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Sequence-state Methods for Run-length-limited Coding

Abstract: Methods are presented for the encoding of information into binary sequences in which the number of zEROS occurring be-
tween each pair of successive oNEs has both an upper and a lower bound. The techniques, based on the state structure of the constraints,
permit the construction of short, efficient codes with favorable error-propagation-limiting properties.

1. Introduction

This paper presents a study of a class of codes that are
of interest in connection with a number of digital re-
cording and communication techniques. The codes are
such that coder output sequences are binary, and have
the property that two consecutive ONES are separated by
at least d but no more than k zeros. The parameter d
may be used to control interference between recorded
transitions in saturation recording, or to limit spectrum
spread in frequency-shift keying. The parameter k im-
poses a bound on the maximum transition spacing, a
dimension that must be specified in most systems that
employ self-clocking.

Problems connected with such run-length-limited codes
have received considerable attention.'”® Application of
the codes, particularly to magnetic recording, was dis-
cussed by Melas,' Kautz,” Tang® and Gabor.* Properties
of the output sequences were studied by Melas.! Asymp-
totically optimal coding techniques whose complexity
grows linearly with the code word length were described
by Kautz® and Tang.® In addition, a number of short
codes and state-oriented coding techniques were presented
by Freiman and Wyner,’ Gabor* and Tang.’

The approach taken in this paper is based on the use
of finite-state machines as models of the run-length-limited
sequence constraints. The analysis is thus applicable to
any constraints that can be described in this form. Algo-
rithms presented in a recent report’ are used to construct
synchronous (fixed-rate) codes that are optimal in the
sense that the maximum word length is minimized for
a given bit-per-symbol value. Word lengths of fixed- and
of variable-length codes in this class are compiled for a
number of (d, k) constraints. The results indicate that
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varying the word length frequently yields codes that are
shorter and easier to implement. The problem of error
propagation, which arises in state-dependent and variable-
length coding,® is studied. It is shown that one can always
limit error propagation in fixed-length (d, k) codes by a
proper assignment of message digits to code words. A
method for constructing error-propagation-limiting,
variable-length (d, k) codes is described, the method
being valid for the more general case of constrained
sequences with finite memory. Finally, some examples
of code construction are included to illustrate the methods.

2. Run-length-limited sequence constraints

In some applications it is desirable to impose minimum
and maximum distances between transitions or pulses
in a signal. Digital magnetic recording is an example.
The recording medium is typically partitioned into inter-
vals of length 7. Information is stored in these intervals
by means of the presence or absence of transitions between
saturation levels. Intervals in which transitions occur are
assigned the value oNE. If no transition occurs, the interval
is assigned the value zero. The separation between such
transitions must be sufficiently great to limit interference
to acceptable levels. If clocking is to be derived from the
recorded data, an additional requirement is that transi-
tions occur frequently enough to provide adequate energy
for the timing circuits.

Suppose that Q and ¥ are respectively the minimum
and maximum tolerable distances between transitions. A
possible approach to the signal design problem is to
require that the recorded sequence be (d, k) run-length-
limited with (d + 1)T > Q and (k + 1T < V. That is,
at least (d + 1) but no more than (¢ 4 1) intervals occur
between each pair of successive transitions. If Q and V
are fixed, an increase in (d 4+ 1) (i.e., a decrease in T)
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