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correlations are too high. For example, when= 2 ande is odd,

they are too high by a factor of three. We conjecture, therefore, thatAbstract—lnthis correspondence, we show that the problem of designing

our estimates are too high in general. In the case whisnodd and  efficient multiple-antenna signal constellations for fading channels can be
en. = 2m + 1, some improvement would come if we could chogse related to the problem of finding packings with large minimum distance in

so thaty:(Cu + Dv)F(u)F(v) is small for everyC, D € GF(¢®). the complex Grassmannian space. We describe a numerical optimization
However, the greatest improvement would come from sharper bourgecedure for finding good packings in the complex Grassmannian space

W-. The si ion is simil h . dwhen = 2 and report the best signal constellations found by this procedure. These
onl¥s. The situation is similar whean is even and whep = 2. constellations improve significantly upon previously known results.
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capacity increases with the number of transmit and receive antennashakeband representation, the channel input—output relationship over

though the increase in capacity is somewhat smaller. Nevertheless,dhe coherence interval can be modeled as

potential increase in capacity is still significant, and it yields a strong

motivation for studying signaling schemes which can achieve a large Xrwn = \/ZSTxMHMxN + Wirgn

fraction of the promised capacity at a reasonable complexity. More re- M

cently, based on various theoretical and intuitive arguments, Hochwalflo o v is the T x N matrix of received signalss is theT x M

anq Marzetta [S] have advocated the usemitary space-time co.nstel- matrix of transmitted signald] is the M x N matrix of the Rayleigh

Igtlons over such ‘?ha““‘?'3~ They shoyved that unde_r some m"‘_’ Confaaing coefficients, an® is theT x N matrix of the additive receiver

tlgns, sy_stems using unitary space—tlmt_a constellations in conjunctiofise. Furthermorey is the expected SNR at each receive antenna.

with codlqg C_an ach|e_ve channel capaut_y. . . _In this notation, thg'th column ofS represents the signal transmitted
The objective of this correspondence is to find unitary space-tidger thejth transmit antenna as a function of time. It is assumed that

constellations which minimize uncoded bit error rate to the extent pQge entries ofiV are independent samples of a zero-mean circularly

sible. We show that the problem of designing such unitary space—tiign metric complex Gaussian random variable. Note that we only need

constellgt!ons caq be relqted to the problem of fipding packing Wi{B consider the case whed < T, since Marzetta and Hochwald [8]

large minimum distance in complex Grassmannian space. CONWayye shown that the capacity obtained with> 7' transmit antennas

Harding, and Sloan [1] have considered an analogous packigg,ais the capacity obtained willi = 7" transmit antennas.

problem in real Grassmannian space. We extend their methodolog¥aseq on various theoretical and intuitive arguments, Hochwald and

to the complex Grassmannian space and design unitary space—{pgetta [g], [5] advocate the use of unitary space—time constellations
constellations for one, two, and three transmit antennas for cohereggg, such channels. A unitary space—time constellatioh sfgnals

intervals of Iehgth up to ten. These packings improve significantly,cists off x M complex matrice®:, ®s, ..., 7, each with or-
upon the previously known results [4]. , thonormal columns. The first step in designing such signal constella-
The rest of this correspondence is organized as follows. In Sectighs is to obtain a tractable design criterion. In general, the criterion
II, we describe the channel model and consider the pairwise prokg-minimizing the uncoded bit error rate is intractable and one looks
bility of error between two points of a unitary space—time constellgy other simplified performance measures, such as the pairwise proba-
tion. The Chernoff bound on the pairwise probability of error leads ity of error, to design signal constellations. Such a simplified crite-
afigure of merit for unitary constellations. In Section Ill, we show thgtgp, is usually justified by the observation that for large enough SNR,
the proposed figure of merit connects the problem of finding good Unjse union bound, which depends only on the pairwise probability of
tary space-time constellations to the problem of finding good packinggy, s a sufficiently accurate approximation to the bit error rate.
in the complex Grassmannian space. Under maximum-likelihood decoding, the pairwise probability of
Motivated by this connection, we propose to find good packings Kror between two unitary signal poins and®, is an intricate func-
complex Grassmannian space. In Section IV, we describe our optimigan, of the singular values, , ..., Ay of ®}®, [5]. In order to obtain
tion technique in detail which uses thelaxation methodn conjunc- 4 tractable design criterion, we look fosmglefigure of merit that can
tion with gradient search algorithms. In particular, we describe a sue used to closely approximate this function. Clues for this figure of
able parameterization of the tangent space of certain matrices, whigBrit are provided by the Chernoff bound on the pairwise probability

is used extensively to compute gradients in an efficient manner. Theerror. As discussed in [5], the Chernoff bound on the pairwise prob-
results obtained by our numerical search are presented in Sectiomyiity of error is given by

