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Theorem 7: If p is odd, thenS is a family of qe � 1 GF(p)-ary
sequences of periodqe � 1 all of whose cross correlations and shifted
autocorellations are bounded by

C
S ; S

(� ) � q
e=2(q2 � 1) + 1: (11)

We have a similar family whenp is even.

Theorem 8: If p = 2, thenS is a family ofqe� 1 binary sequences
of periodqe � 1 all of whose cross correlations and shifted autocorel-
lations are bounded by

C
S ; S

(�)

�

2qe=2(q2 � 1) + 1; if e is even
4

3
qe=2(q2 � 1) + 1; if e is odd andn is even

qe=2(q2 � 1) + 1; if e andn are odd.

In particular, iff is as in Section VII, then the linear complexity of
every sequence inS is large as well.

Whenn = 1, the sequences studied here reduce to one case of
Gold’s sequences. However, in this case, our estimates of the cross
correlations are too high. For example, whenp = 2 and e is odd,
they are too high by a factor of three. We conjecture, therefore, that
our estimates are too high in general. In the case whenp is odd and
en = 2m + 1, some improvement would come if we could choosef

so that (Cu + Dv)F (u)F (v) is small for everyC; D 2 GF(qe).
However, the greatest improvement would come from sharper bounds
onW3. The situation is similar whenen is even and whenp = 2.
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Multiple-Antenna Signal Constellations for Fading
Channels

Dakshi Agrawal, Thomas J. Richardson, and Rüdiger L. Urbanke

Abstract—In this correspondence, we show that the problem of designing
efficient multiple-antenna signal constellations for fading channels can be
related to the problem of finding packings with large minimum distance in
the complex Grassmannian space. We describe a numerical optimization
procedure for finding good packings in the complex Grassmannian space
and report the best signal constellations found by this procedure. These
constellations improve significantly upon previously known results.

Index Terms—Multiple antennas, packings in Grassmannian space,
Rayleigh flat fading.

I. INTRODUCTION

Consider a communication system operating in a Rayleigh flat-
fading environment. It is well know that if the receiver knows the
channel, then the capacity of the communication system increases
linearly with the minimum of the number of transmit and receive
antennas [13], [2]. In the past few years, several coding schemes
have been proposed to exploit this potential increase in the capacity
[12]. However, if the fading environment changes rapidly or if a
large number of transmit and receive antennas are employed, then
estimating the channel may not be efficient or even feasible. In the
case of channel estimation errors, the capacity has been shown to be
bounded in signal-to-noise ratio (SNR) [7]. In such scenarios, it is
more realistic to assume that the receiver does not know the channel.

Marzetta and Hochwald [8] analyzed the capacity of multiple-an-
tenna communication systems under the assumption that the channel is
unknown at the receiver. They also showed that in this case the channel
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capacity increases with the number of transmit and receive antennas, al-
though the increase in capacity is somewhat smaller. Nevertheless, the
potential increase in capacity is still significant, and it yields a strong
motivation for studying signaling schemes which can achieve a large
fraction of the promised capacity at a reasonable complexity. More re-
cently, based on various theoretical and intuitive arguments, Hochwald
and Marzetta [5] have advocated the use ofunitary space–time constel-
lationsover such channels. They showed that under some mild condi-
tions, systems using unitary space–time constellations in conjunction
with coding can achieve channel capacity.

The objective of this correspondence is to find unitary space–time
constellations which minimize uncoded bit error rate to the extent pos-
sible. We show that the problem of designing such unitary space–time
constellations can be related to the problem of finding packing with
large minimum distance in complex Grassmannian space. Conway,
Harding, and Sloan [1] have considered an analogous packing
problem in real Grassmannian space. We extend their methodology
to the complex Grassmannian space and design unitary space–time
constellations for one, two, and three transmit antennas for coherence
intervals of length up to ten. These packings improve significantly
upon the previously known results [4].

The rest of this correspondence is organized as follows. In Section
II, we describe the channel model and consider the pairwise proba-
bility of error between two points of a unitary space–time constella-
tion. The Chernoff bound on the pairwise probability of error leads to
a figure of merit for unitary constellations. In Section III, we show that
the proposed figure of merit connects the problem of finding good uni-
tary space–time constellations to the problem of finding good packings
in the complex Grassmannian space.

Motivated by this connection, we propose to find good packings in
complex Grassmannian space. In Section IV, we describe our optimiza-
tion technique in detail which uses therelaxation methodin conjunc-
tion with gradient search algorithms. In particular, we describe a suit-
able parameterization of the tangent space of certain matrices, which
is used extensively to compute gradients in an efficient manner. The
results obtained by our numerical search are presented in Section V.
For a few values ofT; M; andL; where optimal packings in complex
Grassmannian space are known, we show that in most cases, our search
program succeeds in finding nearly optimal packings. For other values
of T; M;, andL; the packings found by our search program improve
significantly upon previously known packings. We provide simulation
results to demonstrate the capability of the discovered packings to re-
duce the bit error rate when employed as unitary space–time constella-
tions. Finally, in the Appendix, we give in detail the parameterization
of certain matrices and spaces that are used in our search programs.

