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1 DMotivation

The circuit analysis techniques we have learned so far can be used to create a circuit simulation software
package, which is an invaluable design aid. For a given circuit topology, we can change component values
such as resistance or capacitance values or transistor sizes, and re-simulate the circuit to judge the effect of
the change on the behavior of the circuit. But if the circuit simulator could predict the change of circuit
behavior with respect to changes in design parameters, this information could be tremendously valuable
during design. Such an analysis is called a sensitivity analysis. Of course, sensitivities or gradients can be
obtained by a finite difference procedure whereby the parameter of interest is changed by a small amount
and the circuit re-simulated. But finite difference methods suffer from some serious problems, and we will see
more about that later. This lecture will describe incremental sensitivity computation methods that overcome
the problems of finite difference methods. It is assumed that the perturbations of interest are infinitesimally
small and do not change the topology of the circuit.

Large-change sensitivity analyses and changes that involve topology modification have also been studied (see
[1] for a discussion), but are not topics of this set of lectures.

2 Introduction

The sensitivity or gradient of a function (“behavior,” “response” or “measurement” of a circuit) f with

respect to a parameter p is the partial derivative of f with respect to p, measured at some nominal value of
the parameter p (see Fig. 1). It is written as 8f/0p or V,f. For a general nonlinear function f, the gradient
is valid in a small region around the nominal value of the parameter, and hence is referred to as small-change
sensitivity.

3 The importance of sensitivities

Sensitivity analysis is a crucial part of tolerance analysis, design centering, circuit optimization, reliability
analysis, periodic steady-state analysis, and so on. Variations are an inevitable part of manufacturing.

**@©Chandu Visweswariah, 2002, do not copy without permission.
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nominal value of p P

Figure 1: The gradient is valid in a small region around the nominal value of the parameter p.

Figure 2: The importance of sensitivity information in optimization.

Operating conditions such as temperature and power supply voltage can vary, too. Sensitivities help in
understanding the impact of these uncertainties on circuit performance. Sensitivities are also useful in
optimizing circuit parameters such as component values or transistor sizes. It is well known that solving
general nonlinear optimization problems with more than a few 10s of variables is almost impossible without
sensitivity information. If we desire to robustly and repeatably solve problems in large dimensional spaces,
efficient and accurate sensitivity analysis is a pre-requisite.

It is instructive to consider the analogy of a blindfolded person searching for the deepest point of a lake by
taking depth measurements with an anchor (see Fig. 2). Nonlinear optimization algorithms typically only
have local function information (hence the blindfolds) and history information from previous measurements.
The person would have to repeatedly take measurements in different directions to find the direction in which
the bed of the lake is sloping and sail in that direction in an attempt to find the deepest point. On the
other hand, if the anchor could automatically sense the direction in which the bed was sloping, finding
the deepest point would be much easier. The difference made by having sensitivities is clear in this simple
two-dimensional problem; the difference is much more dramatic in problems with higher dimensionality.
In practice, we wish to solve problems in thousands and even tens of thousands of variables. Therefore
sensitivity information is invaluable in the context of circuit optimization.

4 Incremental sensitivity analysis

Let us say we wish to determine the sensitivity of a delay d with respect to a transistor width w. One
way to do this would be rerun our simulator with a perturbation of Aw on the transistor width, and use a
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finite-difference formula to compute the sensitivity.

od _ d(w + Aw) —d(w)
ow Aw (1)

One advantage of this method is that the sensitivity of several functions with respect to a single parameter
can be obtained at once. A second advantage is that the simulator can be treated as a black box. However,
it suffers from two main disadvantages.

1. The procedure incurs a 100% computational overhead for each parameter of interest.

2. The choice of Aw is fraught with danger. If Aw is too small, we may be trapped in the inherent
numerical noisiness of the simulator and obtain an inaccurate gradient, especially because of finite-
precision arithmetic in computers. If Aw is too large, we obtain a secant to the curve of d versus w.
In particular, if d(w) is approaching a stationary point, the choice of a positive or negative Aw may
lead to quite different results. To address this problem, the transistor width can be perturbed in both
directions and the average of the two finite-difference sensitivities used. However, the computational
overhead would then be 200%!

If the motivation is to solve optimization problems of high dimensionality, it becomes rapidly apparent
that we need more efficient methods than finite-difference sensitivity computation. This lecture focuses on
incremental sensitivity methods wherein we take advantage of our knowledge of the solution of the nominal
(unperturbed) circuit and the fact that we are in a circuit simulation environment. The goal, in other words,
is to compute sensitivities with an overhead that is significantly lower than the 100% overhead incurred by
finite difference, and to devise methods that scale well to large numbers of functions and parameters.

The two well-known methods for incremental sensitivity analysis are the direct [2] and adjoint [3] methods.

5 The direct method: DC analysis

The direct method of sensitivity analysis is based on direct differentiation of the circuit equations, including
the branch constitutive relations (BCRs) of individual circuit elements. First, we will consider the DC
solution of circuits consisting of only resistors and voltage sources.

5.1 KCL and KVL

We begin by differentiating KCL and KVL with respect to some parameter p, which could be temperature,
or the width of a transistor or wire, or resistance or capacitance value. If KCL is expressed as

Aip =0 ()
where A is the reduced incidence matrix and 4; the vector of branch currents, then we obtain

iy

Agr=0. (3)

Let us represent the unknown voltage and current sensitivities with the notation

i .
8—2’ = %, (4)
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Figure 3: A resistor in the direct method.

0 .
Bipb = 0, and (5)
v

where v, and v,, are the branch voltage and node voltage vectors, respectively.

If KVL is expressed as

ATv, = v (7)
then 5 5
7% _ Ol
= ®)
or
AT o, = oy (9)

As we shall see later, it is most convenient to compute the required sensitivities as the solution of a circuit
whose branch voltages, branch currents and node voltages are vy, 21, and 7y, respectively. It is clear then
that no matter how KCL and KVL are expressed for the nominal (original) circuit, they are also satisfied
for the new circuit.

5.2 Resistor

Consider a resistor R (see Fig. 3). The BCR for the resistor (Ohm’s Law) is
v =1R. (10)
The sensitivity parameter of interest p could be the value of the resistance itself. Differentiating,

ov OR 01 OR 4
— = —i . 11
i _U_Zi +RE zi + Ri (11)

In the above equation, ‘?9—1: is known and is equal to 1.0 if the parameter of interest is the resistance value

R and zero if R does not depend on p. In general, it is obtained by differentiating the model R(p) with
respect to p. The nominal current 7 is known after simulating the original circuit. Thus, he first term of
the right-hand side of (11) is known and can be evaluated as a constant. Since the sensitivity analysis is
performed in the context of a circuit simulator, it makes eminent sense to cast the differentiated relation
in the form of a circuit equation. Interpreting (11) as the Branch Constitutive Relation of a new circuit
element, it can be seen to represent a Thevenin equivalent (Fig. 3). Note the orientation of the voltage
source: the voltage drop across the composite element is the sum of the drop across the resistor and the
independent voltage source. Of course, the Thevenin equivalent can be converted to an electrically identical
Norton equivalent.
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Figure 4: An independent voltage source in the direct method.
5.3 Independent voltage source

The analogous equations for an independent voltage source are simple.

v==F (12)
a s _ OE
a—z =V = B_p’ (13)
as depicted in Fig. 4. Similarly, if we can successfully replace every element of the nominal circuit with a
new element that reflects the differentiation of its Branch Constitutive Relation, we will obtain a new circuit
called the sensitivity circuit. The unknowns of the sensitivity circuit are the ¢ and ¢ variables, which are
the required sensitivities. The sensitivity circuit satisfies KCL and KVL. Hence the goal is to create a new
circuit, the solution of which yields all the required sensitivities.

