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ABSTRACT

This paper surveys the state-of-the-art in continuous non-
linear optimization and makes the case that due to tremen-
dous recent progress, larger and more complex problems can
be solved than previously thought possible. The two basic
paradigms, trust-region and line-search methods, are briefly
described. In addition, various nonlinear optimization tech-
niques are reviewed. The application of these nonlinear op-
timization methods to circuit sizing is presented by describ-
ing a pair of circuit sizing tools, one for dynamic tuning and
one for tuning based on static timing analysis. Particular
emphasis has been given to the customization of nonlinear
optimization to the circuit sizing application.

1. NONLINEAR OPTIMIZATION

This section provides an overview of the state-of-the-art in
continuous nonlinear optimization. It attempts to convince
the reader of three important points. The first is that non-
linear optimization has been revolutionized in the past thirty
years and a good application must make use of the latest im-
provements, both in terms of optimization algorithms and
in linear algebra advances. Second, regrettably, nonlinear
optimization is sufficiently complex that for the near future,
and possibly always, software packages cannot be used effec-
tively for tuning if the solver is just treated as a black box.
Third, whenever possible, derivatives or gradients must be
used to solve large problems accurately and efficiently. Al-
though today there are more effective derivative-free meth-
ods [15] than the over-popular Nelder and Meade algorithm
[28], they are really only suitable for problems with less than
100 variables. Even then methods that use derivatives are
vastly superior.

Due to space restrictions, this paper will confine itself to
the basic ideas of nonlinear optimization, which are fortu-
nately simple. Suitable references are provided for the de-
tails. Typically, nonlinear problems are approximated by
linear functions for constraints that are kept explicit and by
quadratics for the objective or merit function and the it-
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erates use these approximations. Quadratics are desirable
because the first-order conditions require solving for the
(possibly projected) gradient to be zero and the gradient
of a quadratic is linear. Not surprisingly, all fast methods
in some sense approximate Newton’s method, which is one
reason why derivatives are essential.

There are two fundamental approaches, namely line-search
and trust-region methods. In line-search methods, a suitable
descent direction is computed and an attempt is made to re-
duce some merit function in that direction. In trust-region
methods, a local model of the merit function is created and
“trusted” within a certain neighborhood. The model is then
(approximately) optimized within the region. At the new
point, the merit function is computed and the reduction in
the merit function is compared to the predicted reduction
according to the model. If the agreement is good, the trust
region is grown and the point accepted. If the agreement is
mediocre, the point is accepted and the trust region radius
maintained. If the agreement is poor, the trust-region is re-
duced in size and the new point rejected. An elegant proof
can be applied to bound the trust-region radius away from
zero. In essence, as the trust region gets smaller, continuity
guarantees that even a linear model of the merit function is
sufficiently accurate to model reality, and therefore the trust
region must ultimately grow and so is bounded away from
zero. The proof relies on accurate gradients being available.
Useful general references for both these methods are [27],
[19] and [29]. A comprehensive text on trust-region meth-
ods is [12].

In either paradigm, the merit function may incorporate
a measure of feasibility as well as the objective function
(penalty methods) or feasibility may be maintained explic-
itly. In active-set methods, the goal is to to keep some of
the constraints exactly satisfied using characterizations of
optimality to iteratively determine which constraints should
be so maintained. The idea is to eventually identify the cor-
rect active set at the solution so that optimization in the
reduced space solves the problem. If there are m active or
tight constraints in n-space, this reduced space is of dimen-
sion n — m, since it is equivalent to using the equalities to
reduce the effective dimensionality of the problem.

1.1 Penalty methodsand sequential quadratic
programming

Consider the generic optimization problem
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where ¢(z) € R™. The objective function f(z) and the
constraint functions ci(z), 7 = 1...m are assumed to be
smooth. This formulation is general since any inequality
can be converted to an equality by the addition of a slack
variable. The simple bounds are usually treated separately
since they are so special. One method uses a quadratic
penalty function to handle the general equalities. The ob-
jective function and the equality constraints are replaced by
a single unconstrained mer:t function

