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Abstract— Criticality and yield gradients are two crucial diagnostic
metrics obtained from Statistical Static Timing Analysis (SSTA). They
provide valuable information to guide timing optimization and timing-
driven physical synthesis. Existing work in the literature, however,
computes both metrics in a non-incremental manner, i.e., after one
or more changes are made in a previously-timed circuit, bothmetrics
need to be recomputed from scratch, which is obviously undesirable
for optimizing large circuits. The major contribution of th is paper is
to propose two novel techniques to compute both criticalityand yield
gradients efficiently and incrementally. In addition, while node and edge
criticalities are addressed in the literature, this paper for the first time
describes a technique to compute path criticalities. To further improve
algorithmic efficiency, this paper also proposes a novel technique to
update “chip slack” incrementally. Numerical results show our methods
to be over two orders of magnitude faster than previous work.

I. I NTRODUCTION

As CMOS technology continues to scale down to 45 nm and
beyond, process variation effects become increasingly important for
design closure. Statistical Static Timing Analysis (SSTA)is a popular
method of dealing with process variations [1], [2], [3], [4]. Unlike
deterministic timing, the critical path in statistical timing is not
unique, as different paths may be critical in chips manufactured under
different process conditions. The non-uniqueness of the critical path
gives rise to problems in optimization in which all the critical paths
across the entire process space must be targeted for optimization.

Criticality probability is a good metric for discrete circuit optimiza-
tion in the presence of process variations. The criticalityof a path is
the probability of manufacturing a chip in which the path of interest
is critical. The criticality of a node or edge of the timing graph is
defined as the probability of this node or edge being on the critical
path [2]. Knowing the criticality probability helps designers to rank
cells in variation-aware physical optimization [5]. Earlyattempts at
criticality computation suffered from large errors due to neglecting
correlation [2]. The cutset-based method [6] was the first algorithm
that correctly computed edge/node criticalities. However, computing
path criticalities is not directly possible through the cutset method.
This problem is still open in the literature.

Incremental timing [7] is a corner-stone of optimization and physi-
cal synthesis, in which timing quantities can be updated incrementally
after one or more changes are made to the circuit. Unfortunately, the
cutset-based method for criticality computation is inherently non-
incremental. This makes criticality less favorable for optimization
applications, described in [8], [5].

In contrast to criticalities,yield gradients comprise a more appeal-
ing metric for continuous circuit optimization because they include
information about sensitivities of the whole circuit delaydistribution
with respect to the delay distribution of each timing edge. The method
proposed in [9] computes only the sensitivity of the mean value of
the circuit delay with respect to the mean of timing edge delay.
However, this is not enough to guide optimization because any change
of cell sizes affects not only the mean but other parameters of the
delay distributions. Even computing sensitivities of variance does
not fully solve the problem because it does not take into account

correlations between delays. Moreover, the technique proposed in
[9] requires traversal of the entire timing graph, which makes it
too expensive for incremental computation. Another methodfor
computing yield sensitivity was proposed in [10] by using numerical
perturbation, which is neither efficient nor accurate. A comprehensive
yield gradient computation technique was recently developed in [11].
But that technique utilizes the same cutset-based concept as in [6],
thus rendering it non-incremental.

The main contributions of this paper are as follows: (1) two novel
techniques for incremental criticality and yield gradientcomputation
that are two orders of magnitude faster than the state-of-the-art; (2)
efficient incremental computation of path criticality; and(3) a method
to efficiently update the chip slack of the design incrementally.

The rest of this paper is organized as follows. We review param-
eterized SSTA and cutset-based criticality computation inSection II.
We then propose our novel incremental criticality and yieldgradient
computation algorithms in Sections III and IV. Efficient “chip slack”
updates are described in Section V and experimental resultsin Section
VI. We conclude this paper in Section VII.

II. PRELIMINARIES

A. Statistical Static Timing Analysis

In static timing analysis (STA), we represent a sequential digital
circuit as a directed acyclic timing graph. Fig. 1 shows an example
of a sequential circuit with both data and clock networks. The timing
graph corresponding to the data network of this circuit is shown in
Fig. 2 in solid lines.
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Fig. 1. Small sample sequential circuit.

