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Abstract We present a new mixed–integer programming model and a column generation
method for the survivable design of telecommunication networks. In contrast
to the failure scenario models, the new model has almost the same number of
constraints as the regular network design problem, which makes it effective for
large instances. Even though the complexity of pricing the exponentially many
variables of the model is

���
–hard, in our computational experiments, we are

able to produce capacity–efficient survivable networks with dense graphs up to
70 nodes.
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1. Introduction

In this paper we consider the survivable design of telecommunication net-
works. Given an undirected graph �����
	���
�� , where 	 is the set of nodes and

 is the set of links, i.e., tuples of nodes, and demand of each node from every
other node, the telecommunication network design problem is to install integer
multiples of a capacity unit on the links and route the flow of demands so that

�
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66 TELECOMMUNICATIONS NETWORK DESIGN AND MANAGEMENT

the total capacity installation cost is minimized. In many telecommunication
networks (e.g. Asynchronous Transfer Mode networks), the capacity installed
on a link between two nodes allows running of flow up to the capacity in both
directions. Thus capacity is undirected even though flow is directed.

A network is said to be survivable if all of the demands can be met under the
failure of any one of its links. In this paper, we define link failure as the event
of decreasing the capacity of the link to zero. Since in telecommunication net-
works the probability of two components failing simultaneously is very small,
designing a network protected against single component failures is considered
satisfactory. Two edge–connectedness of the underlying graph � is a necessary
condition for the survivability of the network, but is clearly not sufficient. In
order to ensure that the flow on the network can be rerouted in case of a fail-
ure, sufficient spare (excess) capacity must be available on the working links
of the network. However, over–provisioning of capacity is a major concern
for telecommunication companies due to the high investment costs required in
installing capacity. Therefore designing capacity–efficient survivable networks
(i.e., networks with low capacity installation cost) is a critical problem.

Various heuristic and exact approaches have been developed for designing
survivable networks. The reader is referred to [19] for an overview of survivable
network design problems and a synthesis of related literature. One of the
simplest techniques for protecting a network against failures is the so–called
�����

Diverse Protection (DP) switching [7], which uses dedicated link–disjoint
backup routes for each demand pair. Although rerouting disrupted flow to an
alternative route can be done very fast in

�����
DP networks and operating such

networks is quite easy, allocating capacity for demand–dedicated link–disjoint
routes results in a network that is highly capacity–inefficient.

With the advent of add/drop multiplexers, a new protection technique known
as the Self–Healing Rings (SHR) [2, 11, 17, 19] has been introduced. The
topology of SHR networks is a set of rings (undirected cycles) covering the
nodes of the graph. Due to the ring topology, SHR networks are inherently
survivable. If a link of a ring fails, flow on the link is sent along the ring in
the reverse direction. SHR networks deliver very fast rerouting times in the
event of a failure while achieving lower spare capacity requirements than

�����

DP networks, since spare capacity on a ring is shared by all demand flows
using that ring. Even though SHRs provide good survivability characteristics
and extremely fast reconfiguration of flow, imposing a ring topology on the
telecommunication network still leads to inefficient capacity utilization and
therefore high cost.

A significant increase in the capacity efficiency of survivable networks can
be achieved by allowing a general network topology and global rerouting of
flows in the case of link failures. This requires provisioning link capacities
that will allow rerouting under every link failure scenario [3]. Unfortunately,
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the size of failure scenario based global link restoration models grows very
rapidly with the size of the graph and render such models unfit for tackling
practical problems. Furthermore, implementation of global rerouting of all
flows – whether disrupted or not – in the event of a failure requires much more
complex hardware and software packages and is inherently slower than the SHR
and

� � �
DP networks.

Consequently, hierarchical restoration schemes are popular for designing
survivable networks in practice. In the first stage, link capacities are determined
for the no–failure scenario without survivability concerns. In the second stage,
sufficient spare capacity is assigned to the links of the network so that the
disrupted flow can be safely rerouted in the case of failures [4, 5, 12, 13, 14].
The reader may refer to [21] for a detailed comparison of various restoration
strategies.