We use the following notation in the correspondence. LetA be a
square complex matrix. The element inith row andjth column ofA
is denoted byAij . A� denotes the conjugate transpose ofA. @A=@�
denotes the matrix obtained by taking partial derivative of the elements
of A with respect to�, i.e.,(@A=@�)ij = @Aij=@�.

II. THE CHANNEL MODEL AND THE FIGURE OFMERIT

Consider a multiple-antenna communication system equipped
with M transmit antennas andN receive antennas that operates in a
Rayleigh flat-fading environment. We assume that the fading processes
between distinct pairs of transmit and receive antennas are statistically
independent. Further, we assume that the fading isquasi-static, i.e.,
the fading coefficients among different pairs of transmit and receive
antennas remain constant for acoherence intervalof T symbol
periods, and then change simultaneously to independent realizations
after everyT symbol periods. For such channels, using the complex

baseband representation, the channel input–output relationship over
one coherence interval can be modeled as

XT�N =
�

M
ST�MHM�N +WT�N

whereX is theT � N matrix of received signals,S is theT � M
matrix of transmitted signals,H is theM �N matrix of the Rayleigh
fading coefficients, andW is theT �N matrix of the additive receiver
noise. Furthermore,� is the expected SNR at each receive antenna.
In this notation, thejth column ofS represents the signal transmitted
over thejth transmit antenna as a function of time. It is assumed that
the entries ofW are independent samples of a zero-mean circularly
symmetric complex Gaussian random variable. Note that we only need
to consider the case whenM T , since Marzetta and Hochwald [8]
have shown that the capacity obtained withM > T transmit antennas
equals the capacity obtained withM = T transmit antennas.

Based on various theoretical and intuitive arguments, Hochwald and
Marzetta [8], [5] advocate the use of unitary space–time constellations
over such channels. A unitary space–time constellation ofL signals
consists ofT �M complex matrices�1; �2; . . . ; �L; each with or-
thonormal columns. The first step in designing such signal constella-
tions is to obtain a tractable design criterion. In general, the criterion
of minimizing the uncoded bit error rate is intractable and one looks
at other simplified performance measures, such as the pairwise proba-
bility of error, to design signal constellations. Such a simplified crite-
rion is usually justified by the observation that for large enough SNR,
the union bound, which depends only on the pairwise probability of
error, is a sufficiently accurate approximation to the bit error rate.

Under maximum-likelihood decoding, the pairwise probability of
error between two unitary signal points�1 and�2 is an intricate func-
tion of the singular values�1; . . . ; �M of ��1�2 [5]. In order to obtain
a tractable design criterion, we look for asinglefigure of merit that can
be used to closely approximate this function. Clues for this figure of
merit are provided by the Chernoff bound on the pairwise probability
of error. As discussed in [5], the Chernoff bound on the pairwise prob-
ability of error is given by

Pe
1

2

M

j=1

1

1 +
(�T=M) (1�� )

4(1+�T=M)

N

: (1)

For one transmit antenna, the Chernoff bound is an increasing function
of �21. While for two transmit antennas, it increases with

(�21 + �22)�
1

1 + 2M
�T

2

�21�
2
2: (2)

Either for small values of�1 and�2 or for a low SNR,�; (�21+�22)
becomes the dominating term in (2). Fig. 1 shows this dominance. In
each of the three graphs, a particular SNR is fixed, and the pairwise
probability of error versus(�21=2+�22=2)

1=2 for �1=�2 = 0:001, 0:5,
and1:0 is plotted. Clearly, for small values of(�21=2 + �22=2)

1=2, the
pairwise probability of error is relatively insensitive to the ratio�1=�2.
It turns out that the values of(�21=2+�22=2)

1=2 considered in this cor-
respondence are small enough to make(�21=2+ �22=2)

1=2 an accurate
measure of the pairwise probability of error. Thus, for two transmit
antennas in the region of our interest, the Chernoff bound on the pair-
wise probability of error is an (approximately) increasing function of
(�21=2 + �22=2)

1=2.
The above observation motivates the use of�21 + �22 + � � �+ �2M as

the quantity that governs the pairwise probability of error between two
signal points�1 and�2, where�1; . . . ; �M are the singular values
of ��1�2. We refer to the sum of squared singular values of��1�2 as
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Fig. 1. Pairwise probability of error versus(� =2 + � =2) for � = 10 (left graph),� = 5 (middle graph), and� = 1 (right graph). Each graph has three
curves corresponding to� =� = 0:001 (leftmost curve),:50, and1 (rightmost curve), respectively.

thecorrelationbetween�1 and�2. This correlation can be computed
explicitly in terms of�1 and�2 by using

�21 + �22 + � � � + �2M = h��1�2; �
�

1�2i

wherehA; Bi is the standard inner product of complex matricesA and
B and is equal to

j; k
AjkB

�

jk [6, p. 271].
For one transmit antenna, minimizing the correlation also minimizes

the exact pairwise probability of error, while for more than one transmit
antenna, it is only an approximation to the more exact expression. As
the number of terms in the Chernoff bound (cf. (1)) grows withM , the
correlation between two signal matrices is not expected to be as good
an indicator of the pairwise probability of error for a large number of
transmit antennas. Nevertheless, as we show in this correspondence,
for a small number of transmit antennas, maximum correlation be-
tween two distinct signal points is a goodfigure of meritfor unitary
space–time constellations. Constellations that optimize this figure of
merit also have low overall probability of error. Moreover, this figure
of merit provides a connection between good unitary space–time con-
stellations and dense packings in the complex Grassmannian space. In
the next section, we describe this connection and show how the algo-
rithms to find dense packings in the complex Grassmannian space can
be used to find good unitary space–time constellations.