In deterministic STA, all timing quantities are scalars. Incontrast,
for parameterized statistical STA (or SSTA), all timing quantities
are represented as random variables parameterized by the underlying
sources of variation, which in turn are modeled as random variables
with certain known distributions. Recent progress in SSTA can handle
cases when the variations can be either Gaussian [1], [2] or non-
Gaussian [12], [13]; the functional form of the timing quantities can
be either linear [1], [2] or nonlinear [14], [15], [16], [13].

SSTA computes the earliest and latest arrival times (ATs) at nodes



of the timing graph by a levelized propagation1. At a node,AT is
computed as the maximum ofATs at its incoming edges, while the
required arrival time (RAT ) is computed as the minimum ofRATs
at its outgoing edges. The difference betweenRAT andAT is timing
slack. Modern block-based SSTA engines can compute allATs,
RATs, and slacks in the timing graph efficiently and incrementally.

B. Cutset-Based Criticality Computation

For convenience, the timing graph is augmented by a singlesource
node and a singlesink node as shown in Fig. 2. The source nodeS
connects to all primary inputs via virtual edges whose delays are the
ATs at the primary inputs. The sink nodeK connects to all primary
outputs or timing test nodes (corresponding to the setup andhold tests
betweenATs at data and clock pins of flip-flops) with virtual edges.
The delay of such a virtual edge is the negative of theRAT of the
corresponding node. Virtual edges are shown in dotted linesin Fig. 2.
By construction, path delay in thisaugmented timing graph is the
negative of the path slack in the original timing graph. Therefore, for
simplicity, delays and slacks are used here interchangeably whenever
there is no ambiguity. TheAT at the sink node equals thechip slack
C, i.e., the maximum of the delay of all paths from the source tothe
sink. Strictly speaking, the slack of the design is the negative of this
quantity.
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Fig. 2. Timing graph and a cutset for edgee.

The edge slack A of a particular edge is the maximum delay of
all paths going through this edge. For edgee going from nodeu to
v, the edge slack can be expressed as

A = ATu + de − RATv , (1)

where de is the delay of edgee; ATu is AT at nodeu; RATv

is RAT at nodev. From static timing, it follows thatATu is the
maximum delay of all paths from the source node tou; andRATv

is the minimum of the negative of delays of all paths fromv to the
sink node.

The main idea of the cutset method [6] is to divide all paths from
the source to the sink into two disjoint sets. The first group comprises
paths going through the edgee. The second group comprises paths
not going throughe. Themax delay of the paths going throughe is
the edge slack A, computed as (1). Themax delay of the paths not
going throughe is called thecomplement edge slack B. According
to the definition, the edge criticality ofe is the probability of edge
slack A being greater than or equal to the complement edge slack
B, i.e.,

t = P (A ≥ B). (2)

We also callt the tightness probability of A over B.
To compute complement edge slackB, [6] proposed to find a cutset

that intersects the edge of interest and separates the source and sink
as shown in Fig. 2. Each path of the graph that does not pass through

1For brevity, only late-mode timing is considered here.

e passes through one and only one of the other cutset edges. Then the
complement edge slackB is computed as maximum of those edges’
slacks, i.e.,

B = max
i∈cutset/e

Ai. (3)

However, the cutset method cannot compute path criticalitybe-
cause of the difficulty in computing complement path slacks.So far,
there is no existing work that computes path criticalities efficiently.

It has been shown in [6] that the cutset method computes all
edge/node criticalities in linear time with respect to circuit size.
However, this does not mean that the cutset method can compute an
individual edge/node’s criticality in constant time. The complexity of
updating criticality of a single edge/node by the cutset method is still
linear because of the two steps involved: (1) finding a propercutset
for the edge of interest; and (2) computing of all edge slacksAi

in the cutset and calculating their maximum. Therefore, incremental
updating of edge/node criticalities by the cutset method isinefficient.

In the following, we propose two novel methods to overcome
this drawback. Both methods are incremental because they only
require knowledge ofATs, RATs and edge delays which can be
updated incrementally by SSTA. Moreover, both methods permit us
to compute path criticalities incrementally, too.

III. I NCREMENTALITY VIA PROBABILITY IDENTITY

Our first incremental criticality computation technique relies on a
simple identity from probability theory.