In this paper we introduce a new mixed–integer programming model for de-
signing survivable networks. This model considers routing of no–failure flows
and failure flows simultaneously by installing slacks on the directed cycles of
the network so as to ensure survivability in the case of link failures. In a failure,
only disrupted flow is rerouted. However, since failure and no–failure flows
are considered simultaneously when determining link capacities, the model de-
livers survivable networks with capacity–efficiency very close to global link
restoration. The model builds upon [12] and improves capacity efficiency by
using directed p-cycles for routing disrupted flow. Furthermore, since only dis-
rupted flow is rerouted, reconfiguration of the network can be done quickly. Of
significant note, the number of the constraints of the formulation is almost the
same as the regular network design problem, which makes the model effective
for large instances. The number of the variables is exponential in the number
of links of the graph; however, the variables are treated implicitly by a column
generation approach.

Outline. In Section 2, in addition to the new model, we describe two
others: global link restoration and spare capacity assignment using p–cycles,
that are used for comparison. In order to tackle large instances, in Section 3 we
develop a column generation approach and show that the pricing complexity
of the variables is

���
–hard. In Section 4 we present results of computational

experiments that compare the capacity–efficiency and ease of solvability of
these models. Using a polynomial–time pricing heuristic, we solve the model
by column generation and report successful computational experiments with
dense graphs up to 70 nodes.



68 TELECOMMUNICATIONS NETWORK DESIGN AND MANAGEMENT

2. Link restoration

2.1 Global link restoration

Here we present a mathematical model of the minimum cost survivable net-
work design problem. We refer to this model as the global link restoration,
since it allows rerouting all flows, even those that are not disrupted under a link
failure. In order to differentiate between undirected capacities and directed
flow, we let � ����� denote the undirected link between nodes � and � , and ����� �
and ����� � denote the two directed arcs corresponding to link � ����� . We define
the arc set 	 of the network as the set of all arcs corresponding to 
 , that is,
	 ��
 ����� � � ����� �
��� ������� 
�� . Let � be the set of failure scenarios. For simplicity
of notation, we represent the no–failure scenario with ����� ; thus � � 
���
����
( ���� 
 ), and let 	���� ����� � 	��!
 ����� � � ����� �"� . We define commodities by aggre-
gating all of the flow originating from a node. So, the demand associated with
commodity #$�&%(' 	 is the sum of demands )�*�+ from node # to every other
node � . Let , +* �.-&/102 +43 ) / + if � is the origin node of commodity # , , +* � )5*�+ if
� is a destination node of commodity # and , +* �6� otherwise. Also let 7 +* / and8:9

be the cost of routing commodity # on arc ����� � and installing a capacity unit
on link ; , respectively, and finally let < 9 be the existing (previously installed)
capacity on link ;=� 
 . Then the Global Link Restoration Model is

>@?BA CD * /FEHG1I
C
+ G�J 7

+* /LK +NM* / � C9 G1O
8�9"P59

C
/LQ D / * EHG1I K

+LR/ *S3 C
/TQ D * /UEVG1I K

+LR* / �6, +*(W �X� 	 � W #$�&% � WZY ��� (4.1)

(GLR) C
+ G�J K

+NR* /�[ < 9 � P59 W ����� �\�&	]�

 Y � � W^Y ��� �_; �`� ����� (4.2)

P59 �badc W ;=� 

K +NR* /e�&f$c W ����� �\�&	 � W #$�&%�� W^Y ����g

where K +LR* / is the amount of commodity # routed through arc ����� � in failure
scenario Y and

Ph9
is the capacity installed on link ; . Constraints (4.1) guarantee

that the all demands are satisfied in all failure scenarios. Constraints (4.2) ensure
that the capacity installed on a link is large enough to accommodate flow routed
through that link for all failure scenarios.

