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ABSTRACT

Statistical timing is an efficient way of taking into account
process variations during performance analysis. However,
optimizing a circuit across the entire process space is an ex-
tremely difficult challenge. Traditionally, static timing has
been useful both for timing sign-off and to provide diag-
nostics for optimization. Traditional diagnostics such as the
notion of a unique critical path or timing slack can no longer
be used as metrics to guide optimization in the presence of
variability. This paper presents a novel and efficient method
to compute the gradient of parametric yield with respect to
the delay of each gate or wire. The resulting gradients can
be rank-ordered for discrete optimization in a physical syn-
thesis setting, or fed to a nonlinear optimizer for continuous
optimization of design parameters such as transistor sizes,
thus enabling formal mathematical yield optimization.

1. INTRODUCTION

Timing optimization is traditionally conducted by physical
synthesis in a library-based flow or transistor sizing in a
transistor-level custom design methodology. The optimiza-
tion in either case is guided by deterministic timing slack or
margins. In the presence of process variations, the goal is to
close timing in the entire process space. Traditional metrics
like deterministic slack fail to provide correct guidance to
optimizers.

To help optimization, a concept called criticality was pro-
posed in [7], but not computed correctly due to certain cor-
relations being ignored. A related concept called criticality
index was suggested in the context of PERT networks [5].
In [6], a method was proposed to compute the gradient of
the mean of circuit delay with respect to the mean delay of
each edge of the timing graph, which was proved to be nu-
merically the same as criticality. However, this work did not
compute the sensitivity of the variance of circuit delay. If
such gradients are used to optimize a circuit, optimal mean
circuit delay can be obtained, but variance and actual yield
will be unpredictable.

In this paper, we propose a novel and efficient method
of computing yield gradients as a post-processing step after
statistical timing has been completed. We compute the gra-
dient of parametric timing yield (including consideration of
variance) with respect to each timing edge. The yield gra-
dients (in conjunction with statistical slacks or timing mar-
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gins) directly enable various types of optimization such as
parametric yield maximization or power minimization sub-
ject to yield and timing requirements.

In our approach we use the same concept of graph cutsets
as [2], but we do not use any perturbation of timing edge
PDFs or convolution. Instead, we derive explicit analyti-
cal expresions for all components of yield gradients, which
makes our approach efficient. Unlike [6] we do not use any
chain-ruling or propagation of sensitivities through the tim-
ing graph, which in turn greatly simplifies our computations.

The organization of the rest of the paper is as follows.
Section 2 points out the limitations of both traditional de-
terministic slack and statistical slack as metrics to guide
optimization. Section 3 reviews a criticality computation
procedure described in a companion paper, upon which the
proposed method is built. The heart of the derivation of
yield gradients can be found in Section 4, making use of
formulas derived in Appendix A. Potential applications of
these yield gradients are described in Section 5.

This is a concept paper representing work in progress,
and hence does not contain numerical results. However, the
authors believe this work to be valuable in providing insight
and setting research directions.

2. SLACKISA POORMETRIC

Timing closure in the presence of process variations is a
nightmare. Traditional incremental timing is run at a chosen
process corner to guide the optimization, but timing sign-off
requires either multi-corner timing or statistical timing. If
sign-off timing is not achieved, the optimization continues
with some annotations from the sign-off timing as to which
cones of logic need improvement. The trouble is that as soon
as timing is closed at process corner A, violations are seen
at process corner B, and vice versa, and the target remains
elusive.
Traditional timing provides two important diagnostics:

1. The identity of the critical path, which is the location
of the most “bang for the buck” during optimization.

2. Timing slack or margin.

Unfortunately, in the presence of process variations, neither
of these diagnostics is useful. Each point in the process
space can have a unique critical path, so in reality there is a
set of critical paths, each of which has a non-zero probabil-
ity of being critical. For illustration purposes, Fig. 1 shows
a 2-dimensional space with process parameters P; and P,
along with contours of equal probability. Realistic situations
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Figure 1: Criticality of a critical path in (a) a small
region of the process space; (b) a large region of the
process space.

will have a much higher dimensionality. The X in the fig-
ure shows the process corner at which timing is conducted
in order to guide optimization, at which a particular path
is found to be the most critical. As show in Fig. la, this
path may be critical in only a small portion of the process
space around X, or it may be critical in much of the high-
probability process space as shown in Fig. 1b. Thus it is
unclear from deterministic timing whether or not it is im-
portant to improve the timing characteristics of this path.