For a few values of’, M, andL, where optimal packings in complex

Grassmannian space are known, we show that in most cases, our search LM ) N
program succeeds in finding nearly optimal packings. For other values P. <z H —— | - (1)
of ', M,, andL, the packings found by our search program improve 2 =111 /M) (1 =A7)

Lo . . ; . . 4(1+p1 /M)
significantly upon previously known packings. We provide simulation

results to demonstrate the capability of the discovered packings to Fer one transmit antenna, the Chernoff bound is an increasing function
duce the bit error rate when employed as unitary space—time constetiA?. While for two transmit antennas, it increases with
tions. Finally, in the Appendix, we give in detail the parameterization )
of certain matrices and spaces that are used in our search programs. 2 9 1 2.2
We use the following notation in the correspondence. 4dte a (A1 +A2) = (H_Z_W> AiAz. (2
square complex matrix. The elementith row andjth column of A T
is denoted byd;;. A™ denotes the conjugate transposedofdA/9¢  Either for small values ok and). or for alow SNRyp, (A2 + A3)
denotes the matrix obtained by taking partial derivative of the elemepjscomes the dominating term in (2). Fig. 1 shows this dominance. In
of A with respect td, i.e., (0.4/06):; = 0A:;/96. each of the three graphs, a particular SNR is fixed, and the pairwise
probability of error versug\? /2 + A2/2)'/2 for A /A2 = 0.001,0.5,
and1.0 is plotted. Clearly, for small values ¢ /2 + A3/2)/2, the
1I. THE CHANNEL MODEL AND THE FIGURE OF MERIT pairwise probability of error is relatively insensitive to the ratig/ \..
It turns out that the values 6A] /2 + 3 /2)'/? considered in this cor-
Consider a multiple-antenna communication system equippesspondence are small enough to makg/2 + A§/2)1/2 an accurate
with M transmit antennas andl receive antennas that operates in ameasure of the pairwise probability of error. Thus, for two transmit
Rayleigh flat-fading environment. We assume that the fading process@sennas in the region of our interest, the Chernoff bound on the pair-
between distinct pairs of transmit and receive antennas are statisticallge probability of error is an (approximately) increasing function of
independent. Further, we assume that the fadinguissi-static i.e., (\?/2 4+ A2/2)1/2,
the fading coefficients among different pairs of transmit and receive The above observation motivates the usaof- A3 + .- + \3, as
antennas remain constant for aherence intervalof 7' symbol the quantity that governs the pairwise probability of error between two
periods, and then change simultaneously to independent realizatisighal pointsP; and®., whereX;, ..., Ay are the singular values
after everyT' symbol periods. For such channels, using the compl@t &7 .. We refer to the sum of squared singular value®pb- as
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Fig. 1. Pairwise probability of error versga?/2 + A\3/2)*/2 for p = 10 (left graph),p = 5 (middle graph), ang = 1 (right graph). Each graph has three
curves corresponding to, /A. = 0.001 (leftmost curve),50, and1 (rightmost curve), respectively.

thecorrelationbetween®; and®-. This correlation can be computed Packing Problem Given the natural numbefE, M, and L, with
explicitly in terms of®; and®- by using M < T, design apacking in G(T, M, C) of cardinality|S| = L so
that its minimum distancé(S) is as large as possible. O

ApackingS™ inG(T, M, C) is said to be optimal il (S™) > d(S)

where(A, B) is the standard inner product of complex matridemnd for any other packing in G(T, M, C) of the same cardinality. It is
B and is equal t@j, « Ae BT, [6, p. 271]. evident from the definition of the minimum distance of a packing and