Theorem 1: For two random variables (possibly correlated),A and
B, with arbitrary distributions, the following identity holds:

P (A ≥ B) = P (A ≥ A&A ≥ B) = P (A ≥ max(A, B)). (4)

In other words, the probability thatA exceedsB is the same as the
probability thatA exceedsmax(A, B).

According to Theorem 1, we can compute edge criticality as

t = P (A ≥ B) = P (A ≥ max(A, B)) = P (A ≥ C), (5)

where A is the edge slack,B is the complement edge slack, and
C = max(A, B) is the chip slack, which is themax delay of all
paths from the source to the sink or simplyAT at the sink node. In
other words, the criticality of edgee is the probability that its edge
slack dominates the chip slack. Thus, we have

t = P ((ATu + de − RATv) ≥ ATsink). (6)

Therefore, to update edge criticalityt, we need update onlyATu,
de, RATv, andATsink. An incremental block-based SSTA engine,
such as [2], can do this efficiently and incrementally. In fact, after
incrementally updating these quantities, computing edge criticality
by (6) can be done in constant time, as it only involves one
statistical addition, one statistical subtraction and tightness probability
computation.

Similarly, we can compute criticality of nodeu in constant time
as

t = P (A ≥ B) = P ((ATu − RATu) ≥ ATsink), (7)

whereA is themax of all paths throughu andB is themax of all
paths not throughu.

Given a pathΠ with a path slackA, we can compute the path
criticality in constant time too:

t = P (A ≥ B) = P (
X

e∈Π

de ≥ ATsink), (8)



whereA is the slack of pathΠ andB is the max of all path slacks
exceptΠ.

This method for computing edge, node and path criticality does not
depend on any specific distributions or any particular delaymodels,
be they Gaussian or non-Gaussian, linear or nonlinear. The method
can be applied in the context of any block-based SSTA engine.All
that is required is the computation of themax operation and tightness
probabilities. This method is exact as long as we use an exactmax
operation. In practice, the statisticalmax operation is approximated,
leading to inaccuracy in criticality computation. However, in the
context of discrete circuit optimization, the exact accuracy is not as
important as the correct ranking of cells. Therefore, it is desirable to
keep the fidelity between the order based on metric prediction and
the order of real criticality. The high fidelity of the proposed method
will be confirmed in our experiments.

IV. I NCREMENTALITY VIA RECONSTRUCTION OFCOMPLEMENT

SLACK

In this section, we show that, when Clark’s formulas [17] areused
to approximate themax operation [1], [2], as most efficient existing
SSTA engines do, we can accurately reconstruct one operand from the
result and the other operand. We show that unlike the deterministic
maximum, Clark’s approximation of the statistical maximumalways
allows this reconstruction. Using this method, we can efficiently
compute both criticality and yield gradients in constant time. This
technique also enables incremental computation.

A. Incremental Criticality

The major hurdle of incremental computation of edge slack bythe
cutset method is the explicit computation of the complementedge
slack B via (3). Here, we propose a new way of computingB by
directly solving the equation for chip slack

C = max(A, B), (9)

whereA is the edge slack, easily computable by (1).
Under the linear parameterized delay model [1], [2], chip slack C

is represented as

C = c0 +

N
X

i=1

ciXi + crXc, (10)

wherec0 is the mean value ofC, Xi model theN process parameters
following a standard Gaussian distribution,Xc models uncorrelated
random variation that also follows a standard Gaussian distribution;
andci andcr are the sensitivities ofC to the corresponding random
variables. Then the variance ofC is given by

σ2
C =

N
X

i=1

c2
i + c2

r. (11)

Similarly, the edge slackA and the complement edge slackB
can be represented asA = α0 +

PN
i=1 αiXi + αrXa and B =

β0 +
PN

i=1 βiXi + βrXb. Their covariance is given by

cov(A, B) =

N
X

i=1

αiβi. (12)

Their correlation coefficient isρAB = cov(A,B)
σAσB

with σ2
A and σ2

B

being variances ofA andB, respectively.
The tightness probability [17] ofA is given by

t = P (A ≥ B) = Φ

»