One quickly comes to the conclusion that one requires ei-
ther multi-corner slack or statistical slack to guide optimiza-
tion. Multi-corner slacks cannot be obtained incrementally
and an exponential number of corners in the process space
makes this procedure prohibitive. Instead, statistical slack
is more conducive to incremental operation of the timer, as
described in [7]. However, statistical slack also has problems
in serving as a good metric for optimization.

For one thing, statistical slack is a distribution, and present-
day optimization tools typically do not know how to deal
with distributions. For another, statistical slack is richer in
information content than a distribution since it is typically
parameterized by the sources of variation (e.g., a first-order
canonical form [7]). On the one hand, this opens up possi-
bilities of using this parameterized model to choose the type
of optimization that would best improve timing character-
istics, but, on the other, it makes it even more complicated
for the optimizer to use statistical slack as a metric.

One possibility is to use a o-sampled value of the slack as
a metric, e.g., the u — 30 value of the slack. This has the
advantage of ensuring adequate parametric yield when tim-
ing is closed, and being a single number that represents the
entire process space. Unfortunately, this metric has prob-
lems, too. Fig. 2 shows two slack distributions S1 and S2
which have the same —30 value. In the case of S1, the dis-
tribution is pretty tight and improvement (i.e., movement
to the right) is best accomplished by moving the entire dis-
tribution. Moving an entire distribution typically costs area
and power since it is often achieved by inserting buffers or
up-sizing gates. On the other hand, S2 can be improved
by reducing its sensitivity to process, i.e., tightening its dis-
tribution. Unfortunately, o-sampled slack does not give us
this type of insight.

Now we will consider one last example to demonstrate
the problems with statistical slack. Consider a situation in
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Figure 2: Statistical slack of two paths with the same
-30 value.

which two o-sampled path slacks are -70 and -50 ps, respec-
tively. Traditional wisdom says to improve the first path
till its slack reaches -50 ps, and then try to improve both.
Depending on the spread and correlation of the two distri-
butions, this may not be so wise. If the spread of the slacks
is large and the two slacks are uncorrelated, then the sec-
ond path may be almost as much of a yield limiter as the
first. If they are tightly correlated, however, then traditional
wisdom is sound.
Some of the desired features of a good diagnostic are:

preferably, a single number;

preferably, a number with a fixed range such as 0 to 1;

e a number that implicitly represents criticality in the
entire process space;

e a number that is implicitly correlation-aware; and

e a number that can be computed efficiently.

3. CRITICALITY PROBABILITIES

Criticality probability is a metric that satisfies the require-
ments stated above. The criticality probability of an edge is
simply defined as the probability of manufacturing a chip in
which the critical path includes that edge. Criticality prob-
abilities were first proposed in [7], although in that work
tightness probabilities were incorrectly assumed to be inde-
pendent during the computation. A companion paper at
this conference [8] describes how these probabilities can be
computed efficiently and accurately. The method is briefly
reviewed in this section with reference to Fig. 3, and consists
of the following steps.

Step 1 The timing graph is augmented with a “source”
and “sink” node, and virtual edges connecting the source
node to all primary inputs and the sink node to all primary
outputs and timing test nodes. The delay of each input edge
is the (statistical) asserted arrival time of the correspond-
ing primary input, and the delay of each output edge is the
negative of the (statistical) required arrival time of the cor-
responding primary output or test point. In the modified
graph, the length of the longest path in late mode (i.e., late
mode arrival time of the sink node) is quite simply the neg-
ative of the late mode slack of the design, while the length
of the shortest path (i.e., early mode arrival time of the
sink node) is the early mode slack of the design. While this
graph augmentation step is not essential in practice, it sim-
plifies the explanation by converting all timing graphs into
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Figure 3: Criticality probability computation by the
cutset method.

a single-source single-sink directed acyclic graph. Combina-
tional loops and loops of transparent latches are special cases
that require extensions of their deterministic counterpart al-
gorithms to be handled correctly. The following explanation
will focus on late mode timing, but analogous arguments can
be made for early mode criticality computations.

Step 2 For a given edge e of interest, identify any cutset
containing e such that the source and sink node are in op-
posite partitions. An efficient way of identifying cutsets is
suggested in [8].

