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Abstract

A line search method is proposed for nonlinear programming using Fletcher and Leyffer’s
filter method, which replaces the traditional merit function. A simple modification of the method
proposed in a companion paper [14] introducing second order correction steps is presented. It
is shown that the proposed method does not suffer from the Maratos effect, so that fast local
convergence to second order sufficient local solutions is achieved.
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1 Introduction

Recently, Fletcher and Leyffer [7] proposed filter trust region methods, offering an alternative to
merit functions, as a tool to guarantee global convergence in algorithms for nonlinear programming
(NLP). The underlying concept is that trial points are accepted if they improve the objective
function or improve the constraint violation instead of a merit function. In a companion paper [14]
we propose and analyze a filter line search method which can be applied to equality constrained
nonlinear programs, as well as problems with nonlinear equality and bound constraints using active
set SQP methods and barrier interior point methods.

In this paper we discuss the local convergence properties of the filter line search algorithm
proposed in [14]. As mentioned by Fletcher and Leyffer 7], the filter approach can suffer from the
so-called Maratos effect [10]. The Maratos effect occurs if, arbitrarily close to a strict local solution
of the NLP (1), a full Newton step increases both the objective function and the constraint violation,
and is therefore rejected by the line search, even though it could be a very good step toward the
solution. This can result in poor local convergence behavior. As a remedy, Fletcher and Leyffer
propose to improve the search direction, if the full step is rejected, by means of a second order
correction which aims to further reduce infeasibility. In this paper we show that this modification
is indeed able to prevent the Maratos effect.

Ulbrich [13] has recently presented a trust region filter method using the Lagrangian function
(instead of the objective function) as one of the measures in the filter (similar to what we propose
in our companion paper [14]). In [13], Ulbrich shows fast local convergence without second order
correction steps.

The paper is organized as follows. In order to keep the analysis simple, we focus first only on
the easiest case of equality constrained optimization problems. In Section 2 we revisit the filter line

*IBM T.J. Watson Research Center, Yorktown Heights, NY; E-mail: andreasw@watson.ibm.com
fCarnegie Mellon University, Pittsburgh, PA; E-mail: 1b01@andrew.cmu.edu



search procedure from the companion paper [14]. Section 3 states the modified filter line search
algorithm including second order correction steps. The local convergence analysis is presented in
Section 4. In Section 5 we briefly discuss how this approach can be applied to a line search and a
trust region filter SQP method to handle inequality constrained problems.

Notation. We denote the i-th component of a vector v € R™ by v(?). Norms | - || denote a
fixed vector norm and its compatible matrix norm. We denote by O(ty) a sequence {vy} satisfying
|lvg|| < B tx for some constant 3 > 0 independent of k, and by o(tx) a sequence {v} satisfying
|lvkl] < Brtx for some positive sequence {Gy} with limy 55 = 0.

2 A Line Search Filter Method

The proposed algorithm is a filter line search algorithm for solving nonlinear optimization problems
of the form

min - f(z) (1a)
subject to  ¢(z) =0 (1b)

where the objective function f : R™ — R and the equality constraints ¢ : R® — R™ with m < n are
twice continuously differentiable. The Karush-Kuhn-Tucker (KKT) conditions for this problem are
given by

g(x)+A(z)A = 0 (2a)
clx) = 0 (2b)

with the Lagrangian multipliers A, where g(z) := Vf(x) and A(x) := Ve(x). Under suitable
constraint qualifications, such as linear independence of the constraint gradients Ve(z), these are
the first order optimality conditions for (1) (see e.g. [12]).

Given a starting point zg, the proposed line search algorithm generates a sequence of improved
estimates xy, of the solution for the NLP (1). For this purpose in each iteration k a search direction
dy, is computed from the linearization of the KKT conditions (2) at zy,

S OE) = () @

Here, A := A(zp), gk = g(xk), ¢k = c(rg). The symmetric matrix Hy denotes the Hessian
V2, L(xy, \i) of the Lagrangian
L(x,\) = f(z) +c(z)T) (4)

of the NLP (1), or an approximation to this Hessian. The vector Ay is some estimate of the optimal
multipliers corresponding to the equality constraints (1b), and A} in (3) can be used to determine
a new estimate Ag1q for the next iteration. In the context of this paper the particular choice of Ay
is not important. As is common for many line search methods, we assume that the projection of
the Hessian approximation Hj onto the null space of the constraint Jacobian is uniformly positive
definite to ensure certain descent properties.

After a search direction dj has been computed, a step size aj, € (0, 1] is determined in order to
obtain the next iterate

Tht1 = Tk + ogdy. (5)

In the companion paper [14] we propose backtracking line search procedure, where a decreasing
sequence of step sizes ax; € (0,1] (I = 0,1,2,...) with lim; oy, = 0 is tried until an acceptance



criterion is satisfied. The procedure that decides which trial step size is accepted is a “filter method.”
In the remainder of this section we only briefly revisit this approach; the detailed motivation can
be found in [14]. The formal statement of the algorithm is presented in Section 3.