α0 − β0

θ

–

, (13)

whereΦ[x] is the standard Gaussian cumulative distribution function
(CDF), and

θ ≡
˘

σ2
A + σ2

B − 2ρABσAσB

¯1/2
. (14)

Then the computation ofC in the form of (10) is given by

c0 = α0t + β0(1 − t) + θφ

»

α0 − β0

θ

–

(15)

ci = αit + βi(1 − t) (16)

cr =

 

σ2
C −

N
X

i=1

c2
i

!1/2

, (17)

where the variance ofC is given by

σ2
C = (σ2

A + α2
0)t + (σ2

B + β2
0)(1 − t)

+(α0 + β0)θφ

»

α0 − β0

θ

–

− c2
0 (18)

with φ[x] being the standard Gaussian probability density function
(PDF).

From the above discussion, we know that the tightness probability
t for computingC is the same as the edge criticality. Since chip slack
C and edge slackA can be computed incrementally, we propose to
computet from A and C directly instead of computing it fromA
andB.

According to (16), we have

βi =
ci − tαi

1 − t
. (19)

Substituting (19) into (12), noting thatcov(A, C) =
PN

i=1 αici and
after some simplification, we get

tσA + (1 − t)ρABσB

σC
− t

α2
r

σAσC
= ρAC , (20)

whereρAC is the correlation coefficient betweenA andC.
Based on (14) and (13), we know

ρABσB =
σ2

A + σ2
B − θ2

2σA
, (21)

θ =
α0 − β0

Φ−1(t)
, and (22)

φ

»

α0 − β0

θ

–

= φ
ˆ

Φ−1(t)
˜

. (23)

Substituting them into (15) and (20), and after some simplification,
we arrive at

β0 =
c0 − tα0 − α0

φ[Φ−1(t)]
Φ−1(t)

1 − t −
φ[Φ−1(t)]
Φ−1(t)

, (24)

σ2
B =

2(tα2
r + σAσCρAC − tσ2

A)

1 − t
+

„

α0 − β0

Φ−1(t)

«2

− σ2
A. (25)

After substituting (22), (23), (24) and (25) into (18), we see that
the only unknown left in (18) ist. So we can solve the resulting
equation fort by any standard root-finding technique. As this is a one-
dimensional root-finding problem, and the range oft is between 0 and
1, computation oft is straightforward. Thus, knowing edge slackA
and chip slackC, we can compute edge criticalityt in constant time
by solving a simple one-dimensional root-finding problem. Although
it is difficult to prove theoretically that the above root-finding problem
has only one-unique solution, in practice, we find that seemsto be
true based on our experiments.



The above reconstruction procedure is valid as long ast does not
equal to 0 or 1. Special care need to be paid to handle these two
cases. Whent = 0, it means thatA is fully dominated byB, thus
B would be the same asC, and this can be detected by computing
P (C ≥ A), which should lead to zero. Whent = 1, it means thatB
is fully dominated byA, thusA would be the same asC, and this
can be detected by checking similarity betweenA andC.

Node criticality can be computed in a similar way by expressing
the slack of the nodeu asA = ATu −RATu and then applying the
above procedure. Again this can be done in constant time and used
for incremental updating of node slacks during circuit optimization.

Path slack can be efficiently computed by summing the delays of
the path edgesA =

P

e∈path de. By applying the same procedure to
path slacks, we can compute path criticality in constant time, too.
Numerical results will be shown in Section VI to demonstratethe
superior accuracy of the reconstruction method.

B. Incremental Yield Gradients

For statistical circuit optimization by transistor or gatesizing, it is
important to know the sensitivity∂y/∂w of the parametric chip yield
to the transistor or cell widthw. Assume that the chip slack has a
Gaussian distribution with CDFΦ{(C − c0)/σC}, wherec0 andσC

are the mean and standard deviation of chip slack. Then assuming
that the chip satisfies timing requirements only if its slackis positive,
the chip yield can be expressed as

y = 1 − Φ{(−c0)/σC)}. (26)

Using vector notation for derivatives and chain rule operations, the
sensitivity of yield to transistor width can be written as

∂y

∂w
=

„

∂y

∂c0
·

∂c0

∂
−→
A

+
∂y

∂σC
·
∂σC

∂
−→
A

«

·
∂
−→
A

∂
−→
de

·
∂
−→
de

∂w
, (27)

where
−→
A = (α0, α1, . . . , αN , αr) are the variational parameters of

edge slackA of the timing edgee corresponding to the transistor of
interest and

−→
de are the variational parameters of the delayde of that

timing edge. For brevity we assume here that variation of transistor
width w affects only one timing edgee. Otherwise this formula can
easily be modified to take it into account all the affected edges. Also
this formula can be modified to take into account the effect ofinput
signal slew and load capacitance on gate delay.

