4 B
0.2 i
0 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

delta

Fig. 5. EGV bound for the signal sets, Massey 0.6 with eight elements in three dimensiods (then-dimensional cubeR), and dicyclic with 16 elements

©).

3 T T T T T T T . |
"16-SPSK:. A" —
"Massey_M=64_r=0.6:.B" -----
"Massey_M=64_r=0.5:..C" -----
"Massey_M=64_r=0.4:..D" -
25 de256:,.E" --- J

R(delta) per 2-dim.

0 0.2 0.4 0.6 0.8

Fig.6. EGV bound for the signal sets, Massey with 64 elements in three dimensieng.¢ (B), » = 0.5 (C), » = 0.4 (D)), cyclic with 16 elements (16-SPSK)
(A), and dicyclic with 256 element£].

as that of 4-SPSK. Fig. 5 shows the normalized EGV bound for tf@r instance, the Massey signal set with 64 points is not superior in
Massey signal set with eight elements, afiydimensional cube, and comparison to the 16-SPSK signal set. This is demonstrated in Fig. 6.
the signal set matched ©C';s. Notice that the comparison is madeHowever, the supremacy of both the Massey signal set and the SPSK
among signal sets of different sizes in different dimensions but havismnal set over the corresponding signal set matched to dicyclic groups
the same number of signal points per dimension. For the Massey sigmalds in this case as well. Note that the value dhat gives the best

set, the parameteris chosen to bé.6. It is seen from Fig. 5 that the bound for the 64-point Massey signal set is not unique; depending on
Massey signal set gives a better normalized bound compared to tihe value of5, values betweefi.4 and0.6 for » gives the best bound.
other two. In particular, the Massey signal set with eight points hasTae 16-SPSK gives a larger value for spectral rate for all valués of
better bound than 4-SPSK. However, this superiority of the MasseyFig. 7 shows the EGV bound for a spectral rate of signal sets matched
signal set over the corresponding SPSK signal set is not true in genei@lz24 andD 4. The bound corresponding to 5-SPSK is also shown.
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Fig. 7. EGV bound for the signal setS.4 in four dimensionsA), dicyclic with 24 elements in four dimensiorS)( and cyclic with five elements (5-SPSKB)
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R(delta) per 2-dim
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Fig. 8. EGV bound for the signal setS,s in four dimensionsA4), dicyclic with 48 elements in four dimensionS)( and cyclic with seven elements (7-SPSK)

B).

Note that the 5-SPSK signal set has a slightly higher rate. It has 25  IV. ASYMPTOTICALLY GOOD EUCLIDEAN SPACE CODES

points in four dimensions compared to 24 for the other two signal sets

considered. This amounts to a slight advantage in favor of 5-SPSK. IPA class of Euclidean space codes is said to be good if, as the length
spite of this, the signal set matched¥g, gives atighter bound than the of the code approaches infinity, neither the normalized rate nor the nor-
5-SPSK signal set. Clearlg24 gives larger values compared to signamalized distance approach zero. In this section ,we show that in a multi-
sets matched t&C>4. Similar bounds for comparison between signalevel construction [9]-[11] of Euclidean space codes, by choosing each
sets matched t645, DCl4s, and the closest SPSK signal set, 7-SPSKsomponent code from a class of asymptotically good Hamming dis-
are shown in Fig. 8, leading to a similar conclusion. The closest SP&ce codes, one obtains asymptotically good Euclidean space codes.
signal set that can be compared with signal sets matchéd+#pand An L-level multilevel construction of a Euclidean space code over
D4 is the 11-SPSK signal set. Fig. 9 shows the bounds for theaeignal setS uses a numbek of block code<”;, called component
signal sets with an identical conclusion. codes, of sizé{; over alphabets!; of sizeq;,i =1, 2, ..., L, each
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Fig. 9. EGV bound for the signal set5; 2, in four dimensions4), dicyclic with 120 elements in four dimensiorS)( and cyclic with 11 elements (11-SPSK)

(B).

of lengthn. The size of the signal set W = Hf:l ¢i, SO that each partition based on the second component of the label for each subset in

signal point can be labeled with an ordeteduple (a1, a2, ..., ar) the first-level partition as above and proceed iterativelylfdevels of
wherea; € A;,7 = 1,2, ..., L. A set of L codewords, one from partition. For theith level of partition denote the interset distance by
each of the code€’;, specifies a signal point in the Euclidean spacé;, i = 1, 2, ..., L. Itis well known [9] that

gode as described in the following. Létji, aj2, ..., a;n) € Cj, §> min {811,6)

j=1,2, ..., L, betheL codewords. Each of the orderedL-tuples 1<i<n

(a1i, azis ..., ar;) specify a signal point i and theL codewords \yheres is the MSED of the resulting Euclidean space code. From the
together specify a sequenceropoints fromS. The collection of all gpgve it follows that

suchn-length sequences ovércorresponding to all possible combi- 5 51

nations of codewords from component codes constitute the Euclidean " > 1r<11,ié1L {( "7 ) 57}

space code. Notice that the resulting Euclidean space code i§ - ) ) ]
mensions if the dimension 6fis V. If each of the component codes arel he normalized rate of the Euclidean space code is

from a class of codes, then corresponding to each choice of code in that R (M)
class we get a Euclidean space code—thus, a class of codes for each P Z n .
component code to choose from specifies a class of Euclidean space i=1 '

codes. Theorem 2 uses the well-known distance bound by Ginzbingw if each component code is from an asymptotically good class of
[9] to show that if the class of codes from which the component codesdes then botﬁ% and 1(% are bounded away from zero for all
are asymptotically good in Hamming distance, then the multilevel cohasn tends to infinity. This implies that botE\ and § are bounded
struction will lead to an asymptotically good class of Euclidean spaegvay from zero for alf as» tends to infinity. ‘ ‘ O
codes.

