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A view by T. J. Rivlin 

of Approximation 
Theory 

This  is  a selective survey of Approximation 
Theory  which  touches  on  the  concepts of 
best approximation,  good  approximation, 
approximation of classes of functions, 
approximation of functionals, and optimal 
estimation. 

Introduction 
I present  a view of the subject called Approximation Theory 
which makes no pretense at being complete or objective. It 
focuses much of its attention  on aspects of the subject which 
have particularly  interested me  and, especially, in which I 
and my friends  have  worked. In taking  this approach I am 
following in the footsteps of-among many others-one of 
the founding  fathers of the subject, A. A. Markov (1 856- 
1922),  who, apparently in reply to  the question “What is 
mathematics?”, said: “Mathematics is that which Gauss, 
Chebyshev, Lyapunov, Steklov and I study”  (as quoted in 
[ 1 I). 

Early work 
The broad river of contemporary  Approximation  Theory 
derives from  the confluence of two prominent 19th-century 
tributaries. 

Best approximation 
The idea of best approximation according to 
P. L. Chebyshev ( 182 1 - 1894) is best exemplified in the 
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following prototypical  setting. Let I = [ - I ,  11 and pn denote 
the polynomials of degree I n .  ForfE C(I)  we put 

l l f l l  = max I f W I .  
>El 

p* E p,, is called a best approximation to f on I out of pn if 
11 f - p* 11 5 11 f- p 11, for all p E pn. Such  a p* always exists, 
and is, indeed,  unique. We also put E,( f )  = I( f - p* 11. We 
can now state the  famous Alternation Theorem (Chebyshev- 
Borel, cf. [2]). 

p* E /3, is a best approximation  to J E  C(I) if, and only if, 
there exist n + 2  distinct points of I ,  -1 I xI < . . . < x,,+* I 
1. for which 

The  main  themes of the Chebyshevian approach  are 
existence, uniqueness, and characterization  of best 
approximations. The setting we have just presented  has been 
generalized in subsequent work in every conceivable way: 
with respect to  the  function being approximated,  the 
approximating class, and  the measure  of  error. The problem 
of best approximation is a typical extrema1 problem, and as 
is generally the case with such  problems, exact solutions are 
hard to come by. However,  in one interesting case 
Chebyshev [3]  obtained  a best approximation in closed form, 
namely, approximation of xn out of pn-l on I. He proceeded 
as follows. Suppose p* E pn-l is a best approximation  to X” 

on I .  Then e(x)  = x“ - p*(x) E p,,. By the Alternation 
Theorem  there exist n + 1 points satisfying -1 I x, < . . . < 
x,,, I 1 such that 

le(x,)l = IIelI = : M ,  i =  1, . . . ,  n +  1. 

But then xI = - I  and x,,,, = 1, for otherwise e‘@) = 0 at n 
interior points of I .  Now M 2  - e*@) 2 0, x E I ,  and so 

IBM J .  RES. DEVELOP. VOL. 31 NO. 2 MARCH 1987 