Filter methods were originally proposed by Fletcher and Leyffer [7]. The basic idea behind this
approach is to interpret the optimization problem (1) as a bi-objective optimization problem with
the two goals of minimizing the objective function f(x) and the constraint violation 6(z) := ||c(z)||
(with a certain emphasis on the latter quantity). Following this paradigm, we might consider a
trial point xy (o) := ok + oy dy during the line search to be acceptable, if it leads to sufficient
progress toward either goal compared to the current iterate, i.e. if

O(zr(aks)) < (1 —9)0(xk) (6a)
or flep(ony)) < flog) — vp0(xr) (6b)

holds for fixed constants vg,vs € (0,1). However, the above criterion is replaced by requiring
sufficient progress in the objective function, whenever the following “switching condition”

ggdk <0 and ak,z[—g;fdk]sf >0 [0(xr)]* (7)

with constants § > 0,59 > 1,5 > 259 holds!. If (7) is true for the current step size a1, the trial
point has to satisfy the Armijo condition

f@rp(ar) < flzr) + nparigr d, (8)

instead of (6), in order to be acceptable. Here, n; € (0, %) is a constant. Since the projection of
the matrix Hy in (3) onto the null space of A;‘f is uniformly positive definite, it can be shown that
condition (7) becomes true if a feasible, but non-optimal point is approached. Enforcing decrease
in the objective function by (8) then prevents that the method converges to such a point. In
accordance with previous publications on filter methods (e.g. [6, 8]) we may call a trial step size
ay,; for which (7) holds, an “f-step size.”

In order to prevent the method from cycling, the algorithm maintains a “filter” Fj, C {(6, f) €
R? : § > 0}, a set of (, f)-pairs that are “prohibited” for a trial point in iteration k. During
the line search, a trial point xj(ay,) is rejected, if it is not acceptable to the current filter, i.e. if
(O(zk(owy)), f(rr(ak))) € Fi. At the beginning of the optimization, the filter is initialized to

Fo:={(0,f) e R?: § > gmax}, (9)

Later, the filter is augmented for a new iteration using the update formula
Fii= FU{(0,0) €RZ 0> (1= 7)0(y) and [ > flwy) = sp)},  (10)

if the accepted trial step size does not satisfy the switching condition (7). In this way, the iterates
cannot return back into the neighborhood of z;. On the other hand, if (7) (and therefore also (8))
holds for the accepted step size, the filter remains unchanged. Because such an iteration guarantees
progress in the objective function, we may call it an “f-type iteration.”

Finally, in some cases it is not possible to find a trial step size oy that satisfies the above
criteria. Using linear models of the involved functions, we assume to be in this situation, if oy
becomes smaller than

. X, 8[0(xk)]® .
min {’Ye, ngézll), [_[g(gsz]]si- } if gld, <0

Yo otherwise,

min

ap. = Ya

(11)

'For the global convergence analysis in [14] it is sufficient if the constant s; satisfies s; > 1. However, for the
proofs in this paper it has to satisfy a tighter condition, so that the relationship (26) below holds.



with a “safety factor” -, € (0,1]. If the backtracking line search encounters a trial step size with
gy < a}fin, the algorithm reverts to a feasibility restoration phase. Here, the algorithm tries to find
a new iterate xyy1 that is acceptable to the current filter and for which (6) holds, by reducing the
constraint violation with some iterative method. Note, that a suitable restoration phase algorithm
might not be able to produce a new iterate for the filter line search method and instead converge
to a local minimizer of the constraint violation, indicating to the user that the problem seems (at
least locally) infeasible.

3 Second Order Correction Steps

It has been noted by Fletcher and Leyffer [7] that the filter approach, similar to a penalty function
approach, can suffer from the Maratos effect. Here, a full Newton (or Newton-type) step increases
both the objective function and the constraint violation, even arbitrarily close to a local solution of
the NLP (1). As a consequence, the filter line search procedure rejects the full Newton step and
only accept small fractions of the step. This can result in poor local convergence behavior. As a
remedy, Fletcher and Leyffer propose to improve the search direction by means of a second order
correction.

A second order correction step dj°° aims to reduce infeasibility by applying an additional
Newton-type step for the constraints at the point xp + di. There is a wide range of options to
compute such a step. Here, we assume that it is obtained from the solution of the linear system

HEOC AZOC di:OC _ gzOC (12)
(AT 0 A° c(xy, + di) + & )’

where H}°¢ is a symmetric n X n matrix, A7°¢ € R"*™ ¢¢ € R", and ¢j°° € R™. Second order
correction steps of the form (12) are discussed by Conn, Gould, and Toint in [3, Section 15.3.2.3].
We assume that H}°¢ is uniformly positive definite on the null space of (ASkOC)T, and that in a
neighborhood of a second order sufficient solution we have

g =o(ldel),  Ax— AP =O0(ldel), & = ollldi]l?). (13)
In [3], the analysis is made for the particular choices ¢j°¢ = 0, A} = A(xy + pg) for some p;, =

O(||dkl), and Hy, = V2, L, (xk, ) in (3) for multiplier estimates A;. However, the careful reader
will be able to verify that the cited results from [3] still hold as long as

(W — Hy)dy, = o(]|d]]), (14)

if xp converges to a second order sufficient solution x, of the NLP with corresponding multipliers
A« (see Assumption (L2) below), where

4 m . .
Wi = V2, L0k M) 2 V2 f () + 3 (M) D92 (). (15)

i=1

We note that if we choose Hy, := V2 L, (xg, \,) where the sequence of multiplier estimates {\j}
is generated using A from (3) (e.g. by setting Ay+1 := A7), then (14) holds if x), converges to a
second order sufficient local solution z, satisfying Assumption (L2) below.

