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Most graph-theoretical clustering algorithms are global,
i.e., require the complete adjacency relation of the graph
representing the examined data. We propose instead a lo-
cal approach that computes clusters in graphs, one cluster
at a time, relying only on the neighborhoods of the vertices
included in the current cluster candidate. The clusters may
be identified either by complete search, or when approxi-
mate accuracy is sufficient, employing heuristic methods.

Graph clustering
Clustering is the process of organizing data into meaning-
ful groups in order to interpret some properties of the data;
we consider data that consists of a set of vertices that are
connected by a set of edges, where an intuitive cluster is
a subset of vertices sharing relatively many edges with re-
spect to the global structure.

• In a graph G = (V,E), a cluster candidate is a set of
vertices C ⊆ V .

•The set of edges of the subgraph induced by a cluster is
E = {(u, v) ∈ E | u, v ∈ C}.

•The size of the cluster |C| is the number of vertices in-
cluded in it.

•The internal degree and outbound degree of C are

degint(C) = |E| = |{(u, v) ∈ E | u, v ∈ C}|,
degout(C) = |{(u, v) ∈ E | u ∈ C, v ∈ V \ C}|.

•Possible and commonly used cluster fitness measures

– Local density δ`(C) =
|E|

(

|C|
2

) =
2|E|

|C|(|C| − 1)

– Relative density δr(C) =
degint(C)

degint(C) + degout(C)

δ` measures the “dependence” of the cluster members of
each other, whereas δr measures the “independence” of the
vertex set C from the rest of the graph. Good clusters have
both high δ`(C) and high δr(C) ; optimizing δ` prefers small
cliques over larger but slightly sparser subgraphs, and clus-
ters with optimal δr may be sparse.

δ` = 0.8

δr = 0.6

δr = 0.64

δ` = 1.0

Examples of undesirable behavior of the measures δ` and δr.

Local clustering
Following and combining common criteria [10, 12], we
want the clusters of a graph G = (V, E) to be sets of ver-
tices that are connected in G by many internal connections
and only few connections outside, and achieve this by com-
bining the local density with the relative density, both of
which are computable from local information:

f(C) = δ`(C) · δr(C) =
2 degint(C)2

|C| (|C| − 1)(degint(C) + degout(C))
.

Properties of the measure f :

•Avoids counterintuitive clusterings achieved by using ei-
ther one of the two measures alone.

•Only relies on information obtainable from the adjacency
lists of the included vertices.

•⇒ A good approximation of the optimal cluster contain-
ing a given vertex can be obtained by local search [2].

•Local optimization is possible even for partially unknown
graphs by online computation (cf. [9, 16]).

•⇒ The method is likely to scale up for clustering graphs
that are too large to be handled in the main memory, but
have moderate neighborhood size.

The local search may either be complete, in which case the
true optimal cluster is found, or heuristic, which often pro-
duces an approximate solution quickly. We have used simu-
lated annealing [1] (similar approach to clustering of points
in space has been taken in [17], simulated annealing for
which is studied in [11]).

•Stochastically examine subsets of V containing v, and
choose the candidate with maximal f as C(v).

•The initial cluster C ′(v) of a vertex v contains v itself and
all vertices adjacent to v.

•Each search step may either add a new vertex that is adja-
cent to an already included vertex, or remove an included
vertex.

•Upon the removal of u ∈ C ′(v), u 6= v, the connected
component containing v becomes the next cluster candi-
date.

Using degout(C) = |{〈u, v〉 ∈ E | u ∈ C, v ∈ V \ C}| ex-
tends the above for directed graphs for which only the edges
pointing out from the current vertex are locally accessible
and incoming edges remain unknown until their source ver-
tex is examined.

Experiments
We have conducted experiments on generation models for
nonuniform random graphs, such as small-world [22] and
scale-free [5] networks, as well as natural network data. In
our experiments, the local search started at a randomly cho-
sen vertex did not usually traverse the input graph exten-
sively while locating the cluster of the start vertex. The
overhead seems to depend on the graph structure: small-
world networks seem “lighter” to search than scale-free or
uniform random graphs of the same size and similar den-
sity [20].
For generalizations of the caveman graphs [21] consist-
ing of a set of interconnected dense subgraphs of varying
size [20], the method identifies “caves” as clusters regard-
less of the starting point of the search.

A caveman graph with 55 vertices and

217 edges; each cave (indicated by color)

forms a cluster.

The adjacency matrix of a caveman graph

of vertices and 1,505 edges sorted by

clusters of the local method.

We constructed a scientific collaboration network [15] from
BIBTEX data of mathematical publication databases [20].
Authors are the vertices of the network, identified by their
first initial and surname. Authors are connected by an edge
if they have a joint publication.
To study the effect of the heuristic search to the resulting
clusters, we clustered the largest connected component of
our collaboration graph (|V | = 108,624, |E| = 333,546),
varying the number of independent restarts R per search
vertex and the number of cluster modification steps S taken
after each restart. We used three R/S-pairs, where R ∈
{10, 25, 50} and S = 10R; the visit count drops as expected
when R and S are decreased, but there is no difference of
such magnitude in the distribution of the cluster sizes.
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Comparison with other methods
We compared the clusterings achieved with the local
method to the clusterings of GMC (Geometric Minimum
Spanning Tree Clustering) with additional linear-time post-
processing and ICC (Iterative Conductance Cutting) [6] for
five caveman graphs of different size. For each graph, we
compared the clusters of each vertex achieved with the three
methods by calculating how many percent of the vertices of
the smaller cluster are also included in the larger one.
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The post-processed GMC and the local method agree on the
clusterings quite well, whereas ICC often differs, mainly in
granularity, as it tends to split the caves.

The clusters of a single cave in a 649-vertex

graph; the fill color of the vertices indicates

the clustering of ICC and the border color indi-

cates that of the post-processed GMC; the local

method selects the whole cave as a cluster.

Applications
Due to its locality, the method is applicable for clustering
e.g. the World-Wide Web with a crawler. Applications for
Web clusters include, for example,

• grouping search results [3, 4, 8, 18],

• the identification of special interest groups or other types
of web communities [7, 13]

• identification of link farms generated to fool PageRank,

• and the evaluation of generators of “Weblike” graphs [19]
(cf. the evaluation of Internet topology generators
in [14]).

Many of these applications generalize to other large natural
networks as well. All vertices of a massive graph obviously
cannot be used as starting points for clustering; hence a re-
liable method for uniform sampling of nonuniform natural
networks would be of great interest.
Discussing clustering in graphs does not exclude applica-
tions where the data consists of n-dimensional position vec-
tors; several mappings of points in space into graphs are
possible, using for example distance thresholds. Also tex-
tual data is easily mapped into a graph: similarities of DNA
sequences can be built into a graph using the edit distances
between pairs of sequences.
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