5.4 The direct method: a simple example

Consider the circuit on the left of Fig. 5. The solution of the circuit is

E
1 = o0 14
R+ R> ( )
ERy
v = o —F5 15
Rl Ri + R> ( )
ER>
v = 16
2 R1 + R» (16)
Let us assume the parameter of interest is R;. We can write down the sensitivities by inspection to be
8% __ _ -E
R == mrm) (17)
i) _ s _ (Ri+R)E—ER: _ __ER
811}12211 = VR1 = (R1+R2)2 - (R1+R22)2 (18)
a’URz —_ ,0 — —ERg (19)
dR, R2 = (Ri+R2)*"

The sensitivity of the current 7 to R; is, as expected, negative. That is, the more the resistance, the less
the current. The larger the resistance R;, the more of F falls across it, so vr1 has positive sensitivity to
R;. Likewise, vga is the remaining voltage, and so it has a negative sensitivity to R;. In this simple but
illustrative case, the sensitivities could be derived by analytically differentiating the circuit solution. Of
course, such a simple method cannot be applied to larger and more complex circuits.

Now let us attempt to derive the same result by the direct method. Replacing each element by its sensitivity
equivalent, we obtain the sensitivity circuit shown on the right side of Fig. 5. Solving this circuit, we obtain
i_ __ -E
= Erm (20)

~ _=2 E _ _—ERy FE _ ER>
UR1 = tR1 + Ri+Rz = (Ri+R2)2 + Ri+R2 = (R1+R2)? (21)

OR2 = R, Py (22)
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Figure 5: A simple example of the direct method.

the same results as before. Thus, we obtained the desired sensitivities as the solution of an associated
sensitivity circuit.

Of course, not all circuits consist of just resistors and independent voltage sources. Before we extend the
method to deal with other element types, let us consider how we could compute sensitivities efficiently in
the direct method.

5.5 Direct method: the key idea

So far, the nominal and sensitivity circuits differ only in the position and value of the independent sources.
Circuit equations are typically formulated as
Yv=0»> (23)

where Y is the nodal admittance matrix, v the vector of unknowns (typically the vector of node voltages
augmented by the vector of voltage source currents) and b the vector of external stimuli. The sensitivity
circuit equations, on the other hand, are of the form

Yo=b (24)

with the same admittance matrix. The differences in the independent sources are reflected on the right hand
side, in b. Thus, if the nominal circuit were solved by obtaining the LU factors of Y, the factors can be
re-used to solve the sensitivity circuit. Therein lies the incremental nature of the direct method of sensitivity
computation!

A practical procedure to obtain sensitivities by the direct method consists of the following steps.

1. Since resistors that can vary (i.e., resistors whose value depends on any of the parameters of interest)
will have voltage sources in series in the sensitivity circuit, introduce zero-valued voltage sources in
these positions before solving the nominal circuit. Alternatively, use the Norton equivalent model of
the sensitivity BCR for the resistor which adds current sources but no additional nodes to the circuit.
Again, adding zero-valued sources as place-holders in the nominal circuit will simplify implementation
of the sensitivity computation.

2. Solve the nominal circuit and save the LU factors.

3. Replace all elements by new values as dictated by differentiating the nominal BCRs with respect to
the parameter of interest; recalculate the right hand vector b based on the values of these sources.

4. Solve the sensitivity circuit by re-using the LU factors. Only forward- and back-substitution are
necessary.
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Figure 6: Computational cost of the direct method.

5. Pick up the gradients of all measurements (currents and voltages) with respect to the parameter of
interest.

6. Repeat steps 3, 4 and 5 for each parameter.

The gradients of any number of functions with respect to one parameter can be obtained by a simple
forward- and back-substitution step. Therefore, gradients can be obtained at a small overhead over and
above the nominal simulation. Additional functions are accommodated inexpensively, since the gradients
of all functions are obtained simultaneously. Additional parameters involve repetition of steps 3, 4 and 5
above. Each additional parameter costs a small overhead over the nominal simulation, but a large number of
parameters could cause significant overhead. Nonetheless, the required sensitivities can be computed orders
of magnitude faster than using finite-difference methods!

Fig. 6 depicts the dependence of the computational cost of the direct method of sensitivity analysis on the
number of functions (measurements) of interest and the number of parameters of interest. Obviously, the
gradients of any number of functions with respect to one parameter are obtained with a single forward- and
back-substitution. Additional parameters required a new forward- and back-solve, and so the computational

cost of accommodating an additional parameter is much more than an additional function, but still a small
overhead over the nominal circuit analysis.

5.6 Other elements

Now we extend the analysis of the previous sections to other element types.

5.6.1 Conductances

Fig. 7 shows a conductance G and its sensitivity circuit counterpart. Differentiating the BCR

i = Go, (25)
we obtain
01 ov oG
R - il 2
o G(’)p +v ap (26)
i = Gi+ v%—i. (27)

Thus, a conductance is represented by an identical conductance in the sensitivity circuit, with an additional
current source in parallel if the conductance value depends on the parameter p of interest.
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Figure 7: A conductance in the direct method.

aJ
1=J dp
e = e
Figure 8: An independent current source in the direct method.

5.6.2 Independent current sources

Fig. 8 shows an independent current source J and it sensitivity circuit counterpart. Differentiating the BCR

i=J (28)
we obtain
i oJ
- - ZZ 2
ap op (29)
N oJ

Thus, an independent current source is represented by an independent current source in the sensitivity
circuit. Of course, if J does not depend on the parameter of interest p, then the current source is zero-valued
(i-e., the element is an open circuit) in the sensitivity circuit.

5.6.3 Linear current-controlled current source (CCCS)

Fig 9 shows a linear current-controlled current source (CCCS). The controlling branch of each current-
controlled source is modeled as a zero-valued voltage source (“ideal ammeter”) in series with the controlling
element, so as to simplify the derivation. Likewise, the controlling branch of each voltage-controlled source
is modeled as a zero-valued current source (“ideal voltmeter”) in parallel with the controlling element. The
equations for the two branches of a CCCS in the sensitivity circuit are

6’1)1 _
o = 0 (31)
o o= 0 (32)
and
9i» 0 . Oh
. +~ . Oh
1o = hig +218—p. (34)

Thus, a CCCS is represented by an identical CCCS in the sensitivity circuit, but with an additional constant
current of ilg—z in the controlled branch. The contribution of the controlled source to the left-hand-side of

the (modified nodal, for example) equations is thus unchanged in the sensitivity circuit.
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Figure 9: A linear current-controlled current source in the direct method.
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Figure 10: A linear current-controlled voltage source in the direct method.
5.6.4 Linear current-controlled voltage source (CCVS)

Fig 10 shows a linear current-controlled voltage source (CCVS) with a canonical zero-valued voltage source
(“ideal ammeter”) as the controlling element. Differentiating the BCRs with respect to the parameter of
interest, we obtain the equations for the two branches of a CCVS in the sensitivity circuit.