(GLR) imposes no restrictions on either the network structure or the routing of
flow. Hence, it delivers the most capacity–efficient survivable network possible
(by letting 7 +* / �i� ) if it can be solved to optimality. Note, however, that
formulation (GLR) has j 	]j�j %kj�jl�mj � j 	�j�jl�mj constraints and j 	�j�j %]j�jl��j � j 
nj
variables. For a complete graph of j 	]j nodes with complete demand, j %kj �
j 	oj , j 	pj �qj 	]j �rj 	oj 3 � � , and jl��j �qj 	oj �rj 	]j 3 � �ts�u � � . So, for instance,
when j 	oj �.u�� , (GLR) has 148,980 constraints and 1,451,790 variables. Even
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when the network is not as dense, (GLR) can easily have tens of thousands of
constraints and millions of variables for even medium–sized networks, making
it virtually impossible to load into the computer memory, let alone solve it to
optimality. Also note that the size of (GLR) is larger than the regular network
design problem (NDP) by an order of magnitude jl�mj ((NDP) is the special case
of (GLR) with the single no–failure scenario � � 
���� ). Since solving (GLR)
optimally is exceedingly difficult except for very small instances, researchers
have adopted heuristic approaches to solve it and its variants [9, 16]. Polyhedral
cutting planes are given in [3, 6] for (GLR).

2.2 Spare Capacity Assignment

Even though the global link restoration scheme described in the previous sec-
tion achieves the lowest capacity requirement, it carries several disadvantages.
The first is the size of the formulation. A second disadvantage is that rerouting
of disrupted as well as undisrupted flow in case of a failure is harder to imple-
ment than rerouting only disrupted flow. It requires sophisticated and expensive
hardware and software and longer reconfiguration times. On the other hand,
rerouting disrupted demand on rings in SHR networks requires much simpler
equipment and control mechanisms at the nodes, and is much easier and faster
to implement.

As a result, recently there has been an interest in developing hybrid networks
which are capacity–efficient and at the same time are easy to restore under
failure. This is accomplished in an hierarchical manner. In the first stage a
capacity–efficient solution (flows and link capacities) is found for the network
design problem without survivability concerns. In the second stage, given the
working capacities, a minimum cost allocation of spare capacity on the links is
determined so that flow on each arc can be routed, in case of a link failure. This
second stage problem is referred to as the Spare Capacity Assignment Problem
(SCA).

Grover and Stamatelakis [12] introduce the concept of utilizing (undirected)
predefined cycles (p-cycles) of links for the configuration of spare capacity. In
this scheme sufficient spare capacity is installed on the cycles of the graph so
that the working capacity on any link is covered by the cycles that the link is
either on or is a chord of. Figure 4.1 illustrates the way in which an individual
p–cycle may be used for restoration. In (i), an example of a p–cycle is shown
in bold links. Note that a p–cycle is just an undirected cycle which is used to
cover working link capacities. In (ii), link � � ,"� on the p–cycle fails, and the
remaining links of the cycle are used for rerouting the flow on link � � ,"� . In (iii),
we see how the p–cycle can also be used for restoring the flow on a link that
is a chord of the p–cycle. Here link � <N)�� fails, and the p–cycle provides two
restoration paths between < and ) . Thus installing half the working capacity
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Figure 4.1. An undirected p–cycle
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of � <N)�� on the p–cycle as spare capacity covers link � <N)�� . Further inspection of
Figure 4.1 shows that this particular p–cycle provides restoration paths for nine
on–cycle failures and for ten chord failures.

Let ��
K ��
P � be a solution for the regular network design problem (NDP) and 

be the set of simple undirected cycles of � . Grover and Stamatelakis [12] give
the following integer set covering model for the capacity assignment problem
with � –cycles:

>@? A C9 G�O
8:9 C
� G��

� � 9�� �

(SCA) C
� G��

� � 9�� ��� < 9 � 
P59 W ; � 
 (4.3)

� � �eaXc W � ��
 g

The decision variable
� � denotes the number of spare capacity units assigned

to p–cycle ����
 . Here � � 9 is 1 if link ; is on cycle � and 0 otherwise; � � 9 is
2 if link ; is a chord of cycle � , 1 if ; is on cycle � , and 0 otherwise. Thus
- � G�� � � 9�� � is the spare capacity installed on link ; .