Here the sensitivities∂
−→
de/∂w of the parameters of the delay

canonical formde can be obtained from transistor-level simulation
of the gate and interconnects corresponding to the timing edge e.
Well-known direct or adjoint sensitivity techniques or even simple
finite differencing can be used. The details of this computation are
outside the scope of this paper.

The sensitivities∂
−→
A/∂

−→
de of edge slack variational parameters to

edge delayde can be computed by differentiating (1) and taking into
account that neitherATu nor RATv depends on the edge delayde.

The vector of derivatives (gradients)∂c0/∂
−→
A and ∂σC/∂

−→
A of

chip slack mean and variance with respect to the variationalparam-
eters of edge slackA can be computed by differentiating equations
(15) and (18). LetΦ and φ denoteΦ(α0−β0

θ
) and φ(α0−β0

θ
). The

results of this differentiation are shown below. The derivation itself

can be found in [11], and is omitted due to lack of space.

∂c0

∂α0
= Φ (28)

∂c0

∂αi
= (αi − βi)

φ

θ
(29)

∂c0

∂αr
= αr

φ

θ
(30)

∂σc

∂α0
=

1

2σc

n

(2(α0 − c0)Φ + (σ2
A − σ2

B)
φ

θ
+ θφ

o

(31)

∂σc

∂αi
=

1

σc

h

αiΦ − c0(αi − βi)
φ

θ
+ (αi − βi)

n

α0 + β0 + (α0 − β0)
σ2

B − σ2
A

θ2

o φ

2θ

i

, (32)

∂σc

∂αr
=

1

σc

h

αrΦ − c0αr
φ

θ
+

+αr

n

α0 + β0 + (α0 − β0)
σ2

B − σ2
A

θ2

o φ

2θ

i

. (33)

In order to use these equations, we need to know the variational
parameters

−→
B = (β0, β1, . . . , βN , βr) of the complement edge

slack B. They can be obtained by the reconstruction method as
shown earlier, and the relevant equations are collected below for
convenience.

β0 =
c0 − tα0 − α0

φ[Φ−1(t)]
Φ−1(t)

1 − t −
φ[Φ−1(t)]
Φ−1(t)

(34)

βi =
ci − tαi

1 − t
(35)

βr =

 

σ2
B −

N
X

i=1

β2
i

!1/2

(36)

whereσ2
B is given by

σ2
B =

2(tα2
r + σAσCρAC − tσ2

A)

1 − t
+

„

α0 − β0

Φ−1(t)

«2

− σ2
A. (37)

The tightness probabilityt = P (A ≥ B) required by these formulas
can be computed by the technique described in the previous section.

Thus, we showed that similarly to criticalities, yield gradients with
respect to variational parameters of edge delay, transistor width or cell
size can be computed in constant time. This creates the required basis
for incremental updates during circuit optimization.

V. EFFICIENT CHIP SLACK UPDATE

Chip slack, i.e.,AT at the sink node of the augmented timing graph,
can be incrementally computed by SSTA, just the same asAT for
any internal node. However, a straightforward implementation will
not be efficient.

A distinguishing feature of the sink node is that it has an incoming
edge connecting it to every flip-flop and primary output in thedesign
as shown in Fig. 2. For a typical design, the number of flip-flops
can be on par with the size of the design itself. Hence incrementally
updatingAT at the sink after one or more incremental changes to
the circuit can be computationally expensive.