For one transmit antenna, minimizing the correlation also minimizé®m the chosen figure of merit for a unitary space—time constellation
the exact pairwise probability of error, while for more than one transnthat the problem of finding packings with a large minimum distance
antenna, it is only an approximation to the more exact expression. &sd the problem of designing a unitary space—time constellation with
the number of terms in the Chernoff bound (cf. (1)) grows wifiithe  small maximum correlation between its points are equivalent. Indeed,
correlation between two signal matrices is not expected to be as gamsihg the orthonormal bases of the subspaces, the packing problem can
an indicator of the pairwise probability of error for a large number dfe recast as follows.
transmit antennas. Nevertheless, as we show in this correspondencg, . . . .
for a small number of transmit antennas, maximum correle?tion be- variation of th/e Pac_klng P“’b'e’_“: Given natural numberg, M,
tween two distinct signal points is a gofigure of meritfor unitary andL, with M < T, find a collection
space—time constellations. Constellations that optimize this figure of S={®1, Py, ..., 0.} CU(T x M)
merit a_llso hqve low overall _probablllty of error. Moreover, thls. flgur%uch that the maximum correlation between two distinct pointS,of
of merit provides a connection between good unitary space—time con-
stellations and dense packings in the complex Grassmannian spacg.“fﬁn by
the next s_ection, we desgribe _this connection and show how the algo- o*(S): = max (@73, ' 0,) (4)
rithms to find dense packings in the complex Grassmannian space can i<y €L ‘ ‘
be used to find good unitary space—time constellations.

A A+ Ny = (B2, D1 D)

is minimized. O

. UNITARY SPACE-TIME CONSTELLATIONS AND PACKINGS IN Thus, the problem of designing unitary space—time constellations
COMPLEX GRASSMANNIAN SPACE with a good figure of merit is the same as the problem of finding pack-

ings in complex Grassmannian space with large minimum distance.

_ We start with some definitions. The complex Grassmannian spagfjs is not too surprising since, fundamentally, a unitary space-time
g(T, M, C) is the set of all}/-dimensional subspaces of the com¢qngtellation is just a collection di-dimensional subspaces 6f .

plexT'-dimensional vector spa@T.AIt forms a compact Riemannian Reca|l that in the absence of the additive noise at the receiver, the re-
manifold of dimensior(2MT — QMZ? [11, p. 530]. Let/(T x M)  cejved signal at each antenna s a linear combination of the columns of
be the set of all” x A complex matrices with orthonormal columns.ihe transmitted matrix. The coefficients of this linear combination are
Let®,, ¢, € U(T x M) be two orthonormal matrices whose column;jrcyjarly symmetric random variables. Therefore, if we change a par-
spaces ar@,, I € Q(T, M. ©), respectively. The distance k)etweerticularsignal matrixp; to another orthonormal matrix that has the same
Py and P, can be defined as column span a®;, it will not alter the statistics of the received signal.
More concretely, the conditional distribution of the received signal
given the transmitted signdl; is given by [8], [5]
exp(=tr{[Ir + (p/M)®:®;]”' X X"}) ®)
7N detN[Ir + (p/M)®,; ®F]
which remains unchanged if we replace the sighalvith the signal
®;Unr « 1, Wherel s « s iS @ unitary matrix. Therefore, atthe receiver,

two signal matrices with the same column spans look identical and a
unitary constellation is just a collection 8f -dimensional subspaces

(P P): =T — O+ 23+ + M)

= \/T - <<I)T(I>ja q)?(b» p(X|®;) =

wherel;, ..., Ay are the singular values df; ®.. One can check
that this distance function is independent of the choices of matfices
and®., and hence it is well defined.

A finite subsetS of the complex Grassmannian spabd’, M, C)
is referred to as packingin G(T', M, C) of cardinality|S|. The min-

: . ; S T of C7.
imum distancel($) of a packing$ is given by Since the complex Grassmannian spé@¢g, M, C) is a(2TM —
d(S):= min d(P, P;). ©) Q‘W.f.z).-dimensional dif.'ferent.iable manifold?, the packing problem is an
P;_ ?}53 optimization problem involving27 M —2M*) x L parameters. On the