Naturally, solving first a network design problem and then assigning spare ca-
pacity to cover the working links is less capacity–efficient than solving (GLR)
directly. However, this hierarchical approach breaks the task of designing a
survivable network into two problems that are much easier to tackle compu-
tationally than global link restoration (GLR) and therefore is often preferred
in practice. The hierarchical spare capacity assignment (SCA) approach using
p–cycles has been reported to achieve much better capacity–efficiency than ring
architectures as well as very quick recovery times by several authors [12, 18, 20].
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2.3 Routing of Flows and Slacks

In this section, we present a mixed–integer programming model for routing
failure flows and no–failure flows simultaneously. Rather than using undirected
p–cycles to cover working link capacities from (NDP), we utilize directed p–
cycles of arcs to introduce sufficient slack on top of the no–failure flows, so
that the flow on each arc can be rerouted along these slacks. We refer to this
scheme as the routing of flows and slacks. Let K +* / be the amount of commodity
# flowing through arc ����� ��� 	 in the no–failure scenario. Let � be the set
of directed cycles of the network. Define a cycle–slack variable ��� to denote
the amount of slack routed on cycle <���� . For directed cycle < ��� and arc
����� �S��	 let � �* / be 1 if < includes ����� � , 0 otherwise, and let � �* / be 1 if ����� � is
a chord to cycle < , 0 otherwise. Then the Routing of Flows and Slacks can be
formulated as

>@?BA CD * /UEVG�I
C
+ G�J 7

+* / K +* / � C9 G1O
8:9FP59

C
/LQ D / * EVG�I K

+/ * 3 C
/TQ D * /FEHG1I K

+* /�� , +* W �d� 	�� W #$��% (4.4)

(RFS) C+ G�J K
+* / 3 C

� G	� �
�* / �
� 3 C

� G	� �
�/ * �
� [ � W ����� �\�&	 (4.5)

C
+ G�J K

+* / � C
� G	� �

�* / � � [ < 9 � P 9 W ����� �\�&	 �d; �`� ����� (4.6)

P59 ��adc W ;=� 

� � �&f c W <S���
K +* /=�&f$c W ����� �!�&	 � W #$�&% g

Constraints (4.5) ensure that for each arc ����� � the total slack installed on the
directed cycles that ����� � is on or a chord is at least the total flow on ����� � . Observe
that a directed cycle–slack provides coverage for flows in the reverse direction
for the arc on the cycle; see arc �H, � � in Figure 4.2. A directed cycle–slack
provides only one recovery path for the flow on a chord arc; see arc �V<N) � in
Figure 4.2. However, slack introduced for the directed cycle in the reverse
direction also provides coverage for the flow on arc �V<U) � as well. Constraints
(4.6) ensure that capacity installed on link � ����� is large enough to accommodate
the flow routed on arc ����� � as well as the slack introduced on the arc. In
order to emphasize the importance of routing slacks through directed p–cycles,
rather than covering working link capacities with undirected p–cycles as in
[12], we give the example in Figure 4.3. Here, capacity is available in units of
< and the flow on each arc � K ��� � , �
� � P � , and � P � K � equals < . Since installed
capacity on a link allows flow in both directions up to capacity, the network
in Figure 4.3 is survivable with a total of 3 < capacity. However, covering
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Figure 4.2. A directed p–cycle
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installed capacities with undirected p–cycles would require installing additional
< units on each link and would double the installed capacity. However routing
a cycle–slack of < units in the counter–clockwise direction (from K to

P
to � )

covers all of the flow on the network and requires no additional capacity. We
note that routing slacks to cover failure–flows will lead to lower capacity than
covering no–failure capacity even without the assumption that installed capacity
on a link allows flow in both directions up to capacity. Consequently, (RFS)

Figure 4.3. A small survivable network
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produces survivable networks that are more capacity–efficient than (SCA) for
two reasons: (1) (RFS) routes slacks rather than using undirected p–cycles to
cover working link capacities, and (2) (RFS) considers the routing of no–failure
flows when determining excess capacity installation. Indeed our computational
experiments indicate that the capacity–efficiency delivered by (RFS) is very
close to (GLR) for small instances.