81)1

b = 0 (36)
and
8’[12 - 87,1 . or
a—p = r ap “+ 11 ap (37)
. « .0
Vo = ri1+ 11 6—; (38)

Thus, a CCVS is represented by an identical CCVS in the sensitivity circuit, but with an additional constant
voltage of ilg—; across the controlled branch. The contribution of the controlled source to the left-hand-side
of the (modified nodal, for example) equations is thus unchanged in the sensitivity circuit.

5.6.5 Linear voltage-controlled voltage source (VCVS)

Fig 11 shows a linear voltage-controlled voltage source (VCVS) with a canonical zero-valued current source
(“ideal voltmeter”) as the controlling element. Differentiating the BCRs with respect to the parameter of
interest, we obtain the equations for the two branches of a VCVS in the sensitivity circuit.

0i1

o =0 (39)
W = 0 (40)
and
Ovy oy ou
e ] g 41
N 0
Uy = ui;+vp 6—'; (42)
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Figure 11: A linear voltage-controlled voltage source in the direct method.
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Figure 12: A linear voltage-controlled current source in the direct method.

Thus, a VCVS is represented by an identical VCVS in the sensitivity circuit, but with an additional constant
voltage of vy g—ﬁ across the controlled branch. The contribution of the controlled source to the left-hand-side
of the (modified nodal, for example) equations is thus unchanged in the sensitivity circuit.

5.6.6 Linear voltage-controlled current source (VCCS)

Fig 12 shows a linear voltage-controlled current source (VCCS) with a canonical zero-valued current source
(“ideal voltmeter”) as the controlling element. Differentiating the BCRs with respect to the parameter of
interest, we obtain the equations for the two branches of a VCCS in the sensitivity circuit.

011
7 = 4
G =0 (43)
W =0 (44)
and
6i2 _ 6’1]1 69
w ~ Y op (45)
%2 = g’lA)l +’U1£. (46)

Thus, a VCCS is represented by an identical VCCS in the sensitivity circuit, but with an additional constant
current of v; g—z in the controlled branch. The contribution of the controlled source to the left-hand-side of
the (modified nodal, for example) equations is thus unchanged in the sensitivity circuit.

In conclusion, resistances, conductances, and all types of independent and linear dependent sources can be

accommodated by the direct method. In all cases, the left-hand-side of the circuit equations of the nominal
and sensitivity circuits are identical, and hence only one LU factorization is required per unique parameter.

5.7 Nonlinear circuits

So far, we have applied the direct method of sensitivity computation to linear circuits that contain no energy-
storage elements (such as capacitances and inductances). In the nonlinear case, the solution of the nominal
circuit yields a linearization of each nonlinear element that is valid at the solution of the nominal circuit.
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Figure 13: Linearization of a nonlinear element at the solution.
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Figure 14: The linear equivalent of a nonlinear element in the nominal circuit and the sensitivity circuit in
the direct method.

Since we are interested in first-order sensitivity, we can assume that the linearization of the nominal circuit
at the solution does not change due to a small perturbation in each parameter of interest. More precisely,
the effect of the change in the measurements due to changes in the linearization of nonlinear elements, in
turn due to small perturbations of the parameters of interest are second order and can therefore be neglected
for our purposes.

Thus, all we are required to compute is the sensitivity of the linear circuit obtained by linearizing the nominal
circuit about its nominal solution. If Newton’s method (also called “Newton-Raphson”) was used to solve the
nominal circuit, this simply means taking the linearized circuit that was solved in the last Newton iteration
and finding the sensitivity of that linear circuit.

The current-voltage characteristics of a two-terminal element and its linearization are shown in Fig. 13. In
the nominal circuit, the nonlinear element is represented by a Norton equivalent shown on the left of Fig. 14.
The sensitivity circuit equivalent is derived by differentiating the BCR of this generic linearized companion
model.

0i 0l 0Gq Ov

a - ap +v ap + Geq o (47)
s 0l 0Geq N
T = ap + v ap + Geg. (48)

Again, we observe that the only change in circuit equations compared to the nominal circuit would occur in
the right-hand-side, allowing the LU factors of the nominal circuit to be re-used.

In general, for a nonlinear element,
i = f(v,p) (49)

which leads to

0i of ov df

p dvop " dp
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Figure 15: Linear capacitance in the direct method.

i = Gegd+ I, (51)
and thus the nonlinear element can be represented by a linearized Norton equivalent in the sensitivity circuit,
with the same conductance and therefore the same contribution to the circuit equations as the nominal circuit
linearized about its solution.

As a practical matter, nonlinear circuits work exactly the same as linear circuits for the purpose of sensitivity

analysis since we find the sensitivity of the linearized companion network obtained at the solution of the
nominal circuit.

5.8 Transient case

Next, we will apply the direct method to the case of time-domain or transient simulation of a circuit that
contains energy-storage elements such as capacitances and inductances.

5.8.1 Linear capacitances

Consider a linear capacitance C' as shown in Fig. 15. Differentiating the BCR for the capacitance, we obtain

i = O9 (52)
0i ocC . 00

. eC. . .

T = a—pv + Cw. (54)

Thus, the corresponding element in the sensitivity circuit is an identical capacitance in parallel with an
independent current source as shown in Fig. 15. So the capacitance can be handled by the same integration
methods that are used for the nominal circuit, and, provided the same time steps are chosen for the sensitivity
circuit, will have the same matrix “stamps” or “stencils” as the nominal circuit in the left-hand-side of the
circuit equations. Thus, the LU factorization used to solve the nominal circuit at any particular time step
can be re-used to solve the sensitivity circuit, with just a different right-hand side. Further, nonlinear
capacitances are not treated any differently, since their linearization at the solution of the nominal circuit is
what matters for the purposes of sensitivity computation.

5.8.2 Linear inductances

Consider a linear inductance C' as shown in Fig. 16. Differentiating the BCR for the inductance, we obtain

v = Li (55)
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Figure 16: Linear inductance in the direct method.

ov OL. o1
- - i
ap ap 1+ ap (56)
oL . 2
5 = OL. %
0 ap i+ Li (57)

Thus, the corresponding element in the sensitivity circuit is an identical inductance in series with an indepen-
dent voltage source as shown in Fig. 16. So the inductance can be handled by the same integration methods
that are used for the nominal circuit, and, provided the same time steps are chosen for the sensitivity circuit,
will have the same matrix “stamps” or “stencils” as the nominal circuit in the left-hand-side of the circuit
equations. Thus, the LU factorization used to solve the nominal circuit at any particular time step can be
re-used to solve the sensitivity circuit, with just a different right-hand side. Further, nonlinear inductances
are not treated any differently, since their linearization at the solution of the nominal circuit is what matters
for the purposes of sensitivity computation.

5.9 Dependent parameters

It is often the case that two or more parameters are related to each other. For example, two transistors may
be constrained to have the same width or may be constrained to have widths that conform to a certain ratio.
For example, suppose transistor ¢; has a width W; and transistor ¢z has a width Ws, but W5 = kW;. In this
case, we can define an independent parameter p such that W; = p and W = kp and then find the sensitivity
of the circuit with respect to p in one sensitivity analysis. In other words, we will be driving the sensitivity
circuit with two simultaneous stimuli, one corresponding to the stimulus we would use if W, were the only
parameter of interest, and the other corresponding to &k times the stimulus to be used if W2 were the only
parameter of interest. We are therefore exploiting superposition in the linear time-varying sensitivity circuit
to compute the sensitivity with respect to p in a single sensitivity analysis.