III. U NITARY SPACE–TIME CONSTELLATIONS AND PACKINGS IN

COMPLEX GRASSMANNIAN SPACE

We start with some definitions. The complex Grassmannian space
G(T; M; ) is the set of allM -dimensional subspaces of the com-
plexT -dimensional vector spaceT . It forms a compact Riemannian
manifold of dimension(2MT � 2M2) [11, p. 530]. LetU(T �M)
be the set of allT �M complex matrices with orthonormal columns.
Let�1; �2 2 U(T �M) be two orthonormal matrices whose column
spaces areP1; P2 2 G(T; M; ), respectively. The distance between
P1 andP2 can be defined as

d(P1; P2) : = T � (�2
1
+ �2

2
+ � � �+ �2M)

= T � h��i�j ; �
�

i�ji

where�1; . . . ; �M are the singular values of��1�2. One can check
that this distance function is independent of the choices of matrices�1

and�2, and hence it is well defined.
A finite subsetS of the complex Grassmannian spaceG(T; M; )

is referred to as apackingin G(T; M; ) of cardinalityjSj. The min-
imum distanced(S) of a packingS is given by

d(S): = min d(Pi; Pj): (3)

With this definition, we can state the packing problem in complex
Grassmannian space as follows.

Packing Problem: Given the natural numbersT; M; andL; with
M T , design a packingS in G(T; M; ) of cardinalityjSj = L so
that its minimum distanced(S) is as large as possible.

A packingS� in G(T; M; ) is said to be optimal ifd(S�) d(S)
for any other packingS in G(T; M; ) of the same cardinality. It is
evident from the definition of the minimum distance of a packing and
from the chosen figure of merit for a unitary space–time constellation
that the problem of finding packings with a large minimum distance
and the problem of designing a unitary space–time constellation with
small maximum correlation between its points are equivalent. Indeed,
using the orthonormal bases of the subspaces, the packing problem can
be recast as follows.

Variation of the Packing Problem: Given natural numbersT; M;
andL; with M T , find a collection

S = f�1; �2; . . . ; �Lg � U(T �M)

such that the maximum correlation between two distinct points ofS,
given by

��(S): = max
1 i<j L

h��i�j ; �
�

i�ji (4)

is minimized.

Thus, the problem of designing unitary space–time constellations
with a good figure of merit is the same as the problem of finding pack-
ings in complex Grassmannian space with large minimum distance.
This is not too surprising since, fundamentally, a unitary space–time
constellation is just a collection ofM -dimensional subspaces ofT .
Recall that in the absence of the additive noise at the receiver, the re-
ceived signal at each antenna is a linear combination of the columns of
the transmitted matrix. The coefficients of this linear combination are
circularly symmetric random variables. Therefore, if we change a par-
ticular signal matrix�i to another orthonormal matrix that has the same
column span as�i, it will not alter the statistics of the received signal.
More concretely, the conditional distribution of the received signalX
given the transmitted signal�i is given by [8], [5]

p(Xj�i) =
exp(�trf[IT + (�=M)�i�

�

i ]
�1XX�g)

�TN detN [IT + (�=M)�i��i ]
(5)

which remains unchanged if we replace the signal�i with the signal
�iUM�M , whereUM�M is a unitary matrix. Therefore, at the receiver,
two signal matrices with the same column spans look identical and a
unitary constellation is just a collection ofM -dimensional subspaces
of T .

Since the complex Grassmannian spaceG(T; M; ) is a(2TM �
2M2)-dimensional differentiable manifold, the packing problem is an
optimization problem involving(2TM�2M2)�L parameters. On the
other hand, as shown in the Appendix, any element ofU(T �M) can
be represented by2TM �M2 parameters. Therefore, the variation of
the packing problem given above is an optimization problem involving
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(2TM �M2) � L parameters. It turns out that despite the economy
offered by the direct parameterization of the manifoldG(T; M; ), it
is preferable to solve the second version of the packing problem using
a parameterization ofU(T �M). Many important quantities, such as
the value ofd(S), can be computed relatively faster in the second rep-
resentation. Moreover, unlike the first problem, where the parameters
can take unbounded values, values of parameters in the second problem
are bounded (see the Appendix). This leads to a higher degree of nu-
merical stability in the optimization algorithm. Due to these reasons,
we decided to work withU(T �M), and we minimized the maximum
correlation��(S) for a collection of orthonormal matricesS. In the
next section, we will provide the details of our optimization technique.