other hand, as shown in the Appendix, any elemedt(@ x M) can
With this definition, we can state the packing problem in complebe represented Bi'M — 3 * parameters. Therefore, the variation of
Grassmannian space as follows. the packing problem given above is an optimization problem involving
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(2T'M — M?*) x L parameters. It turns out that despite the economof £, is guaranteed to be a critical point @f . Any limit point of a
offered by the direct parameterization of the maniféld", M, C),it  global minimizer off. is guaranteed to be a global minimizerdf.
is preferable to solve the second version of the packing problem usifigwe use gradient search algorithms to find the minimurf.@%), it
a parameterization @f (7' x M ). Many important quantities, such asis not certain that we will be able to find a global minimum point even
the value ofi(.5), can be computed relatively faster in the second refer low values ofx. Therefore, there is no guarantee that the point we
resentation. Moreover, unlike the first problem, where the parametérack will lead us to a global minimum of*(S). There is still a need to
can take unbounded values, values of parameters in the second prolitgvarious random initial conditions and to evaluate, as far as possible,
are bounded (see the Appendix). This leads to a higher degree of the results from the search procedure for their optimality.
merical stability in the optimization algorithm. Due to these reasons,In summary, the algorithm is the following. The search procedure
we decided to work with/ (7" x M ), and we minimized the maximum starts with a relatively small value of, say«o, and a randomly gen-
correlations™ (.S) for a collection of orthonormal matrices. In the erated sef. If a good initial setS is knowna priori, then we can also
next section, we will provide the details of our optimization techniquetart from this set. Starting from the initial s&t we use numerical
optimization techniques to find a s8t., such that the value of.,

IV. OPTIMIZATION TECHNIQUE is (nearly) locally minimized. We now slightly increaseto «; and
. . L . starting from the se$..,, find a new sef.,, that (nearly) locally mini-
. The paramet_ers |nV(_)Ived |n_ the parameterizatlo_h{(ﬂ“ x M) lie mizesf., . We continue in this manner, each time increasing the value
in a compact differential manifold. Moreover; (S) is a continuous of  slightly and tracking the minimizer of... For very large values

function of its parameters. Therefore, it achieves at least one gIola@la f.. would be essentially equivalentad and minimizing.. will
minimum, and one can consider the direct m|n|m|zat|om*qf5_) UsING 310 essentially minimize*. This optimization technique is often re-
gradient search algorithms. Unfortunately, several propertie$ () feged to aghe relaxation methof8]

render gradient search algorithms problematic. First, since a rotate
constellation has the same correlation properties as the original conséel
lation,s* (S) does not have a unique global minima. It may have many
local minima that are far away from global minima. Secomtl(5) The optimization problem at hand involves a large number of param-
is not very smooth—in fact, it is not even differentiable everywher&t€rs. For example, in order to transmit 1 bit/s/Hz on a fading channel
Both of these facts obviate the direct use of gradient-based searchih coherence interval of length = 10, we need a signal constel-
gorithms. lation with L = 2'° signal points. Foid = 3 transmit antennas, the
Conway, Harding, and Sloane [1] have considered a similar packifgresponding optimization problem involves 10- 3 — 3%) - 1024 =
problem inreal Grassmannian space, and they propose an algorittp224 parameters. In order to deal with such a large number of pa-
that relaxes the optimization problem to overcome the difficulties pos&meters and to execute the optimization algorithm efficiently, we used
by the undesirable properties of the objective function. Their basic idé@veral suboptimal steps and fine-tuned the optimization algorithm. In
is to introduce a family of surrogate’s for ¢*, parameterized by the this subsection, we highlight some of these implementation details.
positive parametet. The functionalsf, mimic o*: for large values of ~ AS described above, for eaeh, the algorithm starts from a given
«, the functionalsf. closely tracks*, converging tor* asa tends to  S€tSa;_, and attempts to adjust it to find a minimum point £f, .
0. For small values of, the functionalsf.. overcome the difficulties A variety of descent algorithms are available for such minimizations.
indicated above while mimicking* less well. The strategy is to min- They use local properties of the cost function to iteratively update the
imize £, for smalla and then track this minimum while increasiag setS, thereby reducing the value of the cost function at each iteration.
It turns out that a similar technique can also be used in complex Gra¥4 use two methods for updatirfy At each iteration, we either up-
mannian space. In the next two subsections, we describe this technigf@: in a fixed predetermined order, each matri imdividually, or

‘Implementation Details

in more detail and discuss various implementation issues. we update all matrices ifi simultaneously. The first method involves
calculating the local properties of the cost function with respect to vari-
A. General Description ations in only one matrix and updating that matrix suitably. While in

the second method, we need to compute local properties with respect
to the variations of the whole sét Most of the results in this corre-
spondence were obtained by updating only one matrix at a time, and
1) For alla the functionalf., is smooth. henceforth we will only describe this case. Note that in updating the
matrices’®;’s, we have to ensure that the columns of eéghremain
orthonormal. (One could consider relaxing the problem further so that
this constraint need be satisfied only asymptotically jibut we have
One example of such a family is not taken this approach here.)
Since our ultimate objective is to minimiz€ and not to minimize
) 1 « " fa, at least for smalk’s, it suffices to find a “near” minimizer of...
fa(5) = . log Z exp(a{®i @), 27®,)) |- (6) |tis sufficient to stay within the domain of attraction of the minimum
si<isls] asa increases and then to converge closer to the minimum whisn
(Note that the results in this correspondence were obtained by diredtlyge. Therefore, we do not spend a lot of computational resources on
optimizing the argument of thieg in this expression.) pinpointing the local minimum of,,. We impose the rule that is in-