5.10 Direct method conclusions

The direct method is an efficient method to compute the gradients of a circuit, provided there are not too
many parameters of interest. In the linear DC case, the left-hand-side of the sensitivity circuit equations are
identical to the nominal circuit, so the LU factors can simply be re-used with a different right-hand-side.
Nonlinear circuits do not add any complications, since the linearization at the solution of the nominal circuit
(and the LU factors thereof) are re-used for the sensitivity circuit. In the transient analysis case, provided
the same time steps are chosen for the nominal and sensitivity circuit, the LU factors of the last Newton
iteration at each time step can be re-used to solve the sensitivity circuit. The sensitivity circuit is a linear
time-varying circuit. The one practical difficulty involved is to make sure that the choice of time step yields
an acceptable local truncation error (LTE) for both the nominal and sensitivity circuits. As soon as the
LU factors at a given time step are re-used for the sensitivity circuit, they can be deleted (or that section
of memory re-used). In other words, the solution of the nominal circuit and as many sensitivity circuits as
there are independent parameters can be conducted in lock step before proceeding to the next time point,
to avoid expensive storage of LU factors.
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The main disadvantage of the direct method is that it can be inefficient when the number of independent
parameters is large. This problem is addressed by the adjoint method (but the adjoint method has its own
disadvantages, as we will see in the subsequent section).

ONTWERPTECHNOLOGIE 5L050 HANDOUT 4
Class 4, lecture 2: Sensitivity analysis by the adjoint method

6 The adjoint method

6.1 Tellegen’s theorem as a backdrop to adjoint sensitivity

We begin by reviewing Tellegen’s theorem [4]. Given two networks N and N with the same topology (i.e.,
the same reduced incidence matrix A), Tellegen’s theorem states that

Z fbkvbk = ’Z%"Ub = gg—'AT’Un = [A?::b]T’Un =0 (58)

all branches

and
A AT - T 1T - AT 4+
E Dby Tpy, = O 96 = [A7 0] 1y = 0,, Aip = 0, (59)
all branches

where i3, vy and v,, are the vectors of branch currents, branch voltages and node voltages of the first network,
and 2, 05, and 9,, are the corresponding vectors of the second network. Stated in words, the pairwise products
of branch voltages of the first network and corresponding branch currents of the second network (and vice
versa) sum up to zero. We will use this remarkable theorem to derive sensitivities by the adjoint method.

6.2 Basic derivation

Consider a nominal circuit with branch voltages v, and branch currents i,. Now simultaneously perturb
all the parameters p1,ps,...,p, of interest by small amounts dp;,dps,...,dp, to obtain a new circuit as
shown in Fig. 17. Assume that the branch voltage and branch current vectors for the perturbed circuit are
(vp + dvp) and (ip + 61p), respectively. Also consider a new circuit which we will call the adjoint circuit, with
the same topology as the nominal circuit but possibly different BCRs. Assume that the branch voltage and
current vectors of the adjoint circuit are ¥, and by respectively.

Writing Tellegen’s theorem for the nominal and adjoint networks, we obtain:

Z %bvb = Z ibf)b =0. (60)
all branches all branches
Writing Tellegen’s theorem for the perturbed and adjoint networks, we obtain:

Z %b(vb + dvp) = Z (b + 81p)0p = 0. (61)

all branches all branches

Subtracting (61) from (60) we obtain

Z (5’111,’21, - 52'1,’01,) =0. (62)

all branches
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Figure 17: Basic derivation of the adjoint method.

The term (61}1,21, — 0ip0p) is called the typical term and the summation of the typical term over all branches
amounts to zero.

Before going further, let us motivate the above manipulation. The formulas were derived with no assump-
tion other than that the topology of the nominal and adjoint circuits are identical. The actual electrical
characteristics (or BCRs) of the individual elements can be chosen arbitrarily. Now suppose we have a single
function or measurement f of interest

f:f(p17p27"'apn) (63)
then to first order the perturbation in the function can be written as
of of of

0f m —6p1+ =—0dpa+ ...+ =——py. 64

f 91 1 T 5p, o2 ap, P (64)

Suppose we can manipulate (62) into (64), then we can pick off all the gradients of a single function f with
respect to all parameters at once.

6.2.1 Resistance

The BCR for a resistor is

vgp = Rigp (65)
and therefore, to first order
d0vr = Rir +irdR. (66)
For a resistance,
typical term = SvRir — 0ipdR (67)
= Rdipigr+iréRig — Jiglg. (68)

We can choose any BCR for the resistance in the adjoint circuit. An inspection of (68) reveals that we
are interested in the §R term for sensitivity purposes, but not the others. By choosing the BCR of the

corresponding adjoint element to be A
or = Rig, (69)
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we obtain
typical term = igigdR. (70)

In other words, we choose to replace a resistance in the nominal circuit by an identical resistance of equal
value in the adjoint circuit to obtain the typical term in the desired form. (Thus, a resistance is said to be
self-adjoint.)

6.2.2 Independent current sources

The BCR for an independent current source is

iy=4J (71)
and the perturbation of the BCR is simply
big=08J (72)
resulting in X
typical term = dvji; — 8J0;. (73)

6.2.3 Circuits with resistances and independent current sources only

Consider the DC analysis of a circuit that consists of only resistances and current sources. The sum of the
typical terms is zero, so we obtain

ZiR2R5R+ Z((SUJ%J—(SJ'{)J)ZO, (74)
all R all J

or . .
Z(SUJ’L'J: Z(SJ’[}J— ZiRiRaR- (75)
all J all J all R

Assume that f is the voltage across the kt* current source. Choose

i, =1 (76)
and all other i; = 0. Then
5f =0vy, =) 06Jo;— Y irirdR. (77)
all J all R
Compare to 5 5
_ of of
af_alzl;waj+a”z;aRaR. (78)

Now we can pick off all the required sensitivities by inspection as

of

57 = 07 (79)
and of
og = RIR- (80)

Thus, if we solved the adjoint circuit, we could compute all the desired sensitivities at once!
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Figure 18: Growth of adjoint method run time.

6.2.4 Observations

e We assumed that f = vy, the voltage across the k** current source. If the function of interest was not
across a current source, we could easily introduce a zero-valued current source (“ideal voltmeter”) in
parallel with the element whose voltage we want to measure, and then use the voltage of the current
source as the function of interest.

o We picked the BCRs of the current sources in such a way that the left-hand side of of the “typical
terms” equation (75) represented the perturbation of the function of interest (4 f).

e The only change between the nominal and adjoint circuits is the value of the current sources, which
only appear in the right-hand side of the circuit equations. Hence the LU factors obtained from the
solution of the nominal circuit can be re-used and only forward-substitution and back-substitution are
necessary to solve the adjoint circuit. We can therefore compute the sensitivity of one function with
respect to any number of parameters in a single adjoint analysis at a small fraction of the computational
cost of the nominal analysis.

o If we are interested in a second function, we will have to “activate” a second current source in the
adjoint circuit and solve this new circuit. Again, we can re-use the LU factors of the nominal circuit, but
a new forward and back-solve will be required. The computational overhead of additional parameters
is almost negligible, whereas the computational overhead of additional functions is non-trivial, but still
small compared to the original nominal circuit analysis. Fig. 18 shows the growth of CPU time with the
number of parameters and functions. It is instructive to compare this situation with the corresponding
CPU time growth in the direct method.

