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P. C. Gilmore

A Proof Method for Quantification Theory:
Its Justification and Realization

Abstract: A program is described which can provide a computer with quick logical facility for syllogisms and
moderately more complicated sentences. The program realizes a method for proving that a sentence of quan-

tification theory is logically true. The program, furthermore, provides a decision procedure over a subclass of
the sentences of quantification theory. The subclass of sentences for which the program provides a decision

procedure includes all syllogisms. Full justification of the method is given.

A program for the IBM 704 Data Processing Machine is outlined which realizes the method. Production runs of
the program indicate that for a class of moderately complicated sentences the program can produce proofs in

intervals ranging up to two minutes.

Introduction

Before a rigorous mathematical proof of any theorem can
be given, it is necessary that the theorem, and the axioms
from which the theorem is to be deduced, be precisely
stated in an unambiguous language. The formal language
variously called the first-order predicate calculus or logic,
the first-order functional calculus or logic, or quantifica-
tion theory, is adequate for the expression of any theorem
or axiom. Further, although the sentences of quantifica-
tion theory are ambiguous in the sgnse of being capable
of possessing many different meanings, it is an easy matter
to remove this ambiguity simultaneously from all sen-
tences of the language by assigning meaning to the primi-
tive symbols from which the sentences are formed. But
most important of all, it is possible to give for sentences
T, 81, Sz, . . . of quantification theory a precise definition
of “T is a logical consequence of the sentences §1,S2,...”
to replace the intuitive but vague notion in natural lan-
guages that one sentence is a logical consequence of
other sentences. Thus quantification theory not only pro-
vides a language for mathematics but also permits a
description of what constitutes a rigorous mathematical

proof.
The primitive symbols of quantification theory are
brackets (,), the logical connectives —, &, v, D, =, the

predicate letters A, B, C, . . . the individual names, a, b, c,
... the individual variables x, y, z, . . . and the quantifiers
E and 4. Any finite sequence of these primitive symbols
is a formula of the theory. From the formulae of the
theory are selected some which in some sense are mean-
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ingful and are therefore called well-formed formulae, or
briefly wif. From the wif of the theory will be selected
the sentences of the theory.

Inductive definitions of wff and of “the (individual)
variable X occurs free in the wff §” are given simultane-
ously:

1. A formula consisting of a predicate letter followed by
any number of individual names or variables is an atomic
wff and a wff and the variables occurring in it occur free.

2. If S is a wff then so is —S, and the variables occurring
free in S occur free in —S.

3. If § and T are wff then so are (S&T), (SvT),
(SO T) and (S =T), and the variables occurring free
in either S or T occur free in these wif.

4. If S is a wif and X is any variable then (EX)S and
(AX)S are wff and the variables other than X occurring
free in S occur free in these wff.

A variable X which occurs in a wff but does not occur
free is said to be bound in the wff and must, therefore, by
part (4) of the definition, occur with quantifier symbols
as in (EX) or (AX). A sentence of the theory is a wif in
which no variable occurs free. Calling such formulae of
the theory sentences is reasonable if the primitive symbols
of the theory are interpreted as follows:

Atomic sentences (atomic wff which are sentences)
can be understood as abbreviations for sentences such as
“143=5", “3<L7”, or “John is tall”; these could be ex-