The purpose of condition 1) is to admit an optimizationfafby creased as soon as the fractional change in the value of the cost function
standard gradient descent techniques. The purpose of condition Zjpisvo consecutive iterations becomes less than a threshold. Depending
to enable us to find global minima gf, relatively easily. In fact, the upon how close to the minimum we want to get, this threshold can be
example given above has only one minimum pointiér= 1. The adjusted during the iterations. We stop our search procedure when the
purpose of condition 3) is clear, we expect that minimizerf.ofeven decrease inr™(.S) becomes too small to justify further computational
for small a, will be “close to” minimizers ofs*. The intention is to resources.
find a minimizer off,, for small« and to slowly increase the value of In our implementation we used the steepest descent algorithm to
« while tracking this minimum point. Any limit of a local minimizer minimize the cost function. A key (and computationally most intensive)

Ideally, the family of surrogate functionalé, has the following
properties.

2) For small values of the functionalf.. has few local minima.
3) The functionalsf, mimic o™.
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step in this algorithm is to compute the steepest descent direction (gra- TABLE |
dient) of the cost function. In order to simplify computations, we used OPTIMAL AND ACHIEVABLE 0 () IN G(T', 1, C)
the families of cost functiong. that depend on the sétonly through Optimal
the pairwise correlations of the elements$f{cf. (6)). For such cost T|L k’—g%@ a*(5) o*(S)
functions, by applying the chain rule for partial differentiation, we can E 10 0.692 0.3465 0.346
reduce the problem of finding the steepest descent direction of the cost 5 | 91 0.878 0.4087 0.400
function to the problem of computing partial derivatives of the pair-
wise correlation®; ®;, ®;®;) with respect to the parameters ®f 6|11 0.577 0.2887 0.288
and®,. 6 | 31 0.826 0.3783 0.372

There are several ways to parameterize the matfig&ss One pos- 7|28 0.687 0.3333 0.3333
sible way is to use the parameterizatiodf" x M) suggested in the 7 | 56 0.830 0.4177 0.378
Appendix, and to compute the partial derivatives of the pairwise corre- 8 J72] 0771 ] 03983 [ 0.354
lation (®;®;, @7 ®;) with respect to these parameters. However, this 9 | 19 0.472 0.2490 0.248
approach results in cumbersome formulas which are implicit functions 9 | 90 0.721 0.3754 0.3333
of the matrices and are expensive to compute.

A more practical way to parameteriz€T x M) is tooverparame-
terizethe space as follows. Given a matix € {/(T x M), any other SoME GOob FTAA(‘:?(:‘NEGS”W g(T, 1, 0)
matrix ® in /(T x M) may be written a&’ (0)®,, wherel/ (©) is a T
T x T unitary matrix, parameterized I8y (see the Appendix). In this Previously
way, we can parameteriz&T x M) by ©. Note, however, that this is T L 12&2T-(’—“l a*(S) best known
an overparameterization since, unldgs= T, U (©)®; = & does not o*(S)
determine® uniquely. Indeed, a subgroup of the grouglok 7" uni- 5 32 1.000 0.4907 0.515
tary Enatrices) leaves the matdx invariant. The overparameterization 6 [ 64 | 1000 [ 05036 [ 0.531
of (T x M) does not present a problem because if we (abstractly)
factor out the subgroup éf(T x 1) which leaves the matri®; in- 7] 128 [ 1000 | 05140 | 0540
variant, then a parameterization of the quotient group would uniquely 8 256 1.000 0.5213 0.545
parameterizé/(T x M). The gradient direction ity (T x M) turns 8 | 4096 1.500 0.7242 —

9 [ 512 | 1000 | 05309 [ 0.580

out to be the same, however, so there is no need to compute the factor-
ization. 10 [ 1024 | 1000 | 05653 | —
The main advantage of this overparameterization arises from the fact
that we can consider perturbing the matricesSity premultiplying
them by matrice#’(©) for ©® ~ 0, sincel’ (0) = I. This allows effi-
cient computation of the partial derivatives of the correlation between