6.3 An example

Consider the simple circuit of Fig. 19. The currents through the resistances R; and R» are
JRy

; = ———= 81
LR R + R> ( )
. JR
= = 82
LR2 R + R> ( )
Suppose the function of interest were
f = VR2 (83)
and the parameters of interest were Ry, R and J.
Let us first compute the sensitivities manually.
JR1R»
- Jhe 84
! R + Ry (84)
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Figure 19: Sample circuit to demonstrate the adjoint method.
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Figure 20: Adjoint circuit for the example of Fig. 19.

Of _ (Ri+Rs)JRy —JRiRy _ b, R, \° (5)
OR; o (R1 + Rz)2 B Ry + R, ’
Of _(Ri+R)JRi—JRRy _ ( R\’ (56)
OR> h (Rl + R2)2 o Ri + R» ’
and o/ R R
_ 142
9] " Rit Ry (87)

As can be expected, the sensitivity of f with respect to each of R;, Ry and J is positive assuming J is
positive.

Now let us try to solve the same problem using adjoint sensitivity analysis. First, we introduce a zero-valued
current source to measure the voltage of interest, as shown in the dotted lines in Fig. 19. Then, we replace
each circuit by its adjoint circuit equivalent, as shown in Fig. 20. The resistances are unchanged. The current
source J is replaced by a zero-valued source or open circuit (i.e., we choose 47 = 0 since the voltage across
J is not the function of interest). The zero-valued source gets activated with a unit current source in the
adjoint circuit. The solution of the adjoint circuit gives us

-R,

7 —_— 88
LRL R + R> ( )
4 _Rl
L ey )
N Ry Ry
= 7= 90
vI R1 + R» ( )
Then we can obtain the required sensitivities as follows.
af . . Ry \?
_ - _ = S S 1
oR, iR1tR1 = J (R1 +R2) ; (91)
of . R\’
A =J(-—"_ 92
R, 1R21R2 (Rl n Rz) ) (92)
and o/ R R
— = 272
m v7 R+ R, (93)
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We obtain the same answer as before! Of course, in large circuits, it is not possible to write down an analytic
solution and differentiate. The adjoint method is a very efficient numerical procedure to determine all the
gradients of a function or measurement with respect to multiple parameters by means of a single circuit
analysis.

6.3.1 Adjoint method procedure

For the simple case of circuits that contain only resistances and independent current sources, we can lay out
a procedure to compute sensitivities by the adjoint method.

1. Introduce zero-valued current sources (“ideal voltmeters”) in parallel with the elements whose voltages
are functions of interest.

2. Solve the nominal circuit and save the LU factors as well as the currents through all resistors whose
resistance values are parameters of interest.

3. Zero out the original current sources. Change the zero-valued source corresponding to the first function
of interest to unity.

4. Solve the resulting adjoint circuit efficiently by re-using the LU factors of the nominal circuit.
5. Pick off the required sensitivities of the function with respect to all parameters.

6. Move on to the next function and repeat steps 3, 4 and 5 until all functions have been exhausted.

Again, it is instructive to compare this procedure to the direct method procedure.

6.4 Other elements

So far, we have only considered circuits with resistances and independent current sources. In this section, we
will extend the discussion to voltage sources, conductances, and all four types of linear controlled sources.

6.4.1 Voltage source

The BCR for a voltage source is

vg=F (94)
and its perturbation is simply
5’0]:7; =¢FE. (95)
Hence,
typical term = Svgpip — SigtE (96)
= 6FEig — digig. (97)

The first term tells us that the sensitivity with respect to the voltage of the independent voltage source is
simply the current through the voltage source in the adjoint circuit. The second term allows us to “activate”
this source in the adjoint circuit by choosing i = —1 so that the function of interest is the current through
the independent voltage source. So any time we have a measurement which is a branch current, we can
introduce a zero-valued voltage source in series with it in the nominal circuit, and activate the voltage source
to have a value of —1 in the adjoint circuit.
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6.4.2 Conductance

The BCR for a conductance is

’iG = G’UG (98)
and its first-order perturbation is
dig = Gévg + vgiG. (99)
Hence,
typical term = 51)(,"2@ — diglag (100)
= bugig — Gévgig — vadGig. (101)
(102)

We obviously want to retain the G term to obtain sensitivity with respect to the conductance value, so we
choose the BCR for the adjoint circuit as

ig = Gig (103)
to obtain

typical term = —vgUgdG. (104)

Thus, a conductance is replaced by an identical conductance in the adjoint circuit (conductances are self-
adjoint) and sensitivity with respect to a conductance value is simply the product of the nominal and adjoint
voltages across the conductance (we lose the negative sign since the typical term gets shifted to the other
side in the final sensitivity expression).

6.4.3 Linear current-controlled current source (CCCS)

The nominal and adjoint elements of a linear current-controlled current source are shown in Fig. 21. The
BCRs of the nominal circuit elements are

v = 0 (105)
is = hi (106)

and hence the typical term for the controlled source is

typical term = 5’[11’21 — 84101 + 5’[12’22 — igDo (107)
= 0 — 8iy0y + Gvata — héiydy — Shiybo. (108)

We are only interested in the dh term to obtain the sensitivity with respect to the gain of the controlled
source. Hence we choose

A~

2 = 0 (109)
91 = —ha. (110)
Thus, we find that the control of the controlled source is reversed in the adjoint circuit! With this choice of

BCRs for the adjoint circuit,
typical term = —i;026h. (111)

Therefore, the sensitivity with respect to h is the product of the nominal controlling current and adjoint
controlling voltage (remember that the typical term gets shifted to the other side in the final sensitivity
expression). The CCCS is not self-adjoint, since the adjoint element is not identical to the nominal element.
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22 = hll

Figure 21: Adjoint method for a linear current-controlled current source.

r ~ T ~
’L.]_ mzz i {—\22
=0 Uy = Tiy —=>01 = T2 Uy =

Figure 22: Adjoint method for a linear current-controlled voltage source.

6.4.4 Linear current-controlled voltage source (CCVS)

The nominal and adjoint elements of a linear current-controlled voltage source are shown in Fig. 22. The
BCRs of the nominal circuit elements are
v, = 0 (112)
Vo = T'Z'1 (1 13)

and hence the typical term for the controlled source is

typical term = 5’[)1’21 — 84101 + (5’()2:&:2 — 8i909 (114)
= 0-— Silﬁl + 7‘5i1’22 + 61"1:17::2 — 52'2’132. (115)

We are only interested in the §r term to obtain the sensitivity with respect to the gain of the controlled
source. Hence we choose

9 = 0 (116)
’131 = 7'22. (1 17)
Thus, we find that the control of the controlled source is reversed in the adjoint circuit! With this choice of

BCRs for the adjoint circuit, X
typical term = 414207. (118)

Therefore, the sensitivity with respect to r is the negative product of the nominal controlling current and
adjoint controlling current (remember that the typical term gets shifted to the other side in the final sensi-
tivity expression). The CCVS is not self-adjoint, since the adjoint element is not identical to the nominal
element.