IV. OPTIMIZATION TECHNIQUE

The parameters involved in the parameterization ofU(T �M) lie
in a compact differential manifold. Moreover,��(S) is a continuous
function of its parameters. Therefore, it achieves at least one global
minimum, and one can consider the direct minimization of��(S)using
gradient search algorithms. Unfortunately, several properties of��(S)
render gradient search algorithms problematic. First, since a rotated
constellation has the same correlation properties as the original constel-
lation,��(S) does not have a unique global minima. It may have many
local minima that are far away from global minima. Second,��(S)
is not very smooth—in fact, it is not even differentiable everywhere.
Both of these facts obviate the direct use of gradient-based search al-
gorithms.

Conway, Harding, and Sloane [1] have considered a similar packing
problem inreal Grassmannian space, and they propose an algorithm
that relaxes the optimization problem to overcome the difficulties posed
by the undesirable properties of the objective function. Their basic idea
is to introduce a family of surrogatesf� for ��, parameterized by the
positive parameter�. The functionalsf� mimic��: for large values of
�, the functionalsf� closely track��, converging to�� as� tends to
1. For small values of�, the functionalsf� overcome the difficulties
indicated above while mimicking�� less well. The strategy is to min-
imizef� for small� and then track this minimum while increasing�.
It turns out that a similar technique can also be used in complex Grass-
mannian space. In the next two subsections, we describe this technique
in more detail and discuss various implementation issues.

A. General Description

Ideally, the family of surrogate functionalsf� has the following
properties.

1) For all� the functionalf� is smooth.

2) For small values of� the functionalf� has few local minima.

3) The functionalsf� mimic ��.

One example of such a family is

f�(S) =
1

�
log

1 i<j jSj

exp(�h��
i�j ; �

�
i�ji) : (6)

(Note that the results in this correspondence were obtained by directly
optimizing the argument of thelog in this expression.)

The purpose of condition 1) is to admit an optimization off� by
standard gradient descent techniques. The purpose of condition 2) is
to enable us to find global minima off� relatively easily. In fact, the
example given above has only one minimum point forM = 1. The
purpose of condition 3) is clear, we expect that minimizers off�, even
for small�, will be “close to” minimizers of��. The intention is to
find a minimizer off� for small� and to slowly increase the value of
� while tracking this minimum point. Any limit of a local minimizer

of f� is guaranteed to be a critical point of��. Any limit point of a
global minimizer off� is guaranteed to be a global minimizer of��.
As we use gradient search algorithms to find the minimum off�(S), it
is not certain that we will be able to find a global minimum point even
for low values of�. Therefore, there is no guarantee that the point we
track will lead us to a global minimum of��(S). There is still a need to
try various random initial conditions and to evaluate, as far as possible,
the results from the search procedure for their optimality.

In summary, the algorithm is the following. The search procedure
starts with a relatively small value of�, say�0, and a randomly gen-
erated setS. If a good initial setS is knowna priori, then we can also
start from this set. Starting from the initial setS, we use numerical
optimization techniques to find a setS� such that the value off�
is (nearly) locally minimized. We now slightly increase� to �1 and
starting from the setS� , find a new setS� that (nearly) locally mini-
mizesf� . We continue in this manner, each time increasing the value
of � slightly and tracking the minimizer off�. For very large values
of �, f� would be essentially equivalent to�� and minimizingf� will
also essentially minimize��. This optimization technique is often re-
ferred to asthe relaxation method[3].

B. Implementation Details

The optimization problem at hand involves a large number of param-
eters. For example, in order to transmit 1 bit/s/Hz on a fading channel
with coherence interval of lengthT = 10, we need a signal constel-
lation withL = 210 signal points. ForM = 3 transmit antennas, the
corresponding optimization problem involves(2 �10 �3�32) �1024 =
52224 parameters. In order to deal with such a large number of pa-
rameters and to execute the optimization algorithm efficiently, we used
several suboptimal steps and fine-tuned the optimization algorithm. In
this subsection, we highlight some of these implementation details.

As described above, for each�k, the algorithm starts from a given
setS� and attempts to adjust it to find a minimum point off� .
A variety of descent algorithms are available for such minimizations.
They use local properties of the cost function to iteratively update the
setS, thereby reducing the value of the cost function at each iteration.
We use two methods for updatingS. At each iteration, we either up-
date, in a fixed predetermined order, each matrix inS individually, or
we update all matrices inS simultaneously. The first method involves
calculating the local properties of the cost function with respect to vari-
ations in only one matrix and updating that matrix suitably. While in
the second method, we need to compute local properties with respect
to the variations of the whole setS. Most of the results in this corre-
spondence were obtained by updating only one matrix at a time, and
henceforth we will only describe this case. Note that in updating the
matrices’�i ’s, we have to ensure that the columns of each�i remain
orthonormal. (One could consider relaxing the problem further so that
this constraint need be satisfied only asymptotically in�, but we have
not taken this approach here.)

Since our ultimate objective is to minimize�� and not to minimize
f�, at least for small�’s, it suffices to find a “near” minimizer off�.
It is sufficient to stay within the domain of attraction of the minimum
as� increases and then to converge closer to the minimum when� is
large. Therefore, we do not spend a lot of computational resources on
pinpointing the local minimum off�. We impose the rule that� is in-
creased as soon as the fractional change in the value of the cost function
in two consecutive iterations becomes less than a threshold. Depending
upon how close to the minimum we want to get, this threshold can be
adjusted during the iterations. We stop our search procedure when the
decrease in��(S) becomes too small to justify further computational
resources.