TABLE 11l
SoME GooD PACKINGS IN G(T, 2, C)

U(©)®; and®; by just using entries in matricel; and®;, and the . Previously
derivatives of’*(©) at©® = 0. Specifically, ford € ©, we have T L logs (£ ‘—’%/-f—) best known
a *prk * Tk U*(S)
<8_9<q>1. U (©)2;, 3V (@)‘I’ﬁ) 5| 32 1.000 0.6380 =
©=0
) 6 ] 64 | 1000 [ 06077 | —
= 2Re{<<1>2‘ 50 Li <I>?U*(®)<I>j> } @) 7 ] 128 | 1000 | 05896 | —
- o= 8 | 256 | 1000 | 05839 |  0.66
:gRe{<¢,; abae(@) ®,, (p;@j>}_ ®) 9 | 512 | 1000 | 05828 | —
©=0 10 | 1024 | 1000 | 05732 | —

Therefore, once we haveU™* (©)/d8|o=o for all 8 € ©, partial
derivatives of the correlation become an explicit functiondgfand

$; and can be computed efficiently. In the Appendix, we calculate . . . . .
OU* (©)/88]o—o for all 6 € ©. By using the chain rule for partial numerical precision of the machines and the algorithms used. This cre-

derivatives, we can now compufe ., the gradient off. with ated some confidence in the effectiveness of the general technique used
respect toé and setd = —cVf .ttcy), obtain the updatead matrix in this paper. Table | also shows that in two cases the program did not
U(=cV f.)®,, wheree > 0 is a ste;’) size appropriately chosen. Thdenerate optimal packings. This points to some room for further im-

results in this correspondence were obtained by using this techni?ﬂ vement in our methods. This improvement may come from many

to update matrices at each step. It proved to be an efficient and cl AT .?t'or;S: by a t:etfter gtfad'el”‘ sesrch 3|gt(_)rlthtrrrll, Sbgiusmgha Idn‘ferent
way of varying matrices idd(T x M). amily of surrogate functionals, or by updating the Seis a whole as

opposed to updating one matrix at a time.
Next, we generated good packings of cardindlityin (7', M, C)
for M = 1, 2, and3 (see Tables Il, lll, and 1V, respectively). For
As discussed in the previous section, the relaxation techniqgue cemmunications over Rayleigh fading channels, these packings can be
quires a little fine tuning before it can efficiently output good packingsised as rate 1 bit/s/Hz unitary space—time constellations. Recall that
Among other things, this fine tuning involves adjusting the criterion fahe values ofif correspond to the number of transmit antennas. In all
increasingy and the rate at which is increased. We used known op-cases, unitary space—time constellations found by our technique im-
timum packings iG(7T, 1, C) described in [10] as test cases for thigproved upon previously best known constellations [5], [10], [4] in terms
fine tuning. Table | shows ™ (.S) for the best packings obtained by ourof having a smaller maximum correlation between signal points. We
computer program along with" (S) for the optimal packings. In most provide these packings only up o= 10, as our algorithm requires a
cases, the program was able to generate optimal packings within to@siderable amount of computing power for large valuées.of

V. RESULTS AND DISCUSSION
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Fig. 2. Bit error rate versus SNR for best new constellation (squares) and best previously known constellation (crdsses),fdf = 1, and rate 1 bit/s/Hz.
The new constellation has 5%—10% better bit error rate.

TABLE IV to the case of Gaussian channels, where the ratio between bit error rates
SoMe Goop PAcKINGs ING(T', 3, C) of two constellation changes exponentially with SNR. At first sight,
Previously this might seem disappointing. Nevertheless, if such a constellation is
T L log, (L) a*($) best known used in conjunction with a powerful outer code at bit error rates of
r v3 a*(8) several percent (typically 15%-5%) then this percentage decrease in
5 32 1.000 0.7791 — the bit grrpr rate translates into a significant increase in the possible
transmission rate. Note also that the improvement for the three-antenna
6 [ 64 | 1000 [ 07091 | — . . .
case is not as large as expected from the better minimum distance of
7 l 128 | 1.000 | 0.6853 l — our packing. Most probably this is due to the fact that for three transmit
8 ] 256 [ 1.000 [ 06590 | 0.74 antennas the chosen figure of merit is no longer a very good indicator
9 | 512 | 1.000 | 0.6395 [ — of the performance of a unitary space—time constellation.
10 | 1024 | 1.000 [ 0.6266 | — Finally, the unitary space—time constellations generated here can be