min o(z, u) ()
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where ¢(z, u) Lef f(z) + ﬁ S ei(z)])? and p is known as
the penalty parameter. The theory [18] shows that in the
limit as p approaches zero through positive values, under
reasonable conditions, a minimizer of ¢ is a minimizer of f
subject to the equalities. Intuitively this can be appreciated
by recognizing that as p becomes small it is essential to
minimize the squared penalty term, which forces feasibility,
but as f remains in the picture there is still an incentive for
it to be at its optimal feasible value. Now consider some
additional linear equalities Az = b. These linear equalities
could be treated differently rather than squaring them and
adding them to ¢. Given a point z* that satisfies Az® =
b, we would like to determine a direction d that maintains
feasibility on the linear constraints. Create a local quadratic
approximation for the penalty function along the direction

d and iterate on the quadratic programming problem,
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where H* approximates the Hessian of ¢. Such an approach
is an example of sequential quadratic programming and can
be formulated in a line-search or trust-region context. For
the latter, an lo trust-region constraint could be added to
(3). Linear inequalities can also be incorporated directly
in the quadratic programming subproblem. Alternatively,
nonlinear constraints may be accounted for by linearizing
them and adding the linearizations to (3) while modifying
the Hessian to account for the curvature of these nonlinear
constraints.

1.2 Anaugmented Lagrangrian method

Most of our own experience applying optimization to circuit
tuning has been with a trust-region method that uses an
augmented Lagrangian merit function. We will explain this
in some detail. First consider the unconstrained case. The
minimum of the model along the steepest descent direction
within the trust region is called the Cauchy point. Conver-
gence from any start point is assured as long as each iterate
does at least as well as this point. Eventually the trust re-
gion is irrelevantly large, which guarantees a fast asymptotic
convergence rate as long as the underlying model optimiza-
tion is suitably chosen, for example, a safeguarded Newton-
like method.

The generalization to simple bounds is straightforward.
For instance, define the trust region as ||.|| < A, where A

is the trust-region radius. Assuming the [ norm, the trust
region is a box. The feasible region corresponding to simple
bounds is also a box. The intersection of two conformally
oriented boxes is a box. Define a generalized Cauchy point
as the minimum along the projected gradient path within
the trust region, where the projection is with respect to the
simple bounds. As in the unconstrained case, convergence
from any start point can be guaranteed, provided each iter-
ate does at least as well as the generalized Cauchy point. In
practice, better convergence, and ultimately a satisfactory
asymptotic convergence rate, is obtained by further reduc-
ing the model function. At each iteration of the further
reduction, a subset of the variables that are at their simple
or trust-region-dictated bounds at the generalized Cauchy
point is fixed, and the resulting reduced problem is (approx-
imately) solved in the smaller subspace while respecting the
remaining simple and trust-region bounds.

This is the trust region basis for the kernel algorithm SB-
MIN [9] of LANCELOT [11]. After converting general in-
equalities to equalities using slack variables the objective
function and general constraints are combined into a com-
posite function, the augmented Lagrangian function,

m
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where the components A; of the vector A are known as La-
grange multiplier estimates.

The constrained minimization problem (1) is now solved
by finding approximate minimizers of ® for a carefully con-
structed sequence of Lagrange multiplier estimates and penalty
parameters. Note that ® is a combination of the usual La-
grangian and the quadratic penalty term introduced above.
The significance of this combination is that with an appro-
priate choice of the multipliers, it is no longer necessary for
u to converge to zero. In fact by differentiating (4) with
respect to z and comparing coefficients with the usual La-
grangian, the first-order update for the multipliers can be
obtained as

M=t ez /e (5)

In order to solve large problems it is essential to exploit
structure and use iterative linear algebra techniques. LANCE-
LOT exploits a more general form of structure than sparsity
called group partial separability [25]. The basic idea con-
sists of writing the functions as sums of nonlinear element
functions with large invariant subspaces — sparsity is just
the special case where the invariant subspaces are along ele-
mentary vectors. Typically the element functions inherently
involve many fewer variables than the original problem. An
extreme example would be a separable problem, in which
case the separate nonlinear element functions would involve
mutually disjoint subsets of variables.