Possible choices for the quantities in the computation of the second order correction step in (12)
that satisfy (13) are the following.



(SOC-1) H{° =1, g;°° =0, ¢f°° = 0, and A>° = Ay, or Aj°° = A(zy, + dy); this corresponds to a
least-squares step for the constraints.

(SOC-2) H{°° = Hy, g;°° =0, ¢°° =0, and Aj°° = Ay; this option is inexpensive since it allows to
re-use the factorization of the linear system (3).

(SOC-3) H;°¢ being the Hessian approximation corresponding to zj + di, ¢;°¢ = g(xp + di) +
Az + dk)A:, ¢ =0, and A = A(xy + di); this step corresponds to the step in the
next iteration, supposing that xp + di has been accepted. In this sense, this choice has
the flavor of the watchdog technique [2].

(SOC-4) If d;°° is a second order correction step, and (fioc is an additional second order correction
step (i.e. with “c(zy + di)” replaced by “c(xy, + di + d5°¢)” in (12)), then d5°¢ + d5°° can
be understood as a single second order correction step for d, (in that case with ¢;°° # 0).
Similarly, several consecutive correction steps can be considered as a single one.

It is easy to show that for the combined step dj + d5°¢ we have c(zy + di, + d5°°) = o(||d||*),
(see (21b) below). As a consequence, the combined step has a better chance to be accepted by the
filter method than the original step dj if xj is close to a local solution. In order to overcome the
Maratos effect, we modify the filter line search procedure outlined in Section 2, so that a second
order correction step is tried whenever the full step has not been accepted. As we see in Section 4,
this indeed enables the algorithm to accept full steps close to a second order sufficient solution of
(1), so that fast local convergence is achieved.

We now formally state the line search filter algorithm from [14] with the modification to include
second order correction steps.

Algorithm 1
Given: Starting point xo; constants Omax € (0(x0),00]; 79,7 € (0,1); & > 0; 74 € (0,1]; s > 1;
sf > 2s9; M5 € (0,%); 0<mm <<l

1. Initialize. Initialize the filter (using (9)) and the iteration counter k « 0.

2. Check convergence. Stop, if zj is a local solution (or at least stationary point) of the NLP (1),
i.e. if it satisfies the KKT conditions (2) for some A € R™.

3. Compute search direction. Compute the search direction dj from the linear system (3). If this
system is detected to be too ill-conditioned or singular, go to feasibility restoration phase in
Step 8.

4. Backtracking line search.

4.1. Initialize line search. Set ap o =1 and [ < 0.

4.2. Compute new trial point. If the trial step size becomes too small, i.e. a; < ai,nin with agﬁn
defined by (11), go to the feasibility restoration phase in Step 8. Otherwise, compute the
new trial point zy(ag,;) = xp + oy idi.

4.3. Check acceptability to the filter. If (0(xy (o)), f(xr(ow)) € Fi, reject the trial step size
and go to Step 4.5.

4.4. Check sufficient decrease with respect to current iterate.

4.4.1. Case I: ay; is an f-step-size (i.e. (7) holds): If the Armijo condition (8) for the
objective function holds, accept the trial step xj41 = (o) and go to Step 5.
Otherwise, go to Step 4.5.



4.4.2. Case II: oy is not an f-step-size (i.e. (7) is not satisfied): If (6) holds, accept the
trial step xx41 := zx(ak,;) and go to Step 5. Otherwise, go to Step 4.5.

4.5. Compute second order correction step. If [ # 0, go to step 4.8. Otherwise, solve the linear
system (12) to obtain the second order correction step d;°° and define
Tyl = T + di + di°.
4.6. Check acceptability to the filter. If Z;.1 € Fi, reject the second order correction step and
go to Step 4.8.
4.7. Check sufficient decrease with respect to current iterate.

4.7.1. Case I: The switching condition (7) holds (for ay o and dy): If the Armijo condition
for the objective function,

F(@x1) < () + 05 gt dr, (16)

holds, accept x11 := Tra1 and go to Step 5. Otherwise, go to Step 4.8.
4.7.2. Case II: The switching condition (7) is not satisfied: If

(L —9)0(z) (17a)
f(@g) = b (k) (17b)

hold, accept xx11 := Z41 and go to Step 5. Otherwise, go to Step 4.8.