used as a benchmark to assess the optimality of other signal constel-
lations designed for Rayleigh block-faded channels. Our objective in
this study was to generate signal constellations with as low bit error
Figs. 2-4 show the average bit error rate for unitary space—tiige as possible. Signal constellations which are designed subjected to
constellations generated here as well as the same for the previoiilyer constraints such as “easy encoding and decoding” are likely to
such best known constellations [5], [10], [4] for a coherence interval ghve a worst bit error rate. Suboptimality of such constellations can be

lengthT" = 8 and rate 1 bit/s/Hz. For one, two, and three transmit ameasured by comparing them against the signal constellations gener-
tennas, our constellations are respectively, 4%, 12%, and 11% bettegtgd here [14].

terms of the figure of merit. For one transmit antenna, very good pack-
ings were already known, and we could improve upon them by only
4%. For two and three transmit antennas, our improvements are more
impressive. The smaller maximum correlation between signal points in
our constellations translates into a 5%-10%, 15%-30%, and 5%—20%
difference in the bit error rate, for one, two, and three transmit antennasFirst, we briefly present a parameterizationZofdimensional uni-
respectively. The exact difference in bit error rate depends on the SN&ty matrices which was used extensively to compute the gradient of

Note that on Rayleigh fading channels (and sufficiently large enoughirrogate functionals. For details regarding this parameterization, we
SNR) two different signal constellations have an almost constant ratefer the reader to [9]. Later in this appendix, we will apply a similar
of their respective bit error rates. This ratio is in part determined ligchnique to parameteriz&T x A{). Throughout this appendixde-
theminimum distances of signal constellations. This is in stark contrasites,/—1.

APPENDIX
PARAMETERIZATION OF MATRICES
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We start by introducing some basic unitary matridé%?’. Let whereV is an(T" — 1)-dimensional unitary matrix. Note that in order
UP¢pq, 0pq) fOr p < ¢ ando,q, 0pq € [—m, w) denote thel-  to pass from &-dimensional unitary matrix to @ — 1)-dimensional
dimensional unitary matrix given by matrix, we nee@7 — 1 parameter x (1'— 1) parameters represented
by ¢'s ando’s and one parameter representedsby

U (bpgs Tpq) o . . .
ghATPay Trd We can operate o/ in a similar manner by using matrices

L ifj = kandj #=p. ¢ U2 (¢ay, 02;) forj = T, T — 1, ..., 3 and pass to &7 — 2)-di-
c0s(Ppq); if j=kandj =p, q mensional unitary matrix. Continuing this process, we pass to a

= { —sin(@pq) exp(—iop),  if j=pandk=gq (9)  one-dimensional unitary matrix which consists of just one entry
sin(¢pq) exp(io,g), if j=qandk=p exp(i67). Therefore, by this process, we can parameterize the
0, otherwise. bounded and closed space€ldfdimensional unitary matrices by

To illustrate one such’??, we have .
14345+ +Q2T-1) =T

cos (¢) 0 —sin(¢)exp(—ic) 0
0 1 0 0 parameters. Excegt;r, forj =1, 2, ..., T'— 1 andér, which take
sin(é) exp(ic) 0 cos() 0 values in the interva]—, rr),‘)all other parameters belong Fo the in-
0 0 0 1 terval[—%, Z]. Thus, out ofl* parameters]” belong to the interval

[—7, ), other remaining parameters belong to the intefva}, 7].
which is the four-dimensional basic unitary matfiX*(¢, o). Note Let © be the collection of thesE? parameters.
that UP"* (¢, o) = UP?(—¢, —o). Post-multiplication (pre-multi-  Partial derivatives ot/ (©) at©® = 0 are easy to evaluate and are
plication, respectively) by a basic unitary matii¥¢ can be used given by
to change theth andq¢th entries of a row vector (a column vector,

respectively), without changing other entries, in such a way that the 80’(0) = qu(fz, 0) (13)
squared sum of magnitudes;ah andqth entries remains the same. a@fl"f ©=0 2

We will show that anyZ’-dimensional unitary matriX can be ou(e) =0pyr (14)
written as a unique product of these basic unitary matrices with a diag- 30pq |o—g 8
onal matrix. Given aif’-dimensional unitary matri’, consider the oU () L.
unitary matrix’’ = UU'T"(¢17, o17) obtained by post-multiplying Dk Jomy 1Ek-Ch (15)