Step 3 Compute an edge slack for each edge in the cutset.
The edge slack of an edge is simply the statistical longest
path through that edge. For an edge e from node i to t, the
edge slack is simply

Edge slack = AT; + de — RAT; (1)

since AT, represents the statistical longest path from the
source node to ¢ and —RAT; is the statistical longest path
from ¢ to the sink node.

Step 4 Compute the complement edge slack for edge e.
The complement edge slack is simply the statistical maxi-
mum of the edge slack of all edges in the cutset except e.

Step 5 Compute the probability that the edge slack of e
is statistically larger than its complement edge slack. This
is the criticality probability of e.

The reasoning behind the above algorithm is straightfor-
ward. Every point in process space has a single critical path
at that point, so all we need to do is to find the total crit-
icality probability of all paths that pass through the edge
of interest. Every path of the timing graph goes through
precisely one edge of the cutset. For this edge to be criti-
cal, the ensemble longest path through it (i.e., its edge slack)
must be larger than all the other edge slacks. Thus the so-
called tightness probability of the statistical maximum of the
edge slack and complement edge slack gives us the criticality
probability of the edge. This technique elegantly overcomes
previous problems with handling of correlations during crit-
icality analysis. However, this probability still does not tell
us how the parametric yield of the chip is impacted by chang-
ing the delay characteristics of an edge of the timing graph
(by sizing or buffering, for example).

4. YIELD GRADIENTS

Our goal is to find the gradient of the parametric yield of
the chip to all components of the delay of a single edge of
the timing graph. This problem can be divided into two
parts. Once we know the statistical slack of the chip as
a distribution, the parametric yield is easily expressed in

Complementary slack B=bo + Y., b; X; + b, Xp
B
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Figure 4: Derivation of yield gradients.

terms of the CDF of the statistical slack. So if we could
isolate the dependence of the statistical slack on the delay
of a single edge, we could differentiate that relation to obtain
the necessary yield gradients.

Let us focus on a single edge D. Fig. 4 gives us a con-
venient abstraction for the derivation. In the figure, B rep-
resents the complement slack of edge D and comprises the
ensemble of all paths of the graph that do not pass through
D. The arrival time E at the from-node of edge D rep-
resents the delay of the ensemble of paths from the source
node to edge D. Similarly, the required arrival time F' of
the to-node of edge D represents the negative of the delay
of the ensemble of paths from edge D to the sink node. The
path Source-FE-D-F-Sink is the ensemble of all paths of the
timing graph that pass through D. Thus all paths of the
graph have conceptually been split into two buckets — those
that pass through D and those that do not. We have iso-
lated the impact of the edge D on the statistical slack of the
chip.

Next, we can write the statistical slack of the chip as the
length of the longest path in Fig. 4

Chip slack = Z = max(B,E + D — F) (2)

where each of B, E, D and F is expressed in first-order
canonical form as shown in the figure. The globally corre-
lated process variables are represented by random variables
Xi,i = 1,2,--+ ,n and independently random variation by
XB,Xg,Xp and Xp. It is very important to note that B
does not depend on the delay of the edge of interest since it
represents the ensemble of paths that do not pass through
D. Similarly, £ and F' do not depend on the delay of edge
D since they represent the delay of the longest path in the
fanin cone and fanout cone of D, respectively. Therefore,
we can differentiate (2) to obtain the gradient of the chip
slack to the components of D. The rest is simply algebra.
To maintain readability of this paper, the differentiation of
the max operator by using Clark’s formulas [3, 1] has been
moved to Appendix A. Using the formulas in the Appendix,
yield gradients are derived below in two different scenarios.

4.1 Performancemaximizationatagivenyield

This situation is ASIC-like in that we assume a required
yield has been specified, and we seek to compute the max-
imum performance (clock frequency, or, equivalently, slack)
at which the chip can safely be operated. Assume that the
required parametric yield is p, a constant. The longest de-
lay of the timing graph in Fig. 4 is a statistical quantity Z



which we assume has a mean value zg and a standard devi-
ation oz. Then the corresponding parametric longest path
delay that meets the yield requirement p is denoted by z(p).
The smaller the value of Z, the better. The parametric delay
which meets the requirement can be expressed as

z(p) = @~ (p)oz + 2o, (3)

where ®'() is the inverse CDF of a standard normal. This
equation simply says that the required yield can be trans-
lated into a required number of sigmas on the longest path
delay distribution. Our goal now is to obtain the gradient
of z(p) with respect to do, di,i = 1,2,--- ,n and dr. This
is easily accomplished by simply differentiating (3) with re-
spect to each of these quantities.