Interestingly, in contrast to (GLR), (RFS) requires only one additional con-
straint for each arc than the regular network design problem (NDP) without
survivability requirement. However, the number of cycles in a graph, hence
cycle–slack variables in the formulation, is exponential in the number of the
arcs.
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3. A column generation approach

Since (RFS) has exponentially many cycle–slack variables, all of the vari-
ables cannot be included in the model when solving large instances. Selecting a
small subset of the variables a priori and solving the model with these variables
can result in suboptimal solutions. Therefore, we develop a column generation
[8] approach and introduce the cycle–slack variables into (RFS) with a restricted
number of variables as they are needed. In order to solve larger instances ef-
ficiently, we also reformulate (RFS) using path–flow variables, rather than the
arc–flow variables. This reduces the number of constraints, introduces an ex-
ponentially many path–flow variables, which can also be generated, as needed,
via column generation.

Because the column generation algorithms for multicommodity flow prob-
lems converge to an optimal LP solution faster when commodities are disaggre-
gated [15], we use pairwise demands as commodities in the formulation. Let
% be the set of node pairs with positive demand and 
X+ denote the set of Y + – ��+
paths for commodity #o� % . For ����� �p� 	 and � � 
 + , let �

� * / be 1 if path
� includes arc ����� � , 0 otherwise. For �e� 
 + , defining the path–flow variables
K � as the fraction of commodity # routed through path � under the no–failure
scenario, we reformulate the problem of routing of flows and slacks as

>@?BA CD * /UEVG1I
C

+ G�J�� � G���� ) +��
� * / 7 +* / K � � C9 G1O

8:9"P59

� � + � C
� G�� � K � �

� W #$�&% (4.7)

��� * / � C+ G�J�� � G���� )h+	�
� * / K � 3 C

� G	� �
�* / �
� 3 C

� G � �
�/ * � � [ � W ����� �\�&	 (4.8)

��
 * / � C
+ G�J�� � G�� � )h+	�

� * / K � � C
� G	� �

�* / � � [ < 9 � P 9 W ����� �\�&	 �"; �`� ����� (4.9)

(RFS–P) K � ��fnc W ����
�+ � W #$�&%P59 �eaXc W ; ��

� � ��fnc W <S���Sg

where � ��
 � � are the corresponding dual variables of the LP relaxation of (RFS–
P). Constraints (4.7) ensure the demand for each commodity is satisfied for the
no–failure scenario. Constraints (4.8) ensure that sufficient slack is allocated
to directed cycles to cover all no–failure flow on each arc. Constraints (4.9)
ensure that for each edge, sufficient capacity is installed for routing the slack
introduced and the no–failure flow on the arcs in either direction.
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3.1 Pricing of cycle–slack variables

Given an LP–relaxation solution to (RSF–P) that has a restricted set of cycle–
slack variables, we are interested in finding a cycle–slack variable � � with
negative reduced cost, if one exists. For a dual solution ( � ��
 � � ) the reduced
cost of the cycle–slack variable � � is

C
* /TG1I � ��� / * 3 
 * / � � �* / � � * / � �* / �Fg

A negative reduced cost � � can be identified by finding a negative weight directed
cycle that has at least three arcs on � � �
	��r	 � , where weight of an arc ����� �
on the cycle is ���* / � � / * 3 
 * / and the weight of an arc ����� � that is a chord of
the cycle is ���* / � � * / . Observe that ��� is unrestricted in sign, but ��� [ � since
� [ � .

A negative weight directed cycle could be found in polynomial time, for
instance, by the Bellman–Ford algorithm [1] if the cycles did not carry a weight
for their chords. The presence of weights for the chords complicates the problem
significantly.

Pricing Problem of P–cycles. Let us formally define the Pricing Problem
of P–cycles (PPP) as: Given the arc weights ���]� f I and chord weights
� � � f I , either find a negative cost p–cycle or conclude that no such p–cycle
exists.

Theorem 1 The Pricing Problem of P–cycles (PPP) is
���

–hard.
����	
	����

We prove the theorem by reducing PPP to the decision version of TSP
[10]: Given a complete directed graph � � �
	��r	 � , weights )o�_	�
� a c ,
and a positive integer # , does there exist a Hamiltonian cycle in � with total
weight � # ? In order to answer TSP, we construct the following instance of
PPP. Let ��� j 	oj . For ����� �!� 	 , let ���* / � ) 9 � ��� ��� 3�� � 3 u�# �ts ��� ��� 3 � � �
and � �* / � 3 ��� � # �ts ��� ��� 3 � � � ,where � ��� # . Let