0(Trq1)

<
or f(@ry1) <

4.8. Choose new trial step size. Choose oy 41 € [Tiou,, Taou ], set | < I+ 1, and go back to
Step 4.2.

5. Accept trial point. Set oy, == oy .

6. Augment filter if necessary. If k is not an f-type iteration (i.e., (7) does not hold for ay),
augment the filter using (10); otherwise leave the filter unchanged, i.e. set Fy1 := Fk.

7. Continue with next iteration. Increase the iteration counter k < k + 1 and go back to Step 2.

8. Feasibility restoration phase. Compute a new iterate x4 by decreasing the infeasibility measure
0, so that xj1 satisfies the sufficient decrease conditions (6) and is acceptable to the filter, i.e.
(O(zks1), f(xpy1)) & Fr. Augment the filter using (10) (for zj) and continue with the regular
iteration in Step 7.

It can be verified easily that this modification of Algorithm I in the companion paper [14] does not
affect the global convergence properties proved in [14].

4 Local Convergence Analysis
We start the analysis by stating the necessary assumptions.

Assumptions L. Assume that the algorithm generates an infinite sequence {xy} of iterates that
converges to a local solution x. of the NLP (1), and that the following holds.

(L1) The functions f and c are twice continuously differentiable in a neighborhood of x .

(L2) x, satisfies the following sufficient second order optimality conditions.



o There exists A\, € R™ so that the KKT conditions (2) are satisfied for (z., \s);
e the constraint Jacobian A(w.)T has full rank; and

e the Hessian of the Lagrangian W, = V2, L(x., \,) is positive definite on the null space
of A(z,)T.

L3) In (3), Hy, is uniformly positive definite on the null space of (Ax)T, as well as bounded.

L4) In (12), H*C is uniformly positive definite on the null space of (A*)T, and (13) holds.

L5) The matrices Hy, in (3) satisfy (14).

(L3)
(L4)
(L5)
(L6) There exists a constant Oy > 0, so that the algorithm does not switch in Step 8 to the

restoration phase if 0(zy) < Oinc.

The assumption “limy 2 = x,” is discussed in Remark 8 in the companion paper [14]. It is shown
that if a particular restoration phase algorithm (based on Newton steps for the KKT conditions)
is used in the neighborhood of a solution z, satisfying (L2), then the iterates of the overall filter
line search algorithm are attracted to x, so that xy — x, follows. Assumption (L5) is reminiscent
of the Dennis-Moré characterization of superlinear convergence [4], but it is stronger than the one
necessary for superlinear convergence [1] which requires only that Z] (Wj — Hg)di, = o(||dk||), where
Zy, is a null space matrix for AT. However, if multiplier estimates A, based on )\,": from (3) and
exact second derivatives are used to obtain H}, close to x4, i.e. if

then Assumptions (L3) and (L5) are satisfied, since Hy — W, in that case. Finally, the algorithm
allows to revert to the restoration phase in Step 3. This option exists so that the overall globally
convergent line search method can handle infeasible points at which the constraint gradients are
linearly dependent (see [14] for details). Therefore, Assumption (L6) is introduced as a formality to
guarantee that the algorithm does not switch in arbitrary iterations to the restoration phase close
to feasible points. In light of Assumption (L2), it is easy to see that the iteration matrix in (3) is
nonsingular close to z., if Hy is chosen to be close to W, (e.g. by (18)), so that there is not need
to revert to the restoration phase in Step 3 close to z., and Assumption (L6) is satisfied.

The above assumptions imply Assumptions G in the companion paper [14] in a neighborhood
of the solution. Therefore, Lemma 1 from [14] remains valid close to ., which states that dj and
)\,": from (3) are uniformly bounded. Furthermore, as can be verified easily, the proof of Lemma 4
in [14] holds using Assumptions (L3) and (L6), so that

O(xp) =0 = gldp<0 and (19)
O :=min{f: (0, f) € Fr.} >0 (20)
for all &.

First we summarize some preliminary results.

Lemma 1 Suppose Assumptions L hold. Then there exists a neighborhood Uy of x., so that for all
zp € Up we have

dy* o(|dk|) (21a)
c(zp +d +d2°) = of||di|*) (21b)



Proof. From continuity, condition (13), and full rank of AT as well as Assumption (L4), we have
that the matrix in (12) has a uniformly bounded inverse in the neighborhood of z,. Hence, since
the right hand side is o(||dg]|), claim (21a) follows. Furthermore, from

claoy +dp +di°) = e+ dy) + Alwg + di) a2+ Ol ()

= = = (AP + (A + O(lldi )" die
+ O(lld°|I)

(13) SOC SOC
= oldill®) + Oldrlllldel) + Ol dr*|I*)
(21a)
=" o(lldxl?)
for xy, close to x, the claim (21b) follows. O

In order to prove our local convergence result we make use of two results established in [3] regarding
the effect of second order correction steps on the exact penalty function

bp(x) = f(x) + p O(2). (22)

Note, that we employ the exact penalty function only as a technical device, but the algorithm never
refers to it. We also use the following model of the penalty function

ap(zr,d) = f(zr) + gf d + %dTde—i-pHA{d-i-CkH. (23)

The first result follows from Theorem 15.3.7 in [3].