Truncated preconditioned conjugate gradient iterations
are used to (approximately) solve the trust-region subprob-
lem in the reduced space determined by the activities at
the generalized Cauchy point. At the new point, a function
evaluation is carried out. Then the trust-region is updated
and a new sub-problem solved, until sufficient stationarity
is obtained. Thus for fixed p and As the simple bounds
minimization algorithm SBMIN is employed to find a suffi-
ciently stationary approximate minimizer of ® constrained
explicitly by the simple bounds. Once this is done, if the



original problem is sufficiently feasible, the multipliers are
updated and the tolerances for feasibility and stationarity
tightened. Otherwise the penalty parameter is reduced and
the tolerances for feasibility and stationarity are reset. Over-
all convergence occurs when both sufficient stationarity of
the augmented Lagrangian and sufficient feasibility of the
original problem are obtained.

There are two major drawbacks of LANCELOT’s augmented
Lagrangian approach, which in turn serve as motivations for
interior point methods which are discussed in the next sec-
tion. The first disadvantage is the way linear constraints
are handled. After they are incorporated into the function
® they appear quadratically. Arguably, this is not a disad-
vantage for general nonlinear constraints, but in the case of
linear constraints the structural advantages of linearity are
lost. The second issue is the ability to deal with degeneracy,
manifested either as redundant active bounds or non-unique
Lagrange multipliers. In fact, circuit tuning problems based
on static timing analysis are highly degenerate. For such
problems LANCELOT has difficulty determining the correct
active set. On the other hand, since interior point methods
approach a solution from the interior of the feasible region, it
is reasonable to assume that they are less prone to difficul-
ties posed by identification of properties at the boundary.
Although this advantage of interior point methods seems
logical, there has not been enough experience with large,
difficult nonlinear problems to make a definitive conclusion.

1.3 Interior point methods

It is convenient to consider a particular case of (1), namely

i /@ (©)
s.t. positivity bounds =z > 0.
Consider a different kind of penalty function that places a
barrier around the feasible region and so assumes a feasible
start point. In particular, consider the logarithmic barrier
function

d(z, p) def f(z) — ,ueTlog(:c) = f(z)—p Zlog[zi], (7

where p > 0 is called the barrier parameter. Once again the
intuition is useful. As the boundary is approached and z
approaches zero, the log term approaches negative infinity.
Thus the minimization of ¢ prevents us from coming too
close to the boundary. In most cases the solution lies at the
boundary so it is not surprising that, as before, it is desirable
for p to approach zero (see [18] for the theory and [38] for a
good overview).

Consider applying Newton’s method to find a stationary
point of ¢. The quadratic model for the barrier term m
expanded about z® can be written as

mk(zzk +d) = px (—eTlog(:l:k) —eTxX T+ %dTXk_2d) ,
(8)
where X indicates the diagonal matrix generated by the

vector z* with [Xklsi = z¥. Then differentiating the merit
function with respect to d gives, to first-order

Vaf(a"*) — ue X 9
Define dual variables z by
XZ = p. (10)

As long as z > 0 (primal feasibility) then (9) becomes the
usual dual feasibility equation and (10) is just a perturbed
form of the usual complementarity equation. These equa-
tions are the basis for so-called primal-dual interior point
methods in which X ™2 is replaced by ZX ' /pin (8). A de-
tailed explanation is contained in [7, 23], where some excel-
lent results are reported for general quadratic programming
problems, including non-convex cases.

14 Filter methods

Penalty functions, including barrier methods, are one way
to balance the two usually conflicting aims of staying feasi-
ble and optimizing the objective function. Recently, an ap-
proach that uses ideas from multicriteria optimization and
avoids the often troublesome choice of penalty parameters
has been proposed. A point is acceptable for the next iter-
ate as long as it not dominated by a previous point, where a
point is dominated if it is worse both from the point of view
of the objective function and feasibility. Initial numerical
experiments suggest that this filter algorithm can be imple-
mented as an effective sequential quadratic method, but it is
too soon to be sure. The idea of using a filter as an alterna-
tive to penalty functions was introduced in [21] and forms
the basis of the package filterSQP. For a recent reference,
including convergence results, see [20].

1.5 Linear algebraand other packages

The brief review above has paid scant attention to linear
algebra aspects. This is not due to their lack of importance,
but rather because a terse description is not too useful —
the details are important. Chapters 4 and 5 of [12] include
both details and references for much of the required linear
algebra.