9z(p) _1 .
=0 =0,1,---,n,m 4
ad; P 5q T oq =0 @
The two partial derivatives on the right hand side are readily
obtained from the boxed equations in the Appendix (24),
(30), (31), (33), (35) and (36).

4.2 Yield maximization atagivenperformance

This situation is microprocessor-like in that we assume a
target frequency has been specified and we are trying to
maximize the yield of chips that will achieve this frequency.
Assume that the target frequency translates into a required
longest path delay of T" or less. In this case, our parametric
yield p is simply the probability that the longest path Z
has a value that is T or less. The yield is therefore p(T') =
@ {(T" — z0)/oz}. This simple equation can be differentiated
with the help of the formulas in the appendix to obtain the
necessary yield gradients

ap(T) _ L T — Z0 _ aZO _ aa'z
8di - O'QZ ¢ Oz 7z adl + (T ZO) 8d, 5)
1=0,1,-- 0,

(9(7 Z (9Z0

Although the formulas are lengthy, they are easily coded
for efficient evaluation on a computer. In terms of imple-
mentation, when criticality probability is computed for an
edge, a statistical maximum operation is performed between
its edge slack and complementary edge slack. At that point,
the above formulas allow us to compute yield gradients with
respect to individual edge delays.

5. APPLICATIONS OF YIEL DGRADIENT S

One immediate application of yield gradients is in a formal
transistor-sizing optimization context such as EinsTuner [4].
A possible formulation of the optimization problem over the
space of transistor widths W is as follows.

maxy parametric yield p(T)
s.t. performance requirement 7' (6)
s.t. area, slew and other constraints.

In this case, we need to provide to the nonlinear optimizer
at each iteration the yield at the required performance T,
and the gradient of that yield with respect to all transistor
sizes. This formulation fits well within a transistor-level
tuning context since the gradient of the yield with respect
to an edge delay can be chain-ruled with the gradient of the
edge delay with respect to the individual transistor widths.
The latter computation, by the adjoint method, is already
a part of the transistor sizing formulation used presently.

Of course, changing a transistor size will typically change
the delay of multiple edges of the timing graph as well as
fanin edges due to loading effects and fanout edges due to
slew effects. All of these sensitivities can be chain-ruled and
included in a straightforward manner.

The objective function could easily be changed from para-
metric yield to profit (or any other integral measure of the
distribution of the chip slack) in the case of a sorted and
speed-binned chip. Sorting implies that different ranges of
speeds bring in different amounts of profit. The yield of each
bin can be expressed in terms of zo and oz as above and then
the weighted sum of the profits over all bins differentiated
to obtain the necessary gradients.

A second possible formulation is shown below.

miny  delay z(p)
s.t. a required yield p (7)
s.t. area, slew and other constraints.

In this formulation, a required yield is specified, and we need
to provide to the nonlinear optimizer at each iteration the
fastest performance that can be achieved and the gradient
of that performance with respect to all transistor widths.

Even in the context of discrete optimization, yield gradi-
ents can be used to rank order portions of the circuit that
most need attention in order to increase the yield of the cir-
cuit to the necessary value, or to increase the performance
at a required yield. Having quantitative gradients will de-
crease the guess-work and try-evaluate-undo loop that is
common in physical synthesis during late timing correction
and early-mode padding.

Although the actual optimization applications described
in this section have not been implemented, the authors feel
that yield gradients will enable powerful new ways of opti-
mizing circuits in the presence of variability.

6. CONCLUSIONS

Timing closure in the presence of variability implies closure
across the entire relevant process space, which is an ex-
tremely challenging task. Traditional diagnostics and met-
rics like critical paths and deterministic timing slacks are
inadequate for the optimization task. This paper describes
a novel method for computing parametric yield gradients
accurately and efficiently, and proposes various applications
that can take advantage of yield gradients.
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APPENDIX

A. DIFFERENTIATION OF THE STATIS
TICAL MAXIMUM OPERATOR

This Appendix derives formulas for differentiation of the
statistical max operator with respect to its arguments.

A.1 Preliminaries

Let A and B be two first-order canonical forms

A = a0+ ) aXi+arXa, (8)
B = bo+zbiXi+brXBa 9)

where X; are the correlated unit-Gaussian random varia-
tions, X4 and Xp are uncorrelated unit-Gaussian random
variations, a; and b; are sensitivities to correlated random
variations, and a, and b, are the sensitivities to uncorrelated
random variations, respectively. The variance of A and B
and their covariance are

A= Yated (10)
op = Y b +b;, (11)
cov(A,B) = Zaibi. (12)

Some frequently-used equations are listed below.