Lemma 2 Suppose Assumptions L hold. Let ¢, be the exact penalty function (22) and q, defined
by (23) with p > ||A\||p, where || - ||p is the dual norm to || - ||. Then,

i 2o(@k) = Op(@r + di + d)
1m
k=00 qp(xr,0) — qp(ap, dy)

=1 (24)

The next result follows from Theorem 15.3.2 in [3].

Lemma 3 Suppose Assumptions L hold. Let (dk,)\,j) be a solution of the linear system (3), and
let p> |IAS||p. Then

p(k;0) = qp(w, di) = 0. (25)
The next lemma shows that in a neighborhood of x,, Step 4.7.1 of Algorithm I is successful if the
combined step dj + dj°¢ is an f-type step.

Lemma 4 Suppose Assumptions L hold. Then there exists a neighborhood Us C Uy of x4 so that
whenever (7) holds for oy =1, the Armijo condition (16) is satisfied.

Proof. Choose U; to be the neighborhood from Lemma 1. It then follows that for =z, € U
satisfying (7) that
_1 f °f
O(xx) < 6 %0 [—gidi]*0 =O(||dx[|>) = o(]|dx*), (26)
since 2L > 2 and gy, is uniformly bounded in Uj.

S0

Since 1y < %, Lemma 2 and (25) imply that there exists K € N such that for all £ > K we have
for some constant p > 0 with p > ||)\,;F|| p independent of k that

Golan) = bl + o+ 0% = (5 17 ) (@(0.0) = o). (27)

8



We then have
fag) = fzp + dip + di7°)
(22)

= Gp(Tr) — Pp(Tp + di + &) — p (0(21) — O(zk + di + d}7°))

(27),(21b),(26) 1 9
> 5 T 15 ) (@@, 0) = gp(@r, di)) + o[|dk %)

23),(26),(3 1 1
(23).(20).3) <§+W> <ggdk+§d;—§mdk> +o(|ldk|*).

Before continuing, we recall the step decomposition from the companion paper [14]

dy = QK+ Pk

q = Yiqr and py = Zgpr,

a = —[AIVi]

P = — |Z{HiZy) - Z¢ (e + Hyar)

(28)

(29a)
(29b)
(29¢)
(294d)

where Y}, € R™™ and Z;, € R"*("=™) are matrices so that the columns of [Yi Zj] form an orthonor-
mal basis of R”, and the columns of Z; are a basis of the null space of A;{. Since Assumptions L
guarantee that the quantities (29), as well as )\,j, are bounded for k£ sufficiently large, we can

conclude
flxr) +npghde — flag + di + d5°°)

(28) 1 1
> _§ggdk - <Z + 772—f> di Hy.dy, + o(||dk||*)

1

(d Hydy + dT A0F) — (1 ‘ %) aF Hydy + of|1di )

!
2
3 1 1
O (- L) dl e~ Gl N +ollasl)

D (G- ) s+ o)
O (3~ ) 2k i+ Ol + ol
Finally, using repeatedly the orthonormality of [Yj Zj], we have
o = 0@) ™ 0@)) ® ofldn?)

(292) 29b)

( _
0(p£pk+q/z%) =" o(|lpk]1*) + ollax]*)

and therefore g, = o(||px||?), as well as

(29a) (29b) _ _ _
di =" O(llaxll) + Olpxl) =" o(llpkll*) + O(llze]l) = OCllpx]))-

(30)

Since pp — 0 as x — 4, (16) is then implied by (30), Assumption (L3) and n; < 3, if ) is

sufficiently close to x,.

|

It remains to show that also the filter and the sufficient reduction criterion (6) do not interfere
with the acceptance of full steps close to 4. The following technical lemmas address this issue and

prepare the proof of the main local convergence theorem.



Lemma 5 Suppose Assumptions L hold. Then there ezists a neighborhood Us C Uy (with Us from
Lemma 4) and constants p1, pa, ps > 0 with

ps = (1="0)p2— s (31a)
299p2 < (L+79)(p2 — p1) — 2y (31b)
2p3 > (1+v)p1+ (1 —9)p2, (31c)

so that for all xj € Us we have ||>\,j||D < p; fori=1,2,3. Furthermore, for all x;, € Us we have

—~oc 1+ Yo (25)

¢Pz‘ (wk) - (Z)Pi (wk +di + dk ) > 2 (qﬂi (:L’k, 0) — dp; (xlﬁ dk)) >0 (32)
fori=2,3 and all choices
& = d (33a)
dzoc = O_kdzoc + dk+1 + O'k+1dz(f1, (33b)
d_zoc = 0pdyC + dp1 + Uk-i—ld?ﬁfl + dg1o + O‘]H.gdzo_f% (33c)
or d_zoc = 0pdy¢ + dp1 + Uk+1dsk(3£1 + dg1o + Jk+2dzo_f2

+dyy3 + Opy3dis, (33d)

with o, Ok+1,0k+2,0k+3 € {0,1}, as long as x4 = x; + di + oy dy* for 1 € {k,... .k + j} with
j€4{-1,0,1,2}, respectively.