6.4.5 Linear voltage-controlled voltage source (VCVS)

The nominal and adjoint elements of a linear voltage-controlled voltage source are shown in Fig. 23. The
BCRs of the nominal circuit elements are

ii = 0 (119)
vy = uup (120)
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Figure 23: Adjoint method for a linear voltage-controlled voltage source.

and hence the typical term for the controlled source is
typical term = 51)11?1 — 8101 + 5’021?2 — 8i9D9 (].2].)
= 5’01’21 -0+ /J,5’U1;52 + 6/,1,’[)122 — 01909. (122)

We are only interested in the du term to obtain the sensitivity with respect to the gain of the controlled
source. Hence we choose

by = 0 (123)

’L'1 = _/1/22- (124)

Thus, we find that the control of the controlled source is reversed in the adjoint circuit! With this choice of
BCRs for the adjoint circuit, .
typical term = v1i20 - (125)

Therefore, the sensitivity with respect to u is the negative product of the nominal controlling voltage and
adjoint controlling current (remember that the typical term gets shifted to the other side in the final sensi-
tivity expression). The VCVS is not self-adjoint, since the adjoint element is not identical to the nominal
element.

6.4.6 Linear voltage-controlled current source (VCCS)

The nominal and adjoint elements of a linear voltage-controlled current source are shown in Fig. 24. The
BCRs of the nominal circuit elements are
i1 = 0 (126)
i = gui (127)
and hence the typical term for the controlled source is
typical term = 5’01’21 — 04101 + 5’02%2 — §1o0 (128)
= 5’01%1 -0+ 602%2 - 591)1’02 — g(S’UﬂA)z. (129)

We are only interested in the §g term to obtain the sensitivity with respect to the gain of the controlled
source. Hence we choose

s = 0 (130)
’21 = gﬁg. (131)
Thus, we find that the control of the controlled source is reversed in the adjoint circuit! With this choice of

BCRs for the adjoint circuit,
typical term = —v;956h. (132)

Therefore, the sensitivity with respect to A is the product of the nominal controlling voltage and adjoint
controlling voltage (remember that the typical term gets shifted to the other side in the final sensitivity
expression). The VCCS is not self-adjoint, since the adjoint element is not identical to the nominal element.
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Figure 24: Adjoint method for a linear voltage-controlled current source.
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Figure 25: Linearization of a nonlinear element.
6.5 Fast solution of the adjoint circuit

The contribution of controlled sources to the left-hand side of the circuit equations is different in the nominal
and adjoint circuits. Does this mean that LU factors cannot be re-used in circuits with controlled circuits?
It turns out that in every case, the contribution or stamps of the controlled sources in the adjoint circuit are
the transpose of the corresponding stamps in the nominal circuit equations. In other words, the left-hand
side matriz of the circuit equations of the adjoint circuit is the transpose of the left-hand side matriz of the
nominal equations! Of course, we now see that self-adjoint elements have a symmetric contribution to the
circuit equations, and transposing does not change them. So indeed the LU factors can be re-used since if

A=LU (133)

then

AT =pTL” (134)
with UT being lower triangular and LT being upper triangular. Hence in all cases, the LU factors of the
nominal circuit can be re-used for the adjoint circuit.

6.6 Nonlinear circuits

As in the case of the direct method, the linearization at the solution of the nominal circuit is valid in the face
of infinitesimally small perturbations of the sensitivity parameters. Thus, we take the linearized equivalent
circuit obtained at the solution of the nominal circuit and compute its sensitivities. As a practical matter,
nonlinear circuits pose no additional theoretical complexity.

Fig. 25 shows the linearization of a nonlinear circuit at its solution, represented by

1 =11 + 12 = GeqV + Ieq. (135)

This model is represented by a Norton equivalent as shown in Fig. 26. For this composite branch,
typical term = Sviy — 8i1D + Svis — Sind (136)
= §0i1 — GegbvD — V3G 0 + vis — 81,40 (137)
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Figure 26: Nominal and adjoint circuit elements for a nonlinear element.

Since we are only interested in the terms that contain §I., and 0G.4, we choose as BCRs for the adjoint
circuit

iy = Geq'ﬁ (138)
1 = 0. (139)

Then, for the composite branch
typical term = —v06Geq — 061¢q. (140)

In other words, the adjoint element is chosen to be a simple conductance of value equal to the conductance
of the nominal linearized element. The sensitivity with respect to the equivalent conductance and current
intercept are given by (140). These can be chain-ruled to compute sensitivity with respect to other model
parameters (such as model coefficients or device sizes) since I, and G, are expressed in terms of these
parameters in the device model.

6.7 Summary of DC case

For circuits without energy-storage elements, the adjoint equations that we have derived so far can be
summarized by a single equation

Z(SUJ%J — Z(SZE’IA)E = Z'{)J(SJ — Z;E(SE — ZiRZRaR -+ ngﬁg(SG + Z 11020h (141)
J E J E R G

cces
— Y iriadr— Y viiadut Y, vitadg+ Y (v00Geq + 01). (142)

ccvs veovs veces NL

By appropriate choice of 7; and ig (the independent sources of the adjoint circuit whose value we can pick
in any way we wish), the left hand side can be manipulated into the perturbation of the function of interest.
This excitation is applied, and the adjoint circuit solved by re-using the LU factors of the nominal solution.
Then the solution of the nominal and adjoint circuits are combined as dictated by the right-hand side of
(142) and (142) to obtain the sensitivity of the function with respect to all parameters at once.

6.8 Scalar functions

Suppose we are interested in a function or measurement that is more complex than just a single voltage or
current. For example,

f=flig,vs) (143)
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where f is an arbitrary (possibly nonlinear) continuously differentiable function of some current and voltage
measurements of the circuit. Then

Sf = Z 5E+Z (144)

For the adjoint circuit, for each voltage source we choose

of
3 = 145
0p =5~ (145)
and for each current source, we choose
R 0 f
j 146
i = e (146)

The right-hand side of the above two equations is known once the nominal circuit is solved. So we simulta-
neously drive the adjoint circuit by multiple excitations given by the above equation, and then pick off the
sensitivities of f with respect to all parameters of interest in a single adjoint analysis. We therefore have the
ability to compute the sensitivity of any arbitrary scalar function of currents and voltages with respect to
any number of parameters by means of a single adjoint analysis [5, 6].

If the sensitivities are being computed for the purposes of optimization, it is often the case that the op-
timization package employed minimizes a single cost function or merit function such as a Lagrangian or
augmented Lagrangian. In this case, the optimization package does not need to know the sensitivities of the
individual measurements, it only needs to know the gradients of the merit function. In this situation, all the
gradients necessary for optimization can be computed in a single adjoint analysis, irrespective of the number
of individual measurements and irrespective of the number of parameters of interest!