To solve this problem, we propose a tree-like structure to replace
the single virtual sink node in the original augmented timing graph.
The fan-in count of the nodes of the tree is maintained at a reasonable
numbern, so at most⌈O(lognN)⌉ additional levels of the timing
graph will be required, whereN is the total number of timing tests.
This concept is illustrated in Fig. 3(b), where a tree-like subgraph
with n = 3 has been used to replace a large fan-in sink node in
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Fig. 3. Tree-like subgraph to connect the sink node.

Fig. 3(a). The tree edges closest to the primary outputs and data/clock
pins of the flip-flops have delays equal to the negative of theRATs
of the corresponding pins; all but the first level of tree edges have
zero delay. When an incremental change is made in the circuit, even
if the change ripples all the way through to the sink node of the
timing graph, a small number ofmax operations will be required
rather than a very widemax operation2.

VI. EXPERIMENTAL RESULTS

To illustrate our ideas, we have implemented the proposed two meth-
ods in C++ inside IBM’s SSTA engine, EinsStat [2]. We denote the
first method based on probability identity (4) as IDNTY, the second
method based on reconstruction of complement slack as RECST,
and the comparison base, the cutset-based criticality algorithm, as
CUTSET. As shown in [6], the criticality computed by the CUTSET
method is accurate compared to golden Monte Carlo simulation. We
therefore only compare our approaches with CUTSET.

Five industrial ASIC designs based on 90 nm technology are used
as test cases, and we denote them D1 to D5. The sizes of these
designs are shown in the second row of Table I. The sources and
amount of process variation are set according to foundry rules that
are typical to this technology, including all front-end andback-end
variations, such as Vth, NP-skew, NBTI, and metal variations.

TABLE I
CORRELATION OF CRITICALITIES.

Designs D1 D2 D3 D4 D5
Placeable objects 31K 135K 387K 1.5M 2.2M

corr(IDNTY,CUTSET) 0.9989 0.9965 0.9997 0.9786 0.9856
corr(RECST,CUTSET) 1.0 1.0 1.0 1.0 1.0

We first compare the criticality results from our approacheswith
those from CUTSET. Because criticality is used to rank gatesfor
discrete circuit optimization and correlation coefficientis a convenient
way to capture the similarity (or fidelity) of ranking between two
sequences of data, we compute the correlation coefficients between
our results and CUTSET’s, and report them in Table I. We see that
the criticalities computed by our methods are highly correlated with
those from CUTSET, which validates the quality of our results which
are incrementally computable unlike CUTSET’s.

As we have discussed, the IDNTY method is generally applicable
to all non-Gaussian and nonlinear delay models. But becauseof the

2Another benefit of our method is to improve accuracy by optimal clustering
of timing test points and primary outputs, because Clark’s formulas [17] lose
accuracy when performing widen-way maxes as a series of binarymax

operations [18].

approximate computation of max and tightness probability in our
SSTA engine, IDNTY incurs some error, which explains why the
results between IDNTY and CUTSET are not exactly the same. In
contrast, our RECST method only applies to the linear Gaussian
model, hence its computation is exact in our engine. The perfect
correlation of 1.0 also suggests that results from RECST areindeed
as accurate as those from CUTSET.
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Fig. 4. Comparison of IDNTY criticality probabilities for D3.

Fig. 4 shows the comparison between our IDNTY method and the
CUTSET method. We see that the criticality results from IDNTY are
almost the same as the CUTSET method, as all criticality datafall
on the 45-degree diagonal line. We further show the differences of
criticalities computed by both methods in Fig. 5. Again, we can see
that the differences are small, less than 4% across all edges. Similar
plots are observed for all other test cases.
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Fig. 5. Differences of IDNTY criticality probabilities forD3.

We compare the results between RECST and CUTSET in Table
II. For each given design, we randomly chose a few hundred critical
edges, and computed their criticalities by both methods. Wecompared
the criticalities between RECST and CUTSET in terms of the
maximum and average relative errors. As can be seen, the error is
almost negligible, a small fraction of one percent in all cases. The



essence of our RECST method is the reconstruction of one of the
max operands (the complement edge slackB) based on the result
(chip slackC) and the other max operand (the edge slackA). We
report the accuracy of the complement edge slack reconstructed by
our RECST method in Table II as well. We clearly see that we are
indeed able to reconstruct the complement edge slacks almost exactly
in terms of both mean, sigma, and all sensitivities.