Proof. Since )\, is uniformly bounded for all k with x), € Us, we can find p; > ||A.]|p with
pr> [N Nlp (34)
for all k with zp € Us. Defining now

14+ 3
= 7P1+ i
1 — L=

P2

and ps by (31a), it is then easy to verify that ps, p3 > p1 > ||A]||p and that (31b) and (31c) hold.
Since (14 7g) < 2, Lemma 2 implies that there exists a neighborhood Us C Us of z,, so that (32)
holds for zj, € Us, since according to the second order correction step choices (SOC-3) and (SOC-4)
in Section 3 all options for Jskoc in (33) can be understood as second order correction steps to di. O

Before proceeding we give a short graphical motivation of the remainder of the proof and
introduce some more notation. Let Us and p; be the neighborhood and constants from Lemma 5.
Since limy xp = x,, we can find K71 € N so that z; € Us for all £ > K;. In Figure 1 we see the
(0, f) half-plane with the current filter Fg,. Let us now define the level set

M :={z € Uz : ¢py () < Pps(ws) + K}, (35)

where £ > 0 is chosen so that for all x € M we have (0(z), f(z)) ¢ Fk,. This is possible, since
Ok, > 0 from (20), and since max{f(z) : x € M} converges to zero as k — 0, because x, is a strict
local minimizer of ¢,, [9]. Obviously, z, € M.

In Figure 1, M and Us are the images of M and Us in the (6, f) half-plane. Let Ky now
be the first iteration Ky > K; with xx, € M. This means, that no iterate after K; and before
Ky is in M, and therefore also the filter Fg, overlaps with M by at most a small area whose
size is governed by the parameters v; and vy. The (0, f)-pairs with constant value of the exact
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Figure 1: Basic idea of proof

penalty function (22) correspond to dashed lines in the diagram, the slope of which is determined
by the penalty parameter p. The main trick of the proof is to use these dashed lines as frontiers
approaching (0, f(x)), so that the filter always lies to the upper right side of these lines (except
for small overlaps coming from (10) in the filter update rule), and at least every other iterate (with
or without second order correction step) lies on the lower left side of these lines (see (32)). For
technical reasons we have to consider three of those frontiers corresponding to different values of
the penalty parameter, in order to deal with sufficient progress with respect to the old filter entries,
the current iterate (6), and new filter entries.
We denote the set of iteration indices k, in which the filter is augmented, by A C N; i.e.

Fr & Frn = ke A

Also, we define for k € N the filter building blocks
Gri={(6,£):0= (1= 0)0(z) and [ = fla) = 10(w)}

and index sets I]iff ={l="Fky,...,ka—1:1€ A} for k; < ky. Then it follows from the filter update
rule (10) and the definition of A that for k; < ko

Fro =Fin U | G- (36)

len?

Also note, that [ € 1 ,]jf C A implies 6(x;) > 0. Otherwise, we would have from (19) that g/ dj < 0,
so that (7) holds for all trial step sizes «, and the step must have been accepted in Step 4.4.1 or
Step 4.7.1, hence satisfying (8) or (16). This would contradict the filter update condition in Step 6.
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The last lemma enables us to show in the main theorem of this section that, once the iterates
have reached the level set M, the full step is always acceptable to the current filter.

Lemma 6 Suppose Assumptions L hold and let | > Ky with 0(x;) > 0. Then the following state-
ments holds for a given x € R™.

If Gps (m7) — Pps (v) >
then (0(x), f(xz)) & Gi-

If x € M and Qspz (‘TKQ) - ¢Pz(m) > 14;9 (qu(waO) — Gpo (szadKz))J} (38)
then (0(x), f(z)) & Frk,-

1—279 (qp2 (ml’ 0) — dp, (':Ulv dl))} } (37)

Proof. To (37): Since p1 > |A\]"||p we have from Lemma 3 that g,, (z;,0) — g,, (z;,d;) > 0. Hence,
using the definition (23) for ¢,, as well as A7'd; + ¢; = 0 (from (3)), we obtain

bpela) = bpa() 2 5 (4u(20,0) — e )
= 2 o, 0) — g (o, + (2 — 1))
(225) 1270(/)2—/)1)9(961)- (39)

If f(x) < f(x1) —v¢0(x;), the claim follows immediately. Otherwise, suppose that f(x) > f(x;) —
v¢0(x;). In that case, we have together with (x;) > 0 that

(22),(39) 1 1
o) —0@) 2 e p)f(e) + (@) - )
> e )0 — Lo
(31b)
> ’790(3”)7

so that (0(x), f(x)) & G.