Besides those already mentioned, some additional point-
ers on software are included below. An excellent resource is
http://www-fp.mcs.anl.gov/otc/Guide/SoftwareGuide/.
Some additional specific packages include MINOS [26], a
venerable active-set method that is still useful for prob-
lems where the reduced space is relatively low in dimen-
sion. It uses simplex-like methods (in the linear program-
ming sense), with the nonlinear constraints linearized and
the difference between this linearization and the true con-
straint incorporated into an augmented Lagrangian func-
tion. Another more modern sequential quadratic program-
ming package is SNOPT [22]. An interior point approach for
nonlinear optimization is LOQO [33].

2. LOOKING TO THE FUTURE
Because of the disadvantages of LANCELOT already out-

lined, we are currently planning a replacement for our opti-
mization kernel. What we intend to have is a trust-region
method based upon a combination of the methods described
above. Linear constraints will be handled directly in the
trust-region subproblem. General nonlinear inequalities and
equalities will be handled as in LANCELOT. Simple bounds
will be handled as in primal-dual interior point methods.
One particular important detail is that, as in [7], the trust-
region norm will be scaled to reflect the Hessian of the merit
function. This scaling has significant advantages in handling
the inevitable ill-conditioning of the full Hessian as the sim-
ple bounds approach tightness while the barrier parameter
approaches zero.

There are several avenues of important ongoing research in



nonlinear optimization. Automatic differentiation [24] holds
promise with the advent of efficient software to accumulate
derivatives directly from computer code that provides func-

tion values (see http://www.mcs.anl.gov/Projects/autodiff).

To solve practical engineering problems, non-asymptotic be-
havior, handling of noise and convergence in the presence
of inaccurate function and gradient values [1, 8] will gain
importance. The ability to handle large, noisy and poorly
scaled or ill-conditioned problems will improve. Investiga-
tions of parallel implementations and the search for suitable
preconditioners will continue. Attention will be paid to such
difficult topics as nonlinear mixed integer and global opti-
mization problems, and classes of problems in which matrix
factorization is impossible.

3. APPLICATION TO CIRCUIT TUNING

It has already been mentioned that the optimization must
be carefully integrated with and customized to the applica-
tion. Almost all the theory in optimization is based upon
asymptotic results. However, in circuit tuning, due to the
high cost of function evaluation, and the inherent numerical
noisiness of function and gradient data, the optimizer termi-
nates before the asymptotics are seen, except on very small
problems. Nevertheless, it is still important that algorithms
with good asymptotic properties be employed. Therefore,
most efficient applications imitate Newton’s method, pro-
vided at least in theory their components have smooth sec-
ond derivatives.

In the rest of this paper, the application of the nonlin-
ear optimization methods described in the previous sections
to circuit tuning will be described. Circuit tuning implies
optimal sizing of transistors and wires. Automated sizing
of circuits leads not only to better circuit performance, but
also enhanced designer productivity. Two approaches to cir-
cuit tuning have been implemented: dynamic tuning based
on a time-domain simulation of the underlying circuit, and
static tuning based on transistor-level static timing analysis.
The dynamic tuning implementation is called JiffyTune [4, 5]
and uses SPECS [37, 17] for fast simulation and time-domain
gradient computation, and LANCELOT for the nonlinear op-
timization. The static tuner is called EinsTuner [6, 34] and
consists of the same two software components, SPECS and
LANCELOT, and EinsTLT [31] for transistor-level timing.

In both tuners, the continuous nonlinear optimization soft-
ware used has been heavily tailored to the application. Fur-
ther, attention has been paid to the formulation of the prob-
lem, and efficient function and gradient computation in or-
der to render the tuning of large circuits feasible. Most
nonlinear optimization packages are benchmarked by their
ability to solve analytic problems. In circuit sizing problems,
however, function and gradient values are not available in
analytic form; rather, they are computed by a simulator or
timer. This difference has three important implications.