In our implementation we used the steepest descent algorithm to
minimize the cost function. A key (and computationally most intensive)
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step in this algorithm is to compute the steepest descent direction (gra-
dient) of the cost function. In order to simplify computations, we used
the families of cost functionsf� that depend on the setS only through
the pairwise correlations of the elements ofS (cf. (6)). For such cost
functions, by applying the chain rule for partial differentiation, we can
reduce the problem of finding the steepest descent direction of the cost
function to the problem of computing partial derivatives of the pair-
wise correlationh��

i�j ; �
�

i�ji with respect to the parameters of�i

and�j .
There are several ways to parameterize the matrices�i ’s. One pos-

sible way is to use the parameterization ofU(T �M) suggested in the
Appendix, and to compute the partial derivatives of the pairwise corre-
lation h��

i�j ; �
�

i�ji with respect to these parameters. However, this
approach results in cumbersome formulas which are implicit functions
of the matrices and are expensive to compute.

A more practical way to parameterizeU(T �M) is tooverparame-
terizethe space as follows. Given a matrix�i 2 U(T �M), any other
matrix ~� in U(T �M) may be written asU(�)�i, whereU(�) is a
T � T unitary matrix, parameterized by� (see the Appendix). In this
way, we can parameterizeU(T �M) by�. Note, however, that this is
an overparameterization since, unlessM = T ,U(�)�i = ~� does not
determine� uniquely. Indeed, a subgroup of the group ofT � T uni-
tary matrices leaves the matrix�i invariant. The overparameterization
of U(T �M) does not present a problem because if we (abstractly)
factor out the subgroup ofU(T � T ) which leaves the matrix�i in-
variant, then a parameterization of the quotient group would uniquely
parameterizeU(T �M). The gradient direction inU(T �M) turns
out to be the same, however, so there is no need to compute the factor-
ization.

The main advantage of this overparameterization arises from the fact
that we can consider perturbing the matrices inS by premultiplying
them by matricesU(�) for � ' 0, sinceU(0) = I . This allows effi-
cient computation of the partial derivatives of the correlation between
U(�)�i and�j by just using entries in matrices�i and�j , and the
derivatives ofU�(�) at� = 0. Specifically, for� 2 �, we have

@

@�
h��

iU
�(�)�j ; �

�

iU
�(�)�ji

�=0

= 2Re ��

i

@U�(�)

@�
�j ; �

�

iU
�(�)�j

�=0

(7)

= 2Re ��

i

@U�(�)

@�
�=0

�j ; �
�

i�j : (8)

Therefore, once we have@U�(�)=@�j�=0 for all � 2 �, partial
derivatives of the correlation become an explicit function of�i and
�j and can be computed efficiently. In the Appendix, we calculate
@U�(�)=@�j�=0 for all � 2 �. By using the chain rule for partial
derivatives, we can now computerf�, the gradient off� with
respect to� and set� = �crf�, to obtain the updated matrix
U(�crf�)�i, wherec > 0 is a step size appropriately chosen. The
results in this correspondence were obtained by using this technique
to update matrices at each step. It proved to be an efficient and clean
way of varying matrices inU(T �M).

V. RESULTS AND DISCUSSION

As discussed in the previous section, the relaxation technique re-
quires a little fine tuning before it can efficiently output good packings.
Among other things, this fine tuning involves adjusting the criterion for
increasing� and the rate at which� is increased. We used known op-
timum packings inG(T; 1; ) described in [10] as test cases for this
fine tuning. Table I shows��(S) for the best packings obtained by our
computer program along with��(S) for the optimal packings. In most
cases, the program was able to generate optimal packings within the

TABLE I
OPTIMAL AND ACHIEVABLE � (S) IN G(T; 1; )

TABLE II
SOME GOOD PACKINGS IN G(T; 1; )

TABLE III
SOME GOOD PACKINGS IN G(T; 2; )

numerical precision of the machines and the algorithms used. This cre-
ated some confidence in the effectiveness of the general technique used
in this paper. Table I also shows that in two cases the program did not
generate optimal packings. This points to some room for further im-
provement in our methods. This improvement may come from many
directions: by a better gradient search algorithm, by using a different
family of surrogate functionals, or by updating the setS as a whole as
opposed to updating one matrix at a time.

Next, we generated good packings of cardinality2T in G(T; M; )
for M = 1, 2, and3 (see Tables II, III, and IV, respectively). For
communications over Rayleigh fading channels, these packings can be
used as rate 1 bit/s/Hz unitary space–time constellations. Recall that
the values ofM correspond to the number of transmit antennas. In all
cases, unitary space–time constellations found by our technique im-
proved upon previously best known constellations [5], [10], [4] in terms
of having a smaller maximum correlation between signal points. We
provide these packings only up toT =10, as our algorithm requires a
considerable amount of computing power for large values ofT .
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Fig. 2. Bit error rate versus SNR for best new constellation (squares) and best previously known constellation (crosses) forT = 8,M = 1, and rate 1 bit/s/Hz.
The new constellation has 5%–10% better bit error rate.