U with the complex conjugate ' (¢17, o17). We choose the ) ) )
parameters,; ando ¢ in such a way that” satisfies the following wheree is a unit norm column vector of length with kth element

two constraints: equal tol. As discussed in Section IV-B, these partial derivatives were
used to calculate the gradient of the cost function.
« Uir = 0. In a similar manner, we can also parameterize th&/§&tx AM). We

start by premultiplyind’” € U/(T x M) with the basic rotation matrix
U™ (¢11, o17). We chooseb, 1 anda in such a way that the last
element of the first column becomes zero and the argument of the first
element of the first column lies in the interyal I, 7]. We continue in

this manner until only the first element of the first column is nonzero.
This process use®l’ — 1 parameters. Again using orthogonality of

* EitherlUj; =0or—% < arg(li;) < 5.

It can be verified that these conditions uniquely spegify € [—7, )
ands,r € [—%, 3] (with the convention that we set,r to zero in
case it is indeterminate).

Similarly, we can post-multiply/’ by

pLr=n* (6101—1): T1(r—1)) cqumn;, we can shoyv that this procedure reduces the probl_e_m of pa-
’ rameterizing a matrix it (1" x M) to the problem of parameterizing a
to obtainU”" such that matrix inld ((T — 1) x (M — 1)). Therefore, to parameterize a matrix
" in (T x M) we need
* Ujir—y = 0. )
« EitherUj, = 0 or -2 < arg(Uf}) < . T -1+ 2T -3)+---+ (2T - (2M — 1)) = 2TM — M*

Again, using the same convention, these conditions uniquely spedigrameters. Out of the8& 1/ — 11 parameters)/ parameters belong
drr_1) € [-%, 2] andoyr_ 1y € [-2, Z]. Note that the range of to the interval[—m, 7) and other remaining parameters belong to the

T

é1(r—1y is different from the range af, 7 as a result of the condition interval[— %, Z].
—% < arg(Uil) < %
We can continue this process until all elements of the first row are ACKNOWLEDGMENT
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It was not clear to some members of the research community that the
original scheme of [10] can be generalized to more than two transmit
antennas. The purpose of this work is to present such generalization
and clarify this misconception. In doing so, we employ the theory of
space—time block coding introduced in [11].

The outline of the manuscript follows next. In Section Il, the system
model for transmission usingy transmit antennas is considered and
space—time block codes are reviewed assuming coherent detection. In
Section lll, the new differential encoding algorithm is presented. The
corresponding decoding algorithm is presented in Section IV. We dis-
Abstract—We explicitly construct multiple transmit antenna differen- ~ cuss different versions of the system in Section V. Finally, simulation

tial encoding/decoding schemes based on generalized orthogonal designstesults and some conclusions are provided in Section VI.
These constructions generalize the two transmit antenna differential de-
tection scheme that we proposed before.

Multiple Transmit Antenna Differential Detection From
Generalized Orthogonal Designs

Hamid JafarkhaniSenior Member, IEEEand
Vahid Tarokh Member, |IEEE

Index Terms—Antenna arrays, differential detection, orthogonal Il. SPACE-TIME BLOCK CODING ASSUMING COHERENTDETECTION
designs, space-time block codes, transmitter diversity.

In this section, we model a multiple-antenna wireless communica-
tion system under the assumption that fading is quasi-static and flat.
We consider a wireless communication system where the base station

Recently, coding for multiple-antenna transmission in a wireless e¢@ntains/V transmit antennas and the decoder containseceive an-
vironment has become an extremely active subject of research. In f§i8nas. At each time slef signalsC; », n =1, 2, ..., N are trans-
direction, it is most practical to assume that the receiver has the knoWlitted simultaneously from th&’ transmit antennas. The coefficient
edge of the channel [1], [3], [9], [11]-[15]. This is a reasonable asw, is the path gain from transmit antenndo receive antennsz.
sumption because the receiver has to estimate the channel for synchYguse independent complex Gaussian random variables with variance
nization and carrier recovery purposes. 0.5 per real dimension to model the path gains. The wireless channel

In rare occasions, it may be assumed that neither the receiver norigh@ssumed to be quasi-static so that the path gains are constant over a
transmitter has the knowledge of the channel. In the case of one trandfaine and vary from one frame to another.
antenna, a differential detection scheme exists that neither requires thBased on our model, the signal ,,, which is received at time at

antennan is given by

|. INTRODUCTION

N
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