First, function and gradient evaluation dominates the run
time, so we take all reasonable steps available to us to re-
duce the number of iterations. Therefore, the optimizer is
tuned to aggressively take large steps whenever possible. In
the early stages, when the optimizer is far from the solu-
tion, almost all modern optimization algorithms would not
solve the inner problem accurately. Nevertheless, that is
what we do in circuit tuning because it decreases the overall
number of simulations required. The simulations are more
expensive than the kernel solves, prompting us to make this

tradeoff. Further, two-step updating [16] is employed to ac-
celerate convergence. In two-step updating, variables are
divided into two categories. The first is variables that ap-
pear in the merit function in a known functional form and
whose contribution to the merit function is easy to com-
pute. The second is variables that appear nonlinearly and
typically require a simulation run to recompute the merit
function when they change. Internal slack variables, for ex-
ample, fall into the first category, while transistor widths are
in the second category. The basic idea is that after the step
proposed by the nonlinear optimizer, a second step is taken
in the first category of variables to obtain further decrease
in the merit function. Another way of looking at is is that
we trust our model in the first set of variables infinitely,
and allow them to wander outside the trust-region. With
a small computational overhead, two-step updating reduces
the total number of iterations and therefore the total num-
ber of expensive simulations required before convergence is
obtained.

Second, function and gradient data from a numerical sim-
ulator are inherently noisy. Optimization in the presence of
numerical noise is a little understood and difficult problem.
In our implementations, noise considerations permeate sev-
eral aspects such as choice of initializations, choice of stop-
ping criteria and choice of tolerances. Once the step size
falls below the noise threshold, optimization quality suffers
and the tuning can quickly spiral to a halt; therefore many
measures are applied to keep the step size from becoming
prematurely small. Even the choice of an initial Hessian or
trust-region radius is key. In an analytic problem, with a few
additional iterations, a poor choice irons itself out. On a cir-
cuit tuning problem, however, if a poor initial choice causes
the step size to be reduced below the noise level, recovery
may be jeopardized! Many, but not all, of LANCELOT’s
tolerances that are related to machine precision have been
revised upwards by several orders of magnitude to account
for the noise level in simulation and gradient computation.
However, tolerances for solving the inner quadratic mini-
mization are untouched since once the quadratic model is
formed, it does not depend on simulation values.

Third, the functions, such as delays, rise/fall times or
power measurements, are only valid over a certain range of
variables, unlike analytic functions. For example, if the op-
timizer makes a driver very small, but its fanout loads large,
the output may not switch in a reasonable time! Unfortu-
nately, tuning the optimizer to be aggressive often leads to
such failures. Hence failure recoveryis an essential ingredi-
ent of these tuners. Thus, the simulator detects “electrical
failure” and signals the nonlinear optimizer to cut back on
its step size. Such simplistic failure recovery works well in
practice and allows the optimizer to be aggressive.

In addition to these customizations, the following two sec-
tions describe special techniques and algorithms employed
in dynamic and static tuning, respectively.

4. DYNAMIC TUNING

Fig. 1 shows a high-level view of JiffyTune’s software com-
ponents [4, 5].

41 Formulation

JiffyTune formulates the circuit tuning problem in one of two
ways. The first is a regular optimization problem:
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Figure 1: High-level view of JiffyTune.
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min z (12)

st.z > mi(z),:=1,2,--- M
st.mi(z) > t/,:=12,---,G
stmé(z) < ti=1,2,,L
st.mi(z) = ¢,1=1,2,---,E

s.t.:z:é < z; <z,

where the m(z) are circuit measurements like delays, rise/fall
times, area, power or noise measurements, and z are the in-
dependently tunable transistor and wire widths. Note that
generally all measurements are assumed to depend on all
transistor widths. In the case of minimax optimization, z is
an auxiliary variable typically introduced to deal with the
situation where we seek to minimize the worst of an enumer-
ated set of measurements, usually path delays. In minimax
mode, it is easy to prove from the optimality conditions that
the Lagrange multipliers of the minimax constraints must
sum to unity at the solution. So each of these multipliers
is initialized to 1/M where M is the number of minimax
constraints. Since z appears linearly in (12) and therefore
quadratically in the merit function, this variable is amenable
to two-step updating.