6.9 Matrix interpretation of adjoint sensitivity

Adjoint sensitivity analysis can be understood from a “matrix” or “system” theory perspective, as described
in this section. Consider a linear (or linearized) system of equations

Az =b. (147)
Perturb parameters p1, p2,- . ., p, simultaneously. Assume that z, A and b have perturbations of dz, § 4 and
0b, respectively. Then, to first order,
Abz + 6Az = 6b (148)
or
bz = A '[6b — §Az]. (149)
Consider a scalar function f(z). Then
of " 4
=|(==] 4 — §Az). 150
57 = [8] (5] Ao - o) (150)

Postulate an adjoint system and its solution vector ¢ such that

AT¢ = [%] i (151)

Since the system matrix of the adjoint system is the transpose of the nominal system, LU factors can be
re-used to solve (151). Then

TA= [gﬂ , (152)
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and finally
6f =T [6b— 6Ax]. (153)

The system described by (151) has the transposed system matrix compared to the nominal system, and a
right-hand side that is eerily identical to the excitations proposed by (145 and 146). Equation (153) says to
combine the results of the nominal and adjoint systems to obtain all the required sensitivities at once. Of
course, depending on the type of circuit element, the pattern of the perturbation of A and b is determined,
which in turn determines how the final sensitivity is computed.

ONTWERPTECHNOLOGIE 5L050 HANDOUT 4

Class 4, lecture 3: Transient sensitivity analysis by the adjoint method

7 Transient case

The most interesting part of the derivation of adjoint sensitivity analysis is its application to transient
simulation. Consider a linear(ized) capacitance C. Its BCR is

ic = Cug, (154)
the perturbation of which yields
dic = Cévg + 6Coc (155)
leading to
typical term = Svgic — dicic (156)
= 51)01?(; - 05’1'1(}’!70 - 501')0’00. (157)

It is clear that we have to generalize our application of Tellegen’s theorem to deal with energy-storage
elements such as capacitances. Let us modify our application of Tellegen’s theorem from

D (Suyty — Sisdy) =0 (158)

all branches
to
tf .
[évb(t)ib(T) - éib(t)ﬁb(T)] dt =0 (159)

all branches ¥ to

where ¢ is the time in the nominal circuit, ¢y is the start time of the simulation, ¢; is the end time of the
simulation, and 7 is an as-yet-unchosen choice of time for the adjoint circuit. Then,

new typical term = /t :f [sv0(0ic(r) — Coic (t)ic () — 6Cic(B)ic ()] dt (160)
- t:f Sve (t)ic(T)dt — Coc(r)dve (t)|;! (161)

+ ttf Céve (t)ve(r)dt — ttf 6Coc (t)de (1)dt (162)

- : suc (1) [ic(r) + Cdo(r)) di — Coc()bve (1)), (163)

+ Cio(r)sue ()], — [ /t :f z')c(t)z‘)c(r)dt] 5c. (164)

107



In the above equations, the second term of the new typical term was integrated by parts using the familiar

formula b b
/ udv = uv|z —/ vdu. (165)

The formula for the typical term left us with four terms. Of these, the fourth term is welcome since it has a
0C that will enable us to compute sensitivity with respect to the capacitance value. We need to get rid of
the first, second and third terms by a suitable choice of BCR for the capacitance in the adjoint circuit, and
perhaps even obtain sensitivity with respect to the initial condition of the capacitance. To get rid of the
first term, we require

() + Coc(r) =0 (166)

which would seem to require a negative capacitance in the adjoint circuit, a decidedly ugly and unnatural
choice. Instead, we choose to run time backwards in the adjoint circuit. In other words, we choose a
relationship between ¢ and 7 as follows:

T =ty +t;—t, (167)

and we also choose the BCR for the adjoint element to be identical to the nominal BCR, i.e., a capacitance
remains a capacitance of the same value in the adjoint circuit.

With these choices,

A dic dic s
= —_— - — = — 1
ic(r)=C I C p Coc (168)
and the first term of (164) disappears! Then we choose
'lA)C|t:tf or T=tg 0 (169)

as the initial condition of the adjoint circuit and the second term of (164) vanishes. Finally, we are left with
a typical term of
tf
—50/ ¢ (t)c(T)dt + Cic (T = tf)(svc(to). (170)

to

This remarkable equation tells us that the sensitivity with respect to the capacitance value is the convolu-
tion integral of the slope of the nominal capacitance voltage waveform and the adjoint capacitance voltage
waveform, and the sensitivity with respect to the initial condition of the capacitance is the negative of the
capacitance times the final condition of the capacitance in the adjoint circuit!

7.1 Transient sensitivity for a resistance

Since we have now redefined the typical term, we have to revisit the typical term for every element type. We
will derive the equations for a resistance and then re-write the summary equation for the adjoint method
accordingly.

For a resistance, the BCR is

vgp =irR (171)
and the perturbation of the BCR is
0vgr = igr0R + 6irR (172)
leading to .
typical term = ’ [iR(t)aRzR(T) + 8ig(t)Rig(T) — 8ig(t)oR(r)| dt. (173)

to
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For the adjoint BCR, we choose

f)R(T) = R%R(T) (174)
for all 7. Thus,
ty .
typicalterm = R ig(t)ip(r)dt (175)
t
Yy
= JOR ir(t)ir(to + ty — t)dt. (176)
to

We therefore find that for all element types, the sensitivities are expressed as convolution integrals.

7.2 Basic relation for transient sensitivity

Extending the derivation of the previous two sections to all types of linear and nonlinear elements, we obtain
the following general formula that summarizes the adjoint method in the time-domain.

Z 5’UJ ZJ T)dt — Z/tf 0ig(t)op (T = Z5J/tf g ( arn

to
—ZéE/to ie(T (178)
-3 oR / in(t)in(r)dt (179)
+25G UG Yo (7)dt (180)
to
+ > 6h / i1(t) Do (7)dt (181)
cces to
ts
- > or / i1 (t)12(7)dt (182)
ccvs to
-3 su / " o1 (@) (r)dt (183)
vevs Yt
ty
+ Y o / o (£)8 (7)dt (184)
vcees to
+5 (560 [ o@yor)dt + o1, [ o(r)t)(185)
> (a6 [ souac it [ e
ty
+§C: (50 /t vo(t)vC(T)dt—C’vo(tf)évo(to)bwﬁ)

-y <5L / ()t — LiL(tf)aiL(t0)> (187)

where L indicates linear inductances and N L are the nonlinear elements.
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tstart z‘:end

Figure 27: Adjoint excitation to express a power function.
7.3 Choice of input excitation

In the transient case, it is our goal to pick the BCRs for independent voltage and current sources so that
the perturbation of the function of interest

5= [ sws@is@a-Y [ siswsseia (158)
J Jto E Yto

While this may seem like a daunting task at first, it is really quite simple and the paradigm allows for the
expression of a vast variety of measurements.

7.3.1 Example 1: power

Suppose we are interested in the sensitivity of power through an independent voltage source Vy; from
t= tstart to tend- Then

tend
f= tvdaVaadt (189)

tstart
and
tend
of = Vdd/ iy qqdt. (190)
t

start

To express this function, we set all independent current and voltage sources in the adjoint circuit to zero,
except for V34 whose waveform is chosen to be as shown in Fig. 27. It can be seen that by plugging this
waveform into (188), we obtain the necessary function (190).