To (38): Since z € M, it follows by the choice of x in (35) that (6(z), f(z)) & Fk,. Thus,
according to (36) it remains to show that for all [ € Ifgf we have (0(z), f(z)) ¢ G;. Choose l € Igf
As in (39) we can show that

bpal) = Bpal0) 2 =2 s = p1)0ercy). (40)

Since x € M it follows from the definition of K5 (as the first iterate after K; with zx, € M) and
the fact that { < Ky that

(35) (22)
Pos(21) > Pps(TKy) = Do (k) + (03— p2)0(2 k)
(40) I+  1—»

R T L

>
(31¢)
>

¢P2 (:E) (41)

12



If f(x) < f(x1) — v¢0(z;), we immediately have (6(x), f(z)) € Gi. Otherwise we have f(x) >
f(x1) = v0(x;) which yields

(22),(41) 1
0(x) » (f (1) + psb(zi) — f(z))
< m*9(3731)
P2
=),
so that (6(x), f(z)) € G; which concludes the proof of (38). O

After these preparations we are finally able to show the main local convergence theorem.

Theorem 1 Suppose Assumptions L hold. Then, for k sufficiently large, full steps of the form
Th1 = T + dy, or Ty = T + dy + dP° are taken, and xj converges to x. superlinearly.

Proof. Recall that Ko > K is the first iteration after K| with zx, € M C Us. We now show by
induction that the following statements are true for k& > Ko + 2:

() Gn) = Bpuln) = 22 (4 (21,0) — gy, (1, 0)
fori e {2,3} and Ko <1 <k—2
(i) xpxeM
(iiiy) 2k = Tpo1 + dpe1 + op1dS,  with oy € {0, 1}

We start by showing that these statements are true for k = Ko + 2.

Suppose, the point x g, + dk, is not accepted by the line search. In that case, define T, 1 :=
T, + di, + dgs. Then, from (32) with i = 3, k = K>, and (33a), we see from zf, € M and the
definition of M that Tx,+1 € M. After applying (32) again with ¢ = 2 it follows from (38) that
0(TKyt1), [(TKy+1)) € FKs, 1€ Ti,+1 is not rejected in Step 4.6. Furthermore, if the switching
condition (7) holds, we see from Lemma 4 that the Armijo condition (16) with k = K is satisfied
for the point Tg,+1. In the other case, i.e. if (7) is violated (note that then (19) and (7) imply
0(zx,) > 0), we see from (32) for i = 2, k = K>, and (33a), together with (37) for [ = Ko, that (17)
holds. Hence, Zx,+1 is also not rejected in Step 4.7 and accepted as next iterate. Summarizing the
discussion in this paragraph we can write xx,+1 = Tk, + dk, + JKQdngC with ok, € {0,1}.

Let us now consider iteration Ko + 1. For ox,+1 € {0,1} we have from (32) for k = K and
(33b) that

¢pi (sz) - ¢pi ($K2+1 + dK2+1 + UK2+1d§?§+l)

I+
> 2 (qﬂi (‘TK270) - qpi(sza dKz)) (42)
for ¢ = 2,3, which yields
TRy+1 + diy1 + Ok 11dRy 1 € M. (43)

If 2,41 + di,+1 is accepted as next iterate x g, o2, we immediately obtain from (42) and (43) that
(ix,+2)—(ilig,+2) hold. Otherwise, we consider the case ox,+1 = 1. From (42), (43), and (38) we
have for Zr,42 = Tr,+1 + dry+1 + d??;_i_l that (9(57K2+2),f(.f[{2+2)) ¢ Fr, It Ky & I[I§22+l it
immediately follows from (36) that (6(Z x,+2), f(ZTK,+2)) & Fiy+1. Otherwise, we have 0(xg,) > 0.
Then, (42) for i = 2 together with (37) implies (0(Z k,+2), f(Tr,+2)) € Gk,, and hence with (36) we
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have (0(Zx,42), f(Try+2)) € Fiyt1, sO that Tr,19 is not rejected in Step 4.6. Arguing similarly as
in the previous paragraph we can conclude that Z g, is also not rejected in Step 4.7. Therefore,
TKy+2 = TK,+2. Together with (42) and (43) this proves (ix,+2)—(ilix,+2) for the case ok, 1 = 1.
Now suppose that (i;)—(iii;) are true for all K9 4+ 2 <[ < k with some k > Ko 4 2. If 3 + dj, is
accepted by the line search, define oy, := 0, otherwise oy, := 1. Set Tp41 := xp + dj, + 03, d;°°. From
(32) for (33c) we then have for i = 2,3
_ 1+
G (@h-1) = 05 (Frr1) = =51 (G, (25-1,0) = G, (w1, dx1)) = 0. (44)
Choose | with K9 <[ < k — 1 and consider two cases:
Case a): If k = Ky + 2, then [ = K, and it follows from (32) with (33d) that for i = 2,3
_ L+
¢Pi (ml) - ¢Pi (-rk-i-l) > T (QPi (ﬂj‘l,O) — dp; (:Elv dl)) > 0. (45)
Case b): If k > K5 + 2, we have from (44) that ¢,, (Tx+1) < ¢p,(vr—1) and hence from (i,_;) it
follows that (45) also holds in this case.
In either case, (45) implies in particular that ¢,,(Zr41) < ¢p;(2K,), and since xx, € M, we
obtain

Trr1 € M. (46)