The designer provides a schematic and all the informa-
tion necessary to run a SPICE-like simulation, including in-
put patterns. Further, the user provides a well-thought-out
statement of the optimization problem; tacit constraints will
be exploited by the optimizer and the result may not be
practically useful! Tunable parameters include transistor
and wire sizes. These parameters can be “grouped” or ‘“ra-
tioed” to preserve layout or noise-related restrictions. The
specification of the set of tunable parameters, their upper
and lower bounds, the set of measurements, the objective
function and constraints in terms of these measurements
is all done via a graphical user interface in the Cadence
schematic environment. When the tuning is completed, the
final wire and transistor sizes, and the values of the measure-
ments are graphically back-annotated onto the schematic.

When the optimization begins, the simulation is performed
by SPECS and all measurement values, and gradients with
respect to all tunable transistors are returned. Since “group-
ing” and ‘“ratioing” between transistor widths are allowed,
the gradients are chain-ruled and combined to obtain gradi-
ents with respect to the independently tunable parameters.

These are fed to LANCELOT which comes up with a new set
of parameter values for evaluation. This iterative procedure
is repeated until convergence is obtained. Circuits with up
to 20,000 transistors have been optimized by this method in
an overnight run on a desktop engineering workstation.

4.2 Adjoint Lagrangian

Time-domain incremental gradient computation is a bot-
tleneck in dynamic tuning. By using the adjoint method,
gradients with respect to all tunable parameters are com-
puted by means of a single adjoint analysis. However, each
new measurement requires a new adjoint analysis. Instead,
JiffyTune employs the adjoint Lagrangian method [14, 5] to
obtain the gradient of LANCELOT’s merit function with re-
spect to all the tunable parameters. To do so, the adjoint
circuit is appropriately excited at all measurement ports si-
multaneously. The value of each excitation depends on the
contribution of the corresponding measurement to the merit
function. Therefore tight coupling between LANCELOT and
SPECS is required since the excitations depend on such op-
timizer quantities as the Lagrange multipliers, constraint
values, scale factors and penalty parameter. Of course, the
use of a scalar merit function by the optimizer, such as an
augmented Lagrangian merit function, is a pre-requisite for
the adjoint Lagrangian method.

Fig. 2 shows the growth of CPU time as a function of
the number of measurements and parameters. In the di-
rect method (Fig. 2a), the growth is small in the number of
measurements, but significantly larger in the number of pa-
rameters, as indicated by the arrow. In the adjoint method
(Fig. 2b), this dependence is reversed. Traditionally, pro-
grams heuristically switch between these two methods de-
pending on the number of measurements and parameters
(Fig. 2c). In the adjoint Lagrangian method, however, the
growth of CPU time with respect to both the number of mea-
surements and number of parameters is minimal (Fig. 2d).

As a result of the adjoint Lagrangian method, the gra-
dients of individual nonlinear elements are not available;
rather, only the gradient of the scalar merit function is com-
puted. So secant or quasi-Newton methods are required on
the entire merit function to produce Hessian approxima-
tions. However, the special form in which slack variables
appear in the merit function can be exploited to compute
their contributions to the Hessian matrix. In JiffyTune, spe-
cialized symmetric rank one (SR1) formulas [10] are used so
as to take advantage of this knowledge of certain elements

of the Hessian [14, 5].

4.3 Noise measurements

A noise constraint in the time-domain can be expressed by
a semi-infinite constraint of the form

v(z,t) > NMg Vt € [t1,t2], (13)

where v(z,t) is the noisy waveform, ¢; to ¢z is the time
period of interest and NMpy is the high noise margin (see
Fig. 3). A similar constraint can be written for a signal
that is supposed to be at a logical zero in the absence of
noise. From the point of view of any optimizer, semi-infinite
constraints are difficult to handle directly. Fortunately, the
semi-infinite constraint can be converted to an integral equal-
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ity constraint in the time-domain [13, 36] of the form

o(z) = /:2 max{NMg — v(z,),0}dt =0  (14)

o) = [’{NMH — u(z, t)}dt = 0. (15)

This i1s particularly appropriate since the integral form is
easy to evaluate during nominal simulation and also lends it-
self well to adjoint gradient computations, where each mea-
surement is required to be expressed as a convolution in-
tegral. By this simple remapping of the semi-infinite con-
straint, any number of time-domain noise constraints can be
incorporated during circuit optimization.