TABLE IV
SOME GOOD PACKINGS IN G(T; 3; )

Figs. 2–4 show the average bit error rate for unitary space–time
constellations generated here as well as the same for the previously
such best known constellations [5], [10], [4] for a coherence interval of
lengthT = 8 and rate 1 bit/s/Hz. For one, two, and three transmit an-
tennas, our constellations are respectively, 4%, 12%, and 11% better in
terms of the figure of merit. For one transmit antenna, very good pack-
ings were already known, and we could improve upon them by only
4%. For two and three transmit antennas, our improvements are more
impressive. The smaller maximum correlation between signal points in
our constellations translates into a 5%–10%, 15%–30%, and 5%–20%
difference in the bit error rate, for one, two, and three transmit antennas,
respectively. The exact difference in bit error rate depends on the SNR.

Note that on Rayleigh fading channels (and sufficiently large enough
SNR) two different signal constellations have an almost constant ratio
of their respective bit error rates. This ratio is in part determined by
theminimum distances of signal constellations. This is in stark contrast

to the case of Gaussian channels, where the ratio between bit error rates
of two constellation changes exponentially with SNR. At first sight,
this might seem disappointing. Nevertheless, if such a constellation is
used in conjunction with a powerful outer code at bit error rates of
several percent (typically 15%–5%) then this percentage decrease in
the bit error rate translates into a significant increase in the possible
transmission rate. Note also that the improvement for the three-antenna
case is not as large as expected from the better minimum distance of
our packing. Most probably this is due to the fact that for three transmit
antennas the chosen figure of merit is no longer a very good indicator
of the performance of a unitary space–time constellation.

Finally, the unitary space–time constellations generated here can be
used as a benchmark to assess the optimality of other signal constel-
lations designed for Rayleigh block-faded channels. Our objective in
this study was to generate signal constellations with as low bit error
rate as possible. Signal constellations which are designed subjected to
other constraints such as “easy encoding and decoding” are likely to
have a worst bit error rate. Suboptimality of such constellations can be
measured by comparing them against the signal constellations gener-
ated here [14].

APPENDIX

PARAMETERIZATION OF MATRICES

First, we briefly present a parameterization ofT -dimensional uni-
tary matrices which was used extensively to compute the gradient of
surrogate functionals. For details regarding this parameterization, we
refer the reader to [9]. Later in this appendix, we will apply a similar
technique to parameterizeU(T �M). Throughout this appendix,i de-
notes

p�1.
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Fig. 3. Bit error rate versus SNR for best new constellation (squares) and best previously known constellation (crosses) forT = 8,M = 2, and rate 1 bit/s/Hz.
The new constellation has 15%–30% better bit error rate.

Fig. 4. Bit error rate versus SNR for best new constellation (squares) and best previously known constellation (crosses) forT = 8,M = 3, and rate 1 bit/s/Hz.
The new constellation has 5%–20% better bit error rate.
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We start by introducing some basic unitary matricesUpq. Let
Upq(�pq; �pq) for p < q and�pq; �pq 2 [��; �) denote theT -
dimensional unitary matrix given by

U
pq

jk (�pq; �pq)

=

1; if j = k andj 6== p; q

cos(�pq); if j = k andj = p; q

� sin(�pq) exp(�i�pq); if j = p andk = q

sin(�pq) exp(i�pq); if j = q andk = p

0; otherwise.

(9)

To illustrate one suchUpq , we have

cos (�) 0 � sin(�) exp(�i�) 0

0 1 0 0

sin(�) exp(i�) 0 cos(�) 0

0 0 0 1

which is the four-dimensional basic unitary matrixU13(�; �). Note
that Upq�(�; �) = Upq(��; ��). Post-multiplication (pre-multi-
plication, respectively) by a basic unitary matrixUpq can be used
to change thepth andqth entries of a row vector (a column vector,
respectively), without changing other entries, in such a way that the
squared sum of magnitudes ofpth andqth entries remains the same.

We will show that anyT -dimensional unitary matrixU can be
written as a unique product of these basic unitary matrices with a diag-
onal matrix. Given anT -dimensional unitary matrixU , consider the
unitary matrixU 0 = UU1T �(�1T ; �1T ) obtained by post-multiplying
U with the complex conjugate ofU1T (�1T ; �1T ). We choose the
parameters�1T and�1T in such a way thatU 0 satisfies the following
two constraints:

• U 0

1T = 0.

• EitherU 0

11 = 0 or��

2
arg(U 0

11)
�

2
.

It can be verified that these conditions uniquely specify�1T 2 [��; �)
and�1T 2 [��

2
; �

2
] (with the convention that we set�1T to zero in

case it is indeterminate).
Similarly, we can post-multiplyU 0 by

U
1(T�1) (�1(T�1); �1(T�1))

to obtainU 00 such that

• U 00

1(T�1) = 0.

• EitherU 00

11 = 0 or��

2
arg(U 00

11)
�

2
.

Again, using the same convention, these conditions uniquely specify
�1(T�1) 2 [��

2
; �

2
] and�1(T�1) 2 [��

2
; �

2
]. Note that the range of

�1(T�1) is different from the range of�1T as a result of the condition
��

2
arg(U 0

11)
�

2
.