8 �V< � denote the set of
chords of p–cycle < in � . Any p–cycle on � with � arcs has exactly ��� 3�� �
directed chords. Hence the weight of p–cycle < with � arcs is equal to

CD * /UEVG � � �* /
� CD * /UEVG � D � E

� �* / � ) �V< � � � ��� ��� 3�� � 3 u�# �
� ��� 3 � � 3 � ��� 3�� � ��� � # �

� ��� 3 � �
� ) �V< � � � � ��� 3�� � 3 � ��� 3�� �

� ��� 3 � � 3 # u �
� � ��� 3�� �
� ��� 3 � �

� ) �V< � � � � ��� 3 � �
� ��� 3 � � 3 #

� ��� 3 � �
� ��� 3 � � (4.10)

where ) �V< � is the weight of the cycle < for the TSP. When � is chosen as above,
(4.10) is positive unless � �!� . Hence, PPP has an affirmative answer only if
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the p–cycle is Hamiltonian. However, since the weight of any Hamiltonian
p–cycle < on � is ) �V< � 3 # (the second term in (4.10) vanishes when � � � ),
PPP has an affirmative answer if there exists a Hamiltonian cycle < of weight
) �V< � � # . Hence, TSP has an affirmative answer if and only if PPP has an
affirmative answer. �

A polynomial–time heuristic. When all chord weights � � of p–cycles are
zero, PPP reduces to finding a negative weight ( �
� ) directed cycle with at least
three arcs. This can be accomplished in

� �rj 	pj�j 	]j � � with a simple modification
to the Bellman–Ford label–correcting algorithm for finding shortest paths in a
directed graph.

Since chord weights � � are nonpositive, if we find a negative weight cycle <
by assuming that ��� is zero, we also find a negative weight p–cycle. Therefore,
in order to find negative reduced cost cycle–slack variables, we first find neg-
ative weight directed cycles using � � and add the corresponding cycle–slack
variables to the restricted formulation of (RFS–P). When we exhaust all such
negative weight cycles, there can still be other negative reduced cost cycle–slack
variables with � �* / � � , that could not be found this way.

Note that the longer the p–cycle is, especially for dense graphs, the more
the number of chords it has. Thus, longer p–cycles have a higher tendency of
having a negative weight. Therefore, we could potentially get “good” p–cycles
by changing the weights � � in such a way that we get longer cycles when we
solve the polynomial–time negative weight cycle problem. One possible way
of accomplishing this is by reducing all arc weights � � by a certain constant so
that the longer cycles will be in favor. We incorporate this idea in the column
generation algorithm for pricing cycle–slack variables that do not correspond
to negative weight cycles.

3.2 Pricing of path–flow variables

The pricing problems of the path–flow variables are disjoint for each com-
modity # �o% and therefore can be solved separately. Given a dual solution
( � ��
 � � ) to the LP relaxation of the restricted (RFS–P), the reduced cost of a
path–flow variable K � �&��
�+ is

C
* /TG1I ��7

+* / 3 � * / 3 
 * / � ) + � � * / 3 � +

Since � ��
 [ � , � � >@?BA 
1- * /TG1I ��7 +* / 3 � * / 3 
 * / � )h+ � � * / ���e� 
 +h� is an Y + – ��+
shortest path problem with nonnegative weights, and can be solved efficiently
using Dijkstra’s algorithm [1]. If � � � + , then the flow–path variable corre-
sponding for an optimal Y + – ��+ path has a negative reduced cost, and is added
to the restricted formulation.
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4. Computational Results

Here we present our computational experiments performed to compare the
capacity–efficiency and ease of solvability of the models (NDP), (GLR), (SCA),
(RFS), and (RFS–P). Our goal is to determine whether the new method of rout-
ing flow and slacks is a viable alternative for designing survivable telecommu-
nication networks.