5. STATIC TUNING

The advantages of dynamic tuning include accuracy, and
the ability to handle noise and power considerations eas-
ily. The disadvantages are that input patterns are required,
critical paths must be identified by the user and a carefully
posed optimization problem is essential. Static tuning, on
the other hand, i1s based on static timing analysis and over-
comes these problems. All paths through the circuit are
implicitly considered and no input patterns are necessary.
A static tuner is therefore easier to use.

This section describes the application of nonlinear opti-
mization in EinsTuner [6, 34], a static tuner that has been
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Figure 4: High-level view of EinsTuner.

applied to optimize high-performance macros on several dif-
ferent microprocessor chips. A high-level view of EinsTuner
is shown in Fig. 4. Improvements of 15% or more have been
realized on even previously hand-tuned circuits, at constant
area and constant input loading.

5.1 Formulation

All static timers build a timing graph. Consider an edge
in the timing graph from timing point 1 to timing point
2. The following assumes that separate timing points are
created for falling and rising signals. For every such edge in
the timing graph, two constrains are introduced [32, 2, 3]:

AT, > AT+ diz(w, 1, Cout) (16)
s2 > si2(w, 81, Cout),

where AT represents arrival time, s represents slew (rise/fall
time), w is the vector of transistor widths in the block on
which the delay/slew depend and cou: is the vector of fanout
capacitances which in turn depends on downstream transis-
tor widths. Note that the AT and s quantities are treated
as variables of the problem, which is what saves us from ex-
ponential path enumeration. The quantities d;; and s;; are
the computed delay and slew of the arc of the timing graph,
respectively, which are nonlinear functions of the variables
of the problem, and become LANCELOT’s nonlinear element
functions.

Three basic formulations are allowed in EinsTuner. In the
first, the critical path delay is minimized subject to an area
constraint. In this case, an auxiliary z variable is introduced
as in the case of minimax optimization in JiffyTune, and 2
is constrained to be larger than the arrival time at all of the
primary outputs. In the second mode, area is minimized
subject to arrival time requirements on each of the primary
outputs. In the third mode, a weighted sum of area and
critical path delay is minimized.

In addition to arrival time, slew and area constraints,
additional constraints are required to make the results of
the tuning of practical use. As in the case of JiffyTune,
“grouping” and “ratioing” between transistor widths are
supported. Further, an upper bound on each rising or falling
slew is allowed. Simple bounds on transistor widths are ac-
commodated. The g ratio (ratio of P-strength to N-strength)
of each gate is constrained to stay within certain bounds for
noise considerations and to prevent a large mismatch be-
tween rising and falling slews. Finally, input loading con-
straints are posed so that the tuner does not grow the input
stages to the detriment of the delay of the circuits driving
these input stages.

5.2 Pruning

Formulating the arrival time and slew constraints as in (16)
has far-reaching implications. Every node in the graph has
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Figure 5: Illustration of pruning.

four variables, a rising and falling arrival time variable and a
rising and falling slew variable. Thus, for even medium-sized
circuits, the number of variables can be quite large. Eins-
Tuner can presently solve optimization problems with about
20,000 transistors and it is not uncommon to face optimiza-
tion problems with 50,000 variables and 50,000 constraints!
The formulation inherently assumes that the largest incom-
ing slew at each timing point is propagated downstream,
a continuous choice, rather than the more popular but dis-
continuous propagation of the slew corresponding to the last
arriving signal. At the solution, the arrival times along the
critical path will be correct, but the values off the critical
path will take one of several equally correct values. The
off-critical arrival times in the conventional static timing
analysis sense must be computed by running the timer after
the optimization has converged. All off-critical arrival time
and slew constraints have zero Lagrange multipliers at the
solution and thus they lead to degeneracies or redundancies.

Consequently, the formulation is rife with degeneracies
and redundancies. When these undesirable numerical prop-
erties are added to the size of the problem and the noisiness
of the inherent function and gradient values, solving the
problem becomes a challenge! The pruning [35] described
in this section and group partial separability of the next sec-
tion are crucial elements in the strategy to overcome these
difficulties.

Pruning attempts to eliminate arrival time variables from
the statement of the problem by listing all sub-paths that
pass through a timing point but terminate on unpruned tim-
ing points. Referring to Fig. 5, the arrival time constraints
before and after pruning AT3 are:

AT3 Z ATl +dis
AT3 Z AT2 + d23 17
AT4 Z AT3 + d34 ( )
AT5 2 AT?, + d35;
and

ATy > ATy +dis +dsa

AT4 Z AT2 + d23 + d34 (18)

ATy > AT +dis +dss

ATy > AT +das + dss.