If xy, + dj, is accepted by the line search, (ix41)—(ilig41) follow from (45), (44) and (46). If xy + di

is rejected, we see from (46), (45) for i« = 2 and [ = K>, and (38) that (0(Ti+1), f(Tk+1)) € Fks-

Furthermore, for [ € I}"’{Q we have from (44) and (45) with (37) that (6(Zgy1), f(Zrs1)) € Gi, and

hence from (36) that Zpq is not rejected in Step 4.6. We can again show as before that Ty is
not rejected in Step 4.7, so that zy41 = ZTp41 which implies (ig41)—(ilig41)-

That {x} converges to z, with a superlinear rate follows from (14) (see e.g. [11]). O

Remark 1 As can be expected, the convergence rate of xy, toward . is quadratic, if (14) is replaced

by
(Wx — Hy,)dy = O(||di.||*)

(see e.g. [3])
5 Fast Local Convergence of SQP Methods
5.1 A Line Search Filter SQP Method

In the companion paper [14] we propose a filter line search SQP method for solving NLPs with
bound constraints, for simplicity stated in the form

min - f(2) (47a)
subject to  ¢(z) =0 (47b)

x> 0. (47¢)

The filter line search algorithm is essentially identical to the one for solving the equality constrained
problem (1), where the search direction dj is now computed as a solution of the QP

1
. T LT
min gy d+ 2d Hyd (48a)
subject to  Ald+cp =0 (48b)

xp+d>0. (48¢)
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The QP Hessian H}. is assumed to be positive definite in the null space of the constraints active
at xp and xp + di. Since the initial iterate as well as all iterates returned from the feasibility
restoration phase are assumed to satisfy the bound constraints, we have from (48c) and (5) that
x> 0 for all k. Therefore, the infeasibility is still measured as 6(z) := ||c(z)||. For details, see
[14].

In order to achieve fast local convergence for this active set approach, we can again use second
order correction steps. Ome possibility for computing a second order correction step in an SQP
framework is proposed in [5], where the composite step di = di + di’¢ is obtained as a solution of

-1 -
min gd+ =d" Hyd (49a)
deRrn 2

subject to  Ald+ ey + c(zp +dy) =0 (49b)

xp+d>0. (49c¢)

This corresponds to the choice (SOC-2) in Section 3.
Let us now assume that the iterates xj, generated by the SQP filter line search algorithm
converge to a local solution x, of (47) satisfying the following second order sufficient conditions.

e There exist multipliers A, € R™ and v, € R™ with v, > 0, so that the KKT conditions

g(ze) + Az )N — v = 0
clxy) = 0
ve = 0, e =2 0
’U*T:L‘* =0

hold;
e the gradients of the constraints active at x, are linearly independent;

e the Hessian of the Lagrangian, W, = V2f(z,) + Ej:17m7m )\gj)VQC(j)(a:*), is positive definite
in the null space of the active constraints;

e strict complementarity holds, i.e. vg) + x&i) >0forali=1,...,n.
If we assume that the QP Hessians Hj; are uniformly positive definite in the null space of the
constraints active at xj and xp + dj, (see Assumption (G3*) in [14]), then the bound constraints
active at x, are identical to the bound constraints active at the solution of (48) and (49) if zy, is
sufficiently close to .. Therefore, for large k, the computation of dj, and dj°° from the QPs (48) and
(49) can be interpreted as the steps obtained from Algorithm I applied to an equality constrained
NLP, where the equality constraints consist of the equality constraints (47b) and constraints z ) =0

9)

fori € {j:z;y’ =0}. As a consequence, the analysis in the previous section can be applied.

5.2 A Trust Region Filter SQP Method

In [6], Fletcher et al. propose a trust region filter SQP algorithm and analyze its global convergence
behavior. The switching rule used there does not imply the relationship (26), and therefore the
proof of Lemma 4 in our local convergence analysis does not hold for that method. However, it is
easy to see that the global convergence analysis in [6] is still valid (in particular Lemma 3.7 and
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Lemma 3.10 in [6]), if the switching rule Eq. (2.19) in [6] is modified in analogy to (7) and replaced
by
mg(x) — my(xg + sx) >0 and [mg(zx) — mg(zk + sk)]SfA,lg_sf > @91",

where my, is a quadratic model of the objective function, s is the trial step, Ay is the current trust
region radius, kg,® > 0 constants from [6] satisfying certain relationships, and the new constant
sy > 0 satisfies sy > 2¢). Then the local convergence analysis in Section 4 is still valid (also
for the quadratic model formulation), assuming that sufficiently close to a strict local solution
the trust region is inactive, the trust region radius Ay is uniformly bounded away from zero, the
(approximate) SQP steps sj are computed sufficiently exactly, and a second order correction as
discussed in Section 3 is performed.

6 Conclusions

We have shown that second order correction steps are able to overcome the Maratos effect within
filter methods and that fast local convergence can be obtained. Important for the success of our
analysis is a particular switching rule (7), which differs from previous filter methods, such as the
one proposed by Fletcher et al. [6].
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