While (GLR) produces the most capacity–efficient survivable networks, the
size of the formulation, which essentially carries a copy of the regular network
design problem for each failure scenario, makes it unfit for tackling problems
unless they are very small. Nevertheless, in our experiments we run the (GLR)
model for small instances in order to find the lowest capacity requirement for
the purpose of comparison. In order to have a fair comparison for the capacity–
efficiency of (SCA) and (RFS), we solved these models with the same set
of cycles that are selected a priori. For these experiments we created small
instances of randomly generated graphs with 75% link density and 50% demand
density. In Table 4.1 we present the number of constraints and variables in the
four formulations for the graph with 14 nodes. (NDP) is the regular network
design problem with no survivability constraints. In Table 4.1, we see that the
formulations of (NDP) and (RFS) are about the same size. The formulation of
(GLR) is orders of magnitude bigger than the rest of the models. For (RFS), the
restricted set of p–cycles is chosen as follows: First, we calculate the minimum
cost spanning tree ( � - using edge weights proportional to

8Z9
). Then, for every

edge ; on the tree, we find the minimum cost cycle that uses edge ; and exactly
one edge ���� . Cycle–slack variables (both directions) corresponding to these
undirected cycles are added to the formulation. We also add these cycle–slack
variables a priori to (RFS–P).

Table 4.1. Problem size

n = 14 (NDP) (GLR) (SCA) (RFS)

Cons 342 27352 133 488
Vars 2117 151329 105 2173

All of the models, are solved with CPLEX7.5 MIP solver on an Intel Pen-
tium4 2GHz Linux workstation with 1GB main memory with one hour CPU
time limit. In Table 4.2 we report the solution times in CPU second (Time) and
the best IP solutions found (IPsoln) for the four models. Optimality gap (End
Gap) of the best IP solution is reported in place of time if the branch–and–bound
computation is not finished in one hour time limit. In Figure 4.4 we show ratio
of installed capacity for the solutions provided by (GLR), (SCA), and (RFS) to
the capacity of the regular (nonsurvivable) network design model (NDP). Here
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Table 4.2. Comparison of the models

Size Time/(End Gap) IP soln
n (NDP) (GLR) (SCA) (RFS) (NDP) (GLR) (SCA) (RFS)

5 0.03 0.57 0.00 0.04 50.5 90.7 131.7 110.5
6 0.16 1.27 0.00 0.19 129.5 192.0 323.9 230.8
7 0.27 23.6 0.00 1.00 103.4 143.8 210.0 160.1
8 2.88 577.1 0.00 4.18 146.6 176.8 281.2 236.0
9 517.1 ( 3.5 ) 0.00 2.88 172.7 223.9 361.7 257.3
10 ( 1.6 ) ( 13 ) 0.00 2.47 235.8 308.0 495.8 372.2
11 1216 ( - ) 0.00 42.5 289.3 ( - ) 533.9 384.7
12 ( 3.0 ) ( - ) 0.00 61.2 326.0 ( - ) 689.0 570.9
13 ( 1.6 ) ( - ) 0.00 2967 366.1 ( - ) 683.7 577.4
14 ( 1.9 ) ( - ) 0.00 ( 0.6 ) 443.0 ( - ) 896.2 695.5
15 ( 1.8 ) ( - ) 0.00 ( 0.9 ) 554.9 ( - ) 1164 896.4

Figure 4.4. Relative capacity–efficiency of the survivability models
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we see that survivable networks produced by (SCA) has about 100% more
capacity installed compared with the nonsurvivable networks (NDP), whereas
(RFS) requires only about 50% increase in the capacity. Moreover, when com-
pared with (GLR), which provisions the lowest possible capacity for survivable
networks, we see that (RFS) requires only an additional 20 % capacity, whereas
(SCA) provisions 59% excess capacity over (GLR).

When we compare the models in terms of ease of solvability, we see that the
(SCA) model is the easiest to solve; it takes negligible time. We should recall,
however, that (SCA) requires the solution of (NDP) as an input. So one should
take into consideration of the solution time of (NDP) for designing survivable
networks with (SCA). Surprisingly, we observe in Table 4.2 that (RFS) is solved
more easily than (NDP) and we were able to obtain optimal solutions or feasible
solutions within 1% of optimal (for the subset of cycle–slack variables used in
the formulation) for all instances in Table 4.2. It was not possible to solve even
the LP relaxations of (GLR) for instances with more than 14 nodes within an
hour of CPU time. No feasible solution is found by CPLEX for instances with
more than 10 nodes.