2

o) = (=T (13)
o) = [ s (14)

6 = (012:0—#0?372001)(14,3))1/2 (15)
WO~ LDy =) (10
O = 4. a7

Let Z = max(A, B). The mean of Z is given by

ao — bg ap — bo ap — bo

a0 + |1 2(2 ) o + 0027 )

zZo = (I)(

ag—bg )
0
and qﬁ(“ogbo ). This notation will be used wherever there is
no ambiguity.

The variance of Z is

oy = (0a+a3)®+ (0% +b3)(1— @)+ (ao+bo)0d—z5. (19)

For simplicity, we have used ® and ¢ to represent ®(

We are interested in the sensitivity of zp and oz to the a;,
bi, ar and b, parameters. Because of the symmetry between
A and B, we will only focus on the derivation of sensitivity
with respect to ag, a; and a,.

A.2 Sensitivity of mean
A.2.1 With respect to mean

We first derive the sensitivity of zo with respect to ag.

020 o 0P o0 0o
— = — d— —b — 0——. (20
8a0 aao o + aao 0 + 80,0 ¢ + 8&0 ( )
It is easy to show that the following equations hold.
o0
— =0 21
=0, (1)
8¢' _ ag — bo 1 _ f
= oMy =5 and (22)
6(25 _ ao—bo ao—bo 1 _ ao—bo
(9_0,0 = T 9 ¢( 0 )5 - 02 ¢. (23)
Therefore, we have
0z0 10) ao—bo ,,
9a0 = (ao bo) 0 + & D @0 = . (24)

A.2.2 With respect to correlated sensitivity

Next, we derive the sensitivity of zp with respect to the
correlated sensitivity term a;.

0z 0P 0P 00 0¢
= — . 2
804 804 o 804' bO + 8ai ¢ + 0 8a¢ ( 5)
It is easy to show that the following equations hold.
02 o(*5™) a0 — bo 00
= = — 2
(904' ¢ (9(1»; ¢ 02 6(1»;7 and ( 6)
¢ a0 —bo 0(2052) (a0 —bo)* , 90
b, ~ 0 " e  ® o D



Therefore, we have

82’0 _ ag — bo 69 (ao — b0)2 80
b~ T ™ 7 oa
_ [ (a0—b)? (0t 1
= { D +1+0 s ¢8ai
a0
. 28
5 (28)
We need to compute W’ which is given by
00 0(c% +0p — 2cov(A, B))Y/?
Gai - Gai
_ 1 d(c% + 0% — 2cou(A, B))
- 260 8ai

_ 1 ol n do% - 28001}(A,B)
- 260 Bal 6al 804‘
1
= 55(2ai+0-2b)
1
= i —bi)—=. 2
(s~ bi) 5 (29)

Therefore, in summary, we have

820
8ai

= (a;— bz)%

(30)

A.2.3 With respect to uncorrelated sensitivity

By similar manipulations, the sensitivity of zp with re-
spect to the uncorrelated sensitivity term a, is

8Z0 _ 9
0, ar - (31)

A.3 Sersitivity of sigma

A.3.1 WIth respect to mean

2
We derive the sensitivity of oz with respect to ao. 997
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_ aUZ
o 2UZ 8(1,0
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¢) 820
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= 2(a0—20)¢'+(0’,24—0'}23)%+9¢- (32)

Therefore, in summary, we have

) 1
8%&? = E{Q(ao—zo)©+(0?4—0?3)%+9¢}‘ (33)

A.3.2 WIth respect to correlated sensitivity
We derive the sensitivity of oz with respect to the correlated

e e . ) 2
sensitivity term a;. We have %
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Therefore, the sensitivity can be computed as 9o

da;
— E [ai@—zoaaj—f—{(O'ZB*o'i 092 0+ao+bo}§ ai:|
Joz 1 ] ) N ) )
%0, = g [aﬂ) zo(a; — by) ) + (ai — b;) (35)

2 2

A.3.3 WIth respect to uncorrelated sensitivity

By similar manipulations, we derive the sensitivity of oz
with respect to the uncorrelated term a, as

o7 = L a,® — zpa,=
8ar B oz " Ore

(36)

+ ar {ao+bo+(a0 —bo)

op =04\ &
2 [20]