7.4 Example 2: voltage at a particular time ¢/

In this case, we choose the current source in the adjoint circuit at the measurement port to have a unit Dirac
impulse at ¢t = t' (see Fig. 28) and all other independent sources to be zero for all time. Thus,

5f = [ Sus(05(t — )t = Sus(t). (191)

to

The Dirac impulse is not difficult to handle during the analysis of the adjoint circuit. For example, if the node
to which the impulse is applied has a grounded capacitance, the voltage of that node will instantaneously
increase at t' by a step amount equal to the height of the impulse divided by the capacitance value.
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Figure 28: Adjoint excitation for sensitivity of a voltage measurement at a particular time.
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Figure 29: Adjoint excitation for sensitivity of a current measurement at a particular time.

7.5 Example 3: current at a particular time ¢’

In this case, we choose the voltage source in the adjoint circuit at the measurement port to have a negative
unit Dirac impulse at ¢t = t' (see Fig. 29) and all other independent sources to be zero for all time. Thus,

5f=-— N §ig(t){—0(t — t')}dt = &ip(t'). (192)

to

7.6 Example 4: area under a noise bump

Suppose the nominal waveform at some measurement port is as shown in Fig. 30. Suppose we do not want
the voltage to exceed a certain threshold voltage Vip,esn for noise reasons. Then we would like to compute
the sensitivity of the area under the noise bump. This is easily done by selecting the waveform of the current
source at that measurement port in the adjoint circuit as shown in the lower waveform of Fig. 30. It is clear
that

ty

5f = v (t)i()dt (193)
to
te'n.d

- / 5uy (t)dt (194)
totart

5 ( /t t vJ(t)dt) (195)

and therefore represents the perturbation of our function of interest.
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Figure 30: Adjoint sensitivity of a noise bump.
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Figure 31: Adjoint sensitivity of a crossing time.
7.7 Example 5: crossing time or delay measurement

Suppose we are interested in the time at which a voltage crosses a certain crossing voltage V..,ss. In digital
circuits, we often measure the time at which an output waveform crosses 10%, 50% and 90% of V4. Fig. 31
shows a nominal waveform which crosses V55 at time T¢,..55. We are interested in computing the sensitivity
of Tprpss- Starting with

’U(tap)|t:Tcmss = Verosss (196)
we differentiate with respect to a parameter p to obtain
Ov Ot 0
9z i =0 (197)
ot oplier,,,,, OPli-r.,..,
which leads to the final result
_0v
aTCTOSS _ op t=Tecross (198)
= — .
Op Bt =700,

The required sensitivity is simply the negative ratio of the sensitivity of the voltage at the crossing time to
the voltage slope of the crossing in the nominal circuit. It makes sense that the nominal voltage slope is in
the denominator since the “steeper” the nominal crossing, the smaller the magnitude of sensitivity that we
expect. Fig. 31 makes a self-evident geometrical argument to obtain the same result, with the dotted line
representing a perturbed version of the voltage waveform whose crossing time is being measured.

7.8 Example 6: scalar function

As in the DC case, we can express scalar functions of multiple measurements by simultaneously applying
scaled versions of the excitations that would be applied to compute the sensitivity of the individual mea-
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surements. Even in the time-domain, we can compute the sensitivity of a scalar function of any number of
measurements to any number of parameters in a single adjoint analysis.

7.9 Adjoint sensitivity transient procedure

In the transient case, the following steps constitute the procedure to compute sensitivities by the adjoint
method.

1. Introduce zero-valued voltage source (“ideal ammeters”) and zero-valued current sources (“ideal volt-
meters”) at current and voltage measurement ports, respectively.

2. Start the nominal circuit with the initial conditions provided by the user. Solve the nominal circuit
and save the LU factors at each time step. Also save the currents/voltage waveforms of all circuit
elements that contribute sensitivity parameters, as prescribed by (177) to (187).

3. Start the adjoint circuit with zero initial conditions.

4. Determine the excitation waveform(s) of the adjoint circuit that express the first sensitivity function
of interest. Time can be “fast-forwarded” to the time of the first excitation in 7 (last excitation in %)
since the circuit has no inputs or initial conditions until then.

5. Solve the adjoint circuit, running time backwards. At each time point, since we are solving a transposed
system, re-use the LU factors of the last Newton iteration of the corresponding time step in the nominal
solution of the circuit.

6. Keep the convolution integrals of (177) to (187) up-to-date as time progresses.

7. When the adjoint simulation is complete, the convolution integrals yield the sensitivity of the function
of interest with respect to all parameters.

8. Repeat steps 3, 4, 5, 6 and 7 for each function of interest.

7.10 Conclusions and discussion

We finally understand the cryptic statement, “In the adjoint method, time and control are reversed!”

The adjoint method has the following advantages:
1. Clearly, in the situation where we have a large number of parameters, gradients with respect to all of
them are computed simultaneously.
2. Scalar functions of multiple measurements also require just a single adjoint analysis.

3. Nominal LU factors at each time point can be re-used.
The adjoint method has the following disadvantages:

1. Since we are running time backwards, nominal LU factors and nominal waveforms required for convo-
lution must be saved. This can be a large memory burden.
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2. The convolution integrals add an overhead to the adjoint method that is not required in the direct
method.

3. The adjoint method cannot compute the “full transient” sensitivity of a function, i.e., %;t) for a range
of t, whereas this type of computation is possible in the direct method.

4. If sensitivity parameters are related (e.g., if two parameters bear a fixed ratio to each other), the
effective number of parameters is reduced in the direct method, but there is no easy way to take
advantage of this “grouping” in the adjoint method.

In conclusion, we note that when the number of sensitivity functions outnumbers the parameters, the direct
method is generally advantageous. Whereas, when the number of parameters outnumbers the functions, the
adjoint method is likely to be more efficient.

8 Frequency-domain sensitivity analysis

The methods developed above for the DC case are directly applicable in the frequency-domain. Frequency-
domain application is briefly described in this section.

8.1 Frequency-domain direct method sensitivity analysis

As an example, consider a linear capacitance. The BCR in the frequency domain is
IC = ijVC (199)

where j = v/—1 and w is the frequency of interest. Directly differentiating with respect to a parameter p of
interest,

Olc . Ve . 0C Ow

—_— == —_— 2

ap jwC ap + Jjw Bp Vo +]—8p0[/c ( 00)
Ic = jwCVo+ J’w—%i Ve + J'—&;CVC- (201)

The BCR in the sensitivity circuit is that of an ordinary capacitance, but with two additional current sources
in parallel. The value of these current sources is known after the nominal circuit analysis. Thus we can
compute sensitivity both with respect to circuit component values and with respect to the frequency w, in
a manner quite analogous to the DC case.

8.2 Frequency-domain adjoint method sensitivity analysis

As an example, consider a linear capacitance. The BCR in the frequency domain is

IC = ijVC (202)
and its perturbation is
0lc = jwCéVe + jwdCVe + jowCVe (203)
leading to . X . X
typical term = 6Volo — jwCdVe Ve — jwdCVe Ve — j0wCVVe. (204)
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We are interested in preserving the §C' and dw terms. For the adjoint circuit, we choose the BCR
Ic = jwCV¢ (205)
or in other words the capacitance is replaced by an identical capacitance in the adjoint circuit. Then

typical term = —jwVCVC(SC —jCV¢e Vodw. (206)

Thus, we can compute sensitivity both with respect to circuit component values and with respect to the
frequency w, in a manner quite analogous to the DC case.
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