Theorem 2: In a multilevel construction, if all the component codes V. CONCLUSION

are from an asymptotically good class for Hamming distance, then then this correspondence, in extension of Piret's work, the application

resulting class of Euclidean space codes will be asymptotically goodf an extended version of the GV bound to a variety of DU signal sets in
Proof: Let the component codé’; have Hamming distances Euclidean space has been investigated. Some of the possible directions

by, i = 1,2,..., L. First, partition the signal spac& into q1  for further research are as follows.

subsets where each subset consists of the signal points whose first

component in the label is the same. Recall that each signal pot in 1) In Section lll, it has been observed for 8- and 16-PSK signal sets
is labeled with an ordered-tuple (ay, . ..., ar) where theith that introduction of asymmetry of any angle matched to dihedral

component; is from A; of sizeq;, i = 1, 2, ..., L. Let the subsets groups gives a smaller bound. It is conjectured that it is true for
of the partitibn be h i : any even-number PSK signal sets. It will be interesting to attempt

a proof of this conjecture.
{SaI:U-, Salzl-, CIERCY Salqufl}- . . ) . . . .
2) An important direction to pursue is to identify the conditions

Let . . . .
5 = min {d? ) - on the component codes in the multilevel construction that will

At {@ (@, y)lw € Say=j, y € Sur=s, j # k} result in Euclidean space codes that exceed the EGV bound.
whered? (x, y) denotes the SED betweenandy. Notice thats; is 3) A natural problem to attempt is to classify the known classes of

the intersubset distance of the first-level partition. Now carry out the  Euclidean space codes in terms of asymptotic goodness.
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APPENDIX
ASYMPTOTIC VERSION OFTHEOREM 1

Theorem 3: Let S be an}M -point DU signal set with SED distribu-
tion {d*(#),» =0, 1..., M —1}. ForC, alengthn code overS let

(C)=1d(C)  R(C)=

L el
n
and

R(6) = lim sup

TS >R 8(C)>8

Then a lower bound?;, (S, §) on R(C') is given by

R(C).

R.(S, 8) =In(M)—H (3(p)), 0<6<2 (14)

wheres(p) is the distribution{ 3,.(y), r = 0, 1..., M — 1} given [1
by (4) and the parameteris determined by the condition given in (5).
Proof: Let{so, s1, ..., sam—1} be the signal se$, and let the
ordered vectod = (d(0), d(1), ..., d(M —1)) denote the Euclidean
distance profile ofS from sq. Let¢,.,» = 0,1, ..., M — 1,be a
permutation onS such thai-(s,) = so and¢,(s.) = sv, u, v =

(2]

(3]

0,1, ..., M —1,where the SED between ands,, isd*(v). Such a 4]
permutation exists sincg is DU. For anyz = (zo, x1, @2, ..., )
andy = (yo, ¥1, Y2, ..., ¥n) € 5", we define

(Dl(i) = (@?/0(‘730)7 @‘.’/1 ("171)3 ey @yn (Tn)) [5]
Following Piret, we call el
[7]

b(z) = (bo(z), b1(2), ..., ba—1(x))

orsimplyb = (bo, b1, ..., bar—1), whereb,.(z) denotes the number  [8]

of coordinates in: that are equal te,, as in [17], the composition of
x. Also, for large values ofi, we call 9]

1‘3(£) = (,Jo(ﬁ)* dl (‘L)* [EER) r‘gﬂ/l—l(£)) [10]

the normalized composition aof if b,-(x) is the least intege£n 3 (x)
andifbo(x) = n—3"""7" b.(z). Moreover, in this case we say that the

M -tupleb(z) achieves thé/-tuple(z). For an arbitrary. € S™ and

(11]

aspecified compositioh= (bo, b1, ..., bas—1) we denoteB, (u) the  [12]
set of allz € S™ for which
composition ofp, (z) = b. (13]
. L [14]
For allz € By(u), the SEDd*(z, u) betweenr andu is given by
[15]
M—1
d*(z, u)= > b d*(r). (15)  [16]
r=0 [17]
SinceS is a DU signal set$™ also will have the uniformity property
hence the cardinality oB,(u) is independent of.. We denote this (18]
cardinality by N (b) given by [19]
N n!
N(b) = 7= . (16) 20]
I (b))
r=0 [21]
Moreover, exhibiting the independence of the right-hand side of (16{22
on the choice of:, it is denoted by ]
M—1
. 23
D*(b) = bed*(r). (7) [23]
r=0
[24]

Equation (17) corresponds to [17, eq. (11)]. The rest of the proof is
identical to that of Piret's and hence omitted, except that we point out

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 48, NO. 2, FEBRUARY 2002

the following. The arguments leading to [17, egs. (11)—(24)] hold in
our case also with sin? (77 /@) in (18) and (23) replaced bi? (7).
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