We can continue this process until all elements of the first row are
zero with the exception of the first element. Hence, we obtain

U
T�1 =U U

12(�12; �12)U
13(�13; �13) � � �U

1T (�1T ; �1T ))
�

(10)

U =U
T�1

U
12(�12; �12)U

13(�13; �13) � � �U
1T (�1T ; �1T )

(11)

whereUT�1 is a unitary matrix with only one nonzero entry in its first
row, namely, at position11. As the norm of a row of a unitary matrix is
1,UT�1

11 = exp(i�1) for some�1 2 [��

2
; �

2
]. From the orthogonality

of the rows of a unitary matrix, it follows thatUT�1
j1 = 0 for j 6= 1.

Therefore,UT�1 can be represented as follows:

U
T�1 =

exp(i�1) 0

0 V
(12)

whereV is an(T � 1)-dimensional unitary matrix. Note that in order
to pass from aT -dimensional unitary matrix to a(T � 1)-dimensional
matrix, we need2T�1 parameters:2�(T�1) parameters represented
by �’s and�’s and one parameter represented by�.

We can operate onV in a similar manner by using matrices
U2j(�2j ; �2j) for j = T; T � 1; . . . ; 3 and pass to a(T � 2)-di-
mensional unitary matrix. Continuing this process, we pass to a
one-dimensional unitary matrix which consists of just one entry
exp(i�T ). Therefore, by this process, we can parameterize the
bounded and closed space ofT -dimensional unitary matrices by

1 + 3 + 5 + � � �+ (2T � 1) = T
2

parameters. Except�jT , for j = 1; 2; . . . ; T � 1 and�T , which take
values in the interval[��; �), all other parameters belong to the in-
terval [��

2
; �
2
]. Thus, out ofT 2 parameters,T belong to the interval

[��; �), other remaining parameters belong to the interval[��

2
; �

2
].

Let � be the collection of theseT 2 parameters.
Partial derivatives ofU(�) at � = 0 are easy to evaluate and are

given by

@U(�)

@�pq �=0

=U
pq(

�

2
; 0) (13)

@U(�)

@�pq �=0

=0T�T (14)

@U(�)

@�k �=0

= iek�e
�

k (15)

whereek is a unit norm column vector of lengthT with kth element
equal to1. As discussed in Section IV-B, these partial derivatives were
used to calculate the gradient of the cost function.

In a similar manner, we can also parameterize the setU(T�M). We
start by premultiplyingU 2 U(T �M) with the basic rotation matrix
U1T (�1T ; �1T ). We choose�1T and�1T in such a way that the last
element of the first column becomes zero and the argument of the first
element of the first column lies in the interval[��

2
; �

2
]. We continue in

this manner until only the first element of the first column is nonzero.
This process uses2T � 1 parameters. Again using orthogonality of
columns, we can show that this procedure reduces the problem of pa-
rameterizing a matrix inU(T �M) to the problem of parameterizing a
matrix inU((T � 1)� (M � 1)). Therefore, to parameterize a matrix
in U(T �M) we need

(2T � 1) + (2T � 3) + � � �+ (2T � (2M � 1)) = 2TM �M
2

parameters. Out of these2TM�M2 parameters,M parameters belong
to the interval[��; �) and other remaining parameters belong to the
interval [��

2
; �

2
].

ACKNOWLEDGMENT

The authors wish to thank two reviewers for their helpful suggestions
that led to many improvements in this manuscript.

REFERENCES

[1] J. H. Conway, R. H. Hardin, and N. J. A. Sloane, “Packing lines,
planes, etc.: Packings in Grassmannian spaces,”Exper. Math., vol. 5,
pp. 139–159, 1996.

[2] G. J. Foschini, “Layered space-time architecture for wireless communi-
cation in a flat fading environment when using mulit-element antennas,”
Bell Labs. Tech. J., vol. 1, pp. 41–50, 1996.

[3] H. Hardin and N. J. A. Sloane. GOSSET: A General-Purpose Program
for Designing Experiments. [Online]. Available: www.research.att.com/
njas/gosset/

[4] B. Hochwald, T. Marzetta, T. Richardson, W. Sweldens, and R. Urbanke,
“Systematic design of unitary space-time constellations,”IEEE Trans.
Inform. Theory, vol. 46, pp. 1962–1973, Sept. 2000.



2626 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 47, NO. 6, SEPTEMBER 2001

[5] B. M. Hochwald and T. L. Marzetta, “Unitary space-time modulation
for multiple-antenna communications in Rayleigh flat fading,” Lucent
Technol., Bell Labs, Tech. Rep.BL0112170-980512-07TM, 1998.

[6] K. Hoffman and R. Kunze,Linear Algebra, 2nd ed. Englewood Cliffs,
NJ: Prentice-Hall, 1971.

[7] A. Lapidoth and S. Shamai (Shitz), “Fading channels: How perfect need
‘perfect side-information’ be?,”IEEE Trans. Inform. Theory, submitted
for publication.

[8] T. L. Marzetta and B. M. Hochwald, “Capacity of a mobile multiple-an-
tenna communication link in Rayleigh flat fading,”IEEE Trans. Inform.
Theory, vol. 45, pp. 139–157, Jan. 1999.