Table 4.3. The effect of column generation

Size (RFS) (RFS–P)
n (1) (2) (3) (1) (2) (3) Paths Cycles

5 0.00 0.04 110.5 0.01 0.05 93.8 23 8
6 0.00 0.19 230.8 0.01 0.19 222.9 36 6
7 0.01 1.00 160.1 0.01 0.41 162.8 51 4
8 0.01 4.18 236 0.01 2.55 221.3 107 14
9 0.02 2.88 257.3 0.02 6.03 262.8 143 14
10 0.04 2.47 372.2 0.02 4.99 358.9 182 10
11 0.10 42.5 384.7 0.06 88.0 384.5 282 26
12 0.05 61.2 570.9 0.17 2337 428.6 499 38
13 0.08 2967 577.4 0.24 ( 1.4 ) 503.4 567 50
14 0.12 ( 0.6 ) 695.5 0.31 ( 0.2 ) 598.4 702 46
15 0.19 ( 0.9 ) 896.4 0.42 ( 0.2 ) 761.3 839 46

(1) LP Soln time, (2) Time (End Gap), (3) IP soln.

In Table 4.3 we compare (RFS–P) with (RFS) to see the effect of generat-
ing variables as needed rather than solving (RFS) on a subset of the variables
selected a priori. A comparison of columns (3) indicate that the capacity–
efficiency of the networks improve significantly by pricing the cycle–slack
variables based on their LP reduced costs. The networks produced by (RFS–P)
have about 15% more capacity than the ones from (GLR), whereas (RFS) has
20% excess and (SCA) has 59% excess capacity. The LP solution times for
(RFS–P), which include the time for pricing variables, indicate that columns
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can be generated very efficiently. Observe in the last two columns of Table 4.3
that only a small number of the variables are generated.

Finally in Table 4.4 we report the results of the our experiments with the
column generation approach for large instances. Table 4.4 demonstrates that
relatively large instances could be effectively solved by the new survivability
model (RFS–P) with a column generation approach. These computational ex-
periments suggest that the method of routing flows and slacks is quite effective
in designing survivable networks.

Table 4.4. Experiments with large instances

Size LP time (EndGap) IP Soln Paths Cycles

20 3.97 ( 0.7 ) 1641 2171 100
30 27.8 (1.4) 3567 3549 190
40 123.4 ( 2.8 ) 6245 7262 262
50 186.3 ( 1.1 ) 12212 10643 352
60 2315 ( 0.6 ) 28754 14251 366
70 1333 ( 1.4 ) 24121 23490 390

5. Conclusions and research directions

In this paper, we have presented a new method (RFS) for designing capacity–
efficient survivable telecommunication networks. This method differs from the
hierarchical link capacity covering methods such as (SCA) [12], in that we route
no–failure flows and slacks for disrupted flow through directed cycles of the
network. Therefore, capacity–efficiency achieved by (RFS) is always at least as
high as (SCA). Our computational experiments show that (RFS) delivers con-
sistently about 30% more capacity–efficient networks than (SCA) does. In fact,
(RFS) compares well with global link restoration (GLR), which gives theoreti-
cally the most capacity–efficient survivable networks possible (see Figure 4.4).
In order to solve large instances we developed a column generation approach.
We showed that the pricing problem for the cycle–slack variables problem is���

–hard, and gave an efficient heuristic to price them effectively. Judicious
selection of cycle–slack variables seems to be very important in increasing the
capacity–efficiency of the networks. Pricing the variables based on their LP
reduced costs, even with a heuristic method, improved capacity–efficiency of
the networks over selecting them a priori significantly. Our computational ex-
periments suggest that the method of routing flows and slacks is an effective
way for designing survivable telecommunication networks.

There are several directions for further research. We are currently working
on developing other efficient ways of pricing the cycle–slack variables. We
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plan to study the weighted p–cycle problem in detail. In a subsequent paper,
we will perform a polyhedral analysis of the new model, in order to develop
strong cutting planes for the problem. A challenging issue is how to integrate
column and cut generation schemes.

Finally the method of routing flows and slacks can be easily adapted to other
failure scenarios, such as simultaneous failure of links or node failures and to
particular technologies, such as WDM, VWP, WP networks.
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