TABLE II
COMPARISON BETWEENRECSTAND CUTSET.

Design D1 D2 D3 D4 D5
Relative error of criticalityt

Max. 2.0E-11% 7.7E-9% 1.0E-10% 3.5E-1% 1.0E-8%
Avg. 1.0E-11% 9.1E-10% 5.1E-11% 1.3E-3% 1.7E-9%

Relative error of complement edge slack’s meanβ0

Max. 1.3E-12% 3.4E-10% 1.0E-7% 2.0E-4% 2.9E-8%
Avg. 6.5E-15% 2.2E-11% 5.1E-8% 4.7E-6% 2.6E-9%

Relative error of complement edge slack’s std. dev.σB

Max. 2.7E-11% 5.6E-10% 2.6E-7% 8.4E-2% 6.6E-8%
Avg. 1.4E-11% 6.9E-11% 1.3E-7% 2.2E-3% 5.9E-9%

Relative error of complement edge slack’s sensitivitiesβi

Max. 9.3E-12% 2.1E-9% 4.5E-7% 5.0E-1% 5.4E-7%
Avg. 3.9E-12% 8.0E-11% 5.1E-8% 1.6E-3% 6.0E-9%

Once we reconstruct complement edge slacks accurately, we can
compute yield gradients analytically. Table III reports the relative
error of yield gradients computed by our RECST method versusthose
computed through finite-differencing, which is done by perturbing
each element of interest by a small fractional amount∆. Ideally, the
exact yield gradients should be obtained in the limit when∆ goes
to zero. As we can see from Table III, as the perturbation amount
decreases, the differences between our RECST method and thefinite-
differencing method reduce as well. From the trend, we conclude
that results from finite-differencing would eventually converge to our
analytic yield gradients when the perturbation∆ is infinitesimal.

TABLE III
Y IELD GRADIENT COMPARISON BETWEENRECSTAND FINITE

DIFFERENCING(FD).

FD Perturbation∆ 10% 1% 0.1% 0.01%
∂c0
∂αj

Max. 5.2E-1 7.1E-2 7.2E-3 7.2E-4
Avg. 1.5E-1 2.4E-2 2.5E-3 2.5E-4

∂σc
∂αj

Max. 3.9E-2 1.0E-2 1.1E-3 1.0E-4
Avg. 1.8E-2 3.3E-3 3.2E-4 3.2E-5

Finally, we report run time and memory comparisons between our
methods and the CUTSET method in Table IV for the entire designs.
From Table IV, we see that for the same design, both IDNTY and
RECST compute criticalities much faster than CUTSET, and the
relative speed-up is more than two-orders of magnitude withmuch
reduced memory consumption. Moreover, we should not loss sight
that both of our approaches permit incremental computationwhile the
CUTSET method does not. In other words, each subsequent query
of criticality or yield gradients can be answered much faster than
CUTSET. These superior run time and memory advantages of our
approaches are particularly desirable for physical designoptimization.

VII. CONCLUSIONS

Criticality and yield gradients are two crucial diagnosticmetrics for
statistical timing optimization in the presence of processvariations.
This paper presented two incremental algorithms for both critical-
ity and yield gradient computation. Both techniques can easily be
implemented in the context of an SSTA tool. When changes are
made to an already-timed circuit, both metrics can be recomputed
efficiently and incrementally. The method extends nicely topath

TABLE IV
RUN TIME AND MEMORY COMPARISONS.

Methods CUTSET IDNTY RECST
Designs CPU (s) Mem CPU (s) Mem CPU (s) Mem

D1 389.3 25.8M 1.3 0.38M 1.5 0.5M
D2 588.8 97.6M 8.0 0.9M 56.1 1.5M
D3 3880 361M 27.4 1.4M 221.9 2.7M
D4 7520 3.07G 123 5.3M 890 8.8M
D5 12847 4.4G 250 10.4M 1575 15.6M

Avg. - - 127× 287× 60× 176×

criticality computation, a hitherto open problem. To further improve
algorithmic efficiency, this paper also proposed a novel technique
to update chip slack incrementally. Compared to the state-of-the-art
cutset-based method, our new methods achieve more than two-orders
of magnitude speedup with similar accuracy.
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