[9] F. D. Murnaghan,The Unitary and Rotation Groups, vol. III of Lectures
on Applied Mathematics. Washington, DC: Spartan, 1962.

[10] T. J. Richardson and R. Urbanke, “Some good multiple-antenna codes,”
Tech. Memo.

[11] M. Spivak,A Comprehensive Introduction to Differential Geometry, 2nd
ed. Berkeley, CA: Publish or Perish, 1979, vol. IV.

[12] V. Tarokh, N. Seshadri, and A. R. Calderbank, “Space-time codes for
high data rate wireless communication: Performance criteria and code
construction,”IEEE Trans. Inform. Theory, vol. 44, pp. 744–765, Mar.
1998.

[13] I. E. Telatar, “Capacity of multi-antenna Gaussian channels,” AT&T Bell
Labs., Tech. Rep. BL0112170-950615-07TM, 1995.

[14] D. Warrier and U. Madhow, “Noncoherent communication in space and
time,” IEEE Trans. Inform. Theory, submitted for publication.

Multiple Transmit Antenna Differential Detection From
Generalized Orthogonal Designs

Hamid Jafarkhani, Senior Member, IEEE,and
Vahid Tarokh, Member, IEEE

Abstract—We explicitly construct multiple transmit antenna differen-
tial encoding/decoding schemes based on generalized orthogonal designs.
These constructions generalize the two transmit antenna differential de-
tection scheme that we proposed before.

Index Terms—Antenna arrays, differential detection, orthogonal
designs, space–time block codes, transmitter diversity.

I. INTRODUCTION

Recently, coding for multiple-antenna transmission in a wireless en-
vironment has become an extremely active subject of research. In this
direction, it is most practical to assume that the receiver has the knowl-
edge of the channel [1], [3], [9], [11]–[15]. This is a reasonable as-
sumption because the receiver has to estimate the channel for synchro-
nization and carrier recovery purposes.

In rare occasions, it may be assumed that neither the receiver nor the
transmitter has the knowledge of the channel. In the case of one transmit
antenna, a differential detection scheme exists that neither requires the
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knowledge of the channel nor employs pilot symbol transmission [8].
This well-known technique motivates the generalization of differen-
tial detection for the case of multiple transmit antennas. Hochwald and
Marzetta considered this problem in [4] where they proposed unitary
space–time codes. These codes are very interesting but have exponen-
tial encoding and decoding complexity. In some sense, they are some-
what like Shannon’s random codes which indicate the possibility of the
existence of structured codes. In a subsequent work, Hochwaldet al.[5]
came up with a second construction that has polynomial encoding but
exponential decoding complexity which makes their use formidable in
practical situations. At about the same time, we proposed a truly differ-
ential coding scheme based on orthogonal designs [10]. This scheme
is the first scheme that provides simple encoding/decoding algorithms
for differential detection. Followed by our work, Hughes [7] introduced
another construction based on group codes. Independently, Hochwald
and Sweldens [6] presented a similar construction. Later, Clarksonet
al. [2] provided a suboptimal decoding algorithm for the schemes in
[5] and [6] which does not suffer from an exponential complexity. The
complexity of the suboptimal decoding algorithm is polynomial in the
number of antennas and the rate and still much more than the decoding
complexity of the scheme of [10] which is linear in the number of an-
tennas and the rate.

It was not clear to some members of the research community that the
original scheme of [10] can be generalized to more than two transmit
antennas. The purpose of this work is to present such generalization
and clarify this misconception. In doing so, we employ the theory of
space–time block coding introduced in [11].

The outline of the manuscript follows next. In Section II, the system
model for transmission usingN transmit antennas is considered and
space–time block codes are reviewed assuming coherent detection. In
Section III, the new differential encoding algorithm is presented. The
corresponding decoding algorithm is presented in Section IV. We dis-
cuss different versions of the system in Section V. Finally, simulation
results and some conclusions are provided in Section VI.

II. SPACE–TIME BLOCK CODING ASSUMINGCOHERENTDETECTION

In this section, we model a multiple-antenna wireless communica-
tion system under the assumption that fading is quasi-static and flat.
We consider a wireless communication system where the base station
containsN transmit antennas and the decoder containsM receive an-
tennas. At each time slott, signalsCt; n; n = 1; 2; . . . ; N are trans-
mitted simultaneously from theN transmit antennas. The coefficient
�n;m is the path gain from transmit antennan to receive antennam.
We use independent complex Gaussian random variables with variance
0:5 per real dimension to model the path gains. The wireless channel
is assumed to be quasi-static so that the path gains are constant over a
frame and vary from one frame to another.

Based on our model, the signalrt;m which is received at timet at
antennam is given by

rt;m =

N

n=1

�n;mCt; n + �t;m (1)

where the noise samples�t;m are independent samples of a zero-mean
complex Gaussian random variable with variance1=(2SNR) per com-
plex dimension. The average energy of the symbols transmitted from
each antenna is normalized to be1=N . Therefore, the average power of
the received signal at each receive antenna is1 and the signal-to-noise
ratio is SNR.
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