By such simple topological manipulation carried out using
an elementary graph theoretic approach, on average 90% of
the arrival time variables and 40% of the arrival time con-
straints can be eliminated across a wide variety of circuits.
This pruning not only reduces the size of the problem, but
perhaps more importantly, reduces the degeneracies, mak-
ing the problem much easier to solve. The repetition of
the nonlinear elements d;; is not a problem since they are
computed only once per iteration and their Hessian approxi-
mations and gradients are processed only once per iteration.

5.3 Group partial separability

The delays, slews and 8 ratios are the nonlinear element
functions of the optimization problem. Luckily, each of these
depends on just a small subset of the total number of vari-
ables. For example, in a 2-input NAND gate, the delay from
one input to the output depends on four transistor widths,
one input slew and a few downstream transistor widths that
constitute the load. So the nonlinear elements for this 2-
input NAND gate depend on a small handful of variables
even if the problem at hand has a total of 50,000 variables!
This structure is exploited via group partial separability in
LANCELOT. The gradients of each nonlinear element are
computed just once in their respective smaller subspaces
and the updating of the approximate Hessians exploits these
subspaces. Then a quadratic model of the merit function is
composed efficiently from these individual components. In-
deed if every nonlinear element depended on every variable,
we would not be able to solve such large problems.

5.4 Special circuits

While the formulation in (16) works for simple combina-
tional circuits, care must be taken in problem formulation
for sequential, dynamic and special kinds of circuits. In se-
quential circuits, tests such as setup and hold tests must be
translated into corresponding constraints, and the arrival
times that they reference must be specially handled so that
they are not pruned. Similarly, dynamic circuits have spe-
cial timing requirements that must be expressed explicitly
to the optimizer. In a pass-gate MUX with one-hot select
lines, for example, a falling select line will not cause the
output to switch. Thus, in a single-input-switching model
of state analysis [31], there will be no timing arc from the
select line falling to the output. The tuner would therefore
be emboldened to size transistors so that the arrival time
and slew of the falling select line ends up being unaccept-
ably large. The tacit assumption that a select line that is
high must fall before any other rises must be expressed to
the optimizer to obtain meaningful results.

5.5 Physcal design

A circuit optimization package is only as good as the design
methodology into which it fits. Tuning each transistor in-
dependently may produce the best optimization result, but
then each cell will have a unique layout, leading to a huge
physical design burden. One way in which we alleviate this
problem is to exploit the grouping allowed by the tuners so
that all instances of a given cell are tuned together; thus
the hierarchy of the design is preserved and the number
of unique layouts is manageable. Another method that we
commonly apply is to use automated physical design in con-
junction with a parameterized library and semi-custom de-
sign flow [30]. Each library cell has two parameters to con-
trol the width of all the NFETs and all the PFETs, respec-
tively. The parameters are tuned as continuous variables.
The library offers a rich selection of 8 ratios, taper ratios
and low threshold voltage devices. When the optimization
is completed, the parameterized cell layouts are automati-
cally generated. The parameterization helps reduce the data
volume, while preserving high design quality; thus, circuits
that are close to custom circuits in quality are produced
in turnaround times that are close to those of synthesized
flows.



6. CONCLUSIONS

The fields of nonlinear optimization, transistor-level static
timing analysis, fast time-domain simulation and gradient
computation have seen tremendous recent progress. It is
our belief that continuous nonlinear optimization has many
as yet untapped applications in VLSI design.

The advances have made possible transistor-level dynamic
and static optimization. In both cases, the optimizer has to
be carefully customized to the application and the formula-
tion of the problem must be carried out in such a manner
that the optimizer can solve the large, noisy and often poorly
conditioned problems that result. In this paper, JiffyTune
and EinsTuner were presented as a pair of circuit tuning tools
that can obtain optimal sizing results. They have both been
used on several generations of high-performance PowerPC
and S/390 microprocessor circuits. In addition to produc-
tivity increases, they have led to 15% or more improvement
in circuit performance.
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