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Abstract

This paper investigates how adaptive software
agents may utilize reinforcement learning algo-
rithms such as Q-learning to make economic
decisions such as setting prices in a competitive
marketplace. For a single adaptive agent facing
fixed-strategy opponents, ordinary Q-learning
is guaranteed to find the optimal policy. How-
ever, for a population of agents each trying to
adapt in the presence of other adaptive agents,
the problem becomes non-stationary and his-
tory dependent, and it is not known whether
any global convergence will be obtained, and
if so, whether such solutions will be optimal.
This paper studies simultaneous Q-learning by
two competing seller agents in three moder-
ately realistic economic models. This is the
simplest case in which interesting multi-agent
phenomena can occur, and the state space is
small enough so that lookup tables can be used
to represent the Q-functions. Despite the lack
of theoretical guarantees, simultaneous conver-
gence to self-consistent optimal solutions is ob-
tained in each model, at least for small values
of the discount parameter. In some cases, such
convergence is also found even at large discount
parameters. Furthermore, the Q-derived poli-
cies increase profitability and damp out or elim-
inate cyclic price “wars” compared to simpler
policies based on zero lookahed or short-term
lookahead. The use of function approximators
(neural nets) instead of lookup tables is also
investigated; preliminary findings indicate that
reasonably good policies can be obtained even
though the absolute accuracy of the function
approximation may be poor.

1 Introduction

Reinforcement Learning (RL) procedures have been es-
tablished as powerful and practical methods for solving
Markov Decision Problems. One of the most significant
and actively investigated RL algorithms is Q-learning
(Watkins, 1989). Q-learning is an algorithm for learning

to estimate the long-term expected reward for a given
state-action pair. It has the nice property that it does
not need a model of the environment, and it can be used
for on-line learning. A number of powerful convergence
proofs have been given showing that Q-learning is guar-
anteed to converge with probability 1, in cases where
the state space is small enough so that lookup table rep-
resentations can be used (Watkins and Dayan, 1992).
Furthermore, in large state spaces where lookup table
representations are infeasible, RL methods can be com-
bined with function approximators to give good practical
performance despite the lack of theoretical guarantees of
convergence to optimal policies.

Most real-world problems are not fully Markov in na-
ture — they are often non-stationary, history-dependent
and/or not fully observable. In order for RL methods
to be more generally useful in solving such problems,
they need to be extended to handle these non-Markovian
properties. One important application domain where
the non-Markovian aspects are paramount is the area
of multi-agent systems. This area is expected to be in-
creasingly important in the future, due to the poten-
tial rapid emergence of “agent economies” consisting of
large populations of interacting software agents engaged
in various forms of economic activity. The problem of
multiple agents simultaneously adapting is in general
non-Markov, because each agent provides an effectively
non-stationary environment for the other agents. Hence
the existing convergence guarantees do not hold, and in
general, it is not known whether any global convergence
will be obtained, and if so, whether such solutions are
optimal.

Some progress has been made in analyzing certain spe-
cial case multi-agent problems. For example, the prob-
lem of “teams,” where all agents share a common utility
function, has been studied, for example, in (Crites and
Barto, 1996). Likewise, the purely competitive case of
zero-sum utility functions has been studied in (Littman,
1994), where an algorithm called “minimax-Q” was pro-
posed for two-player zero-sum games, and shown to
converge to the optimal value function and policies for
both players. Sandholm and Crites studied simultane-
ous Q-learning by two players in the Iterated Prisoner’s
Dilemma game (Sandholm and Crites, 1995), and found



that the learning procedure generally converged to sta-
tionary solutions. However, the extent to which those
solutions were “optimal” was unclear. Recently, Hu and
Wellman proposed an algorithm for calculating optimal
Q-functions in two-player arbitrary-sum games (Hu and
Wellman, 1998). This algorithm is an important first
step. However, it does not yet appear to be useable for
practical problems, because it assumes that policies fol-
lowed by both players will be Nash equilibrium policies,
and it does not address the “equilibrium coordination”
problem, i.e. if there are multiple Nash equilibria, how
do the agents decide which equilibrium to choose? This
may be a serious problem, since according to the “folk
theorem of iterated games” (Kreps, 1990), there can be a
proliferation of Nash equilibria when there is sufficiently
high emphasis on future rewards, i.e., a large value of
the discount parameter . Furthermore, there may be
inconsistencies between the assumed Nash policies, and
the policies implied by the Q-functions calculated by the
algorithm.

The present work examines simultaneous Q-learning
in an economically motivated two-player game. The
players are assumed to be two sellers of similar or iden-
tical products, who compete against each other on the
basis of price. At each time step, the sellers alternately
take turns setting prices, taking into account the other
seller’s current price. After the price has been set, the
consumers then respond instantaneously and determin-
istically, choosing either seller 1’s product or seller 2’s
product (or no product) based on the current price pair
(p1,p2), leading to an instantaneous reward or utility
(U1,U2) given to sellers 1 and 2 respectively. It is as-
sumed that both sellers have full knowledge of the ex-
pected consumer response for any given price pair, and
in fact have full knowledge of both utility functions.

This work builds on prior research reported in
(Tesauro and Kephart, 1998; Tesauro and Kephart,
1999). Those papers examined the effect of including
foresight, i.e. an ability to anticipate longer-term conse-
quences of an agent’s current action. Two different al-
gorithms for agent foresight were presented: (i) a gener-
alization of the minimax search procedure in two-player
zero-sum games; (ii) a generalization of the Policy It-
eration method from dynamic programming, in which
both players’ policies are simultaneously improved, un-
til self-consistent policy pairs are obtained that optimize
expected reward over two time steps. It was found that
including foresight in the agents’ pricing algorithms gen-
erally improved overall agent profitability, and usually
damped out or eliminated the pathological behavior of
unending cyclic “price wars,” in which long episodes of
repeated undercutting amongst the sellers alternate with
large jumps in price. Such price wars were found to
be rampant in prior studies of agent economy models
(Kephart, Hanson and Sairamesh, 1998; Sairamesh and
Kephart, 1998) when the agents use “myopically opti-
mal” or “myoptimal” pricing algorithms that optimize
immediate reward, but do not anticipate the longer-term
consequences of an agent’s current price setting.

There are three primary motivations for study-
ing simultaneous Q-learning in this paper. First, if
Q-functions can be learned simultaneously and self-
consistently for both players, the policies implied by
those Q-functions should be self-consistently optimal. In
other words, an agent will be able to correctly antici-
pate the longer-term consequences of its own actions, the
other agents’ actions, and will correctly model the other
agents as having an equivalent capability. Hence the
classic problem of infinite recursion of opponent models
will be avoided. In contrast, in other approaches to adap-
tive multi-agent systems, these issues are more problem-
atic. For example, (Hu and Wellman, 1996) study the
situation of a single “strategic” agent, which is able to
anticipate the market impact of its pricing actions, in
a population of “reactive” agents, which have no such
anticipatory capability. Likewise, (Vidal and Durfee,
1998) propose a recursive opponent modeling scheme,
in which level-0 agents do no opponent modeling, level-
1 agents model the opponents as being level-0, level-2
agents model the opponents as being level-1, etc.. In
both of these approaches, there is no effective way for
an agent to model other agents as being at an equivalent
level of depth or complexity.

The second advantage of Q-learning is that the solu-
tions should correspond to deep lookahead: in princi-
ple, the Q-function represents the expected reward look-
ing infinitely far ahead in time, exponentially weighted
by a discount parameter 0 < v < 1. In contrast, the
prior work of (Tesauro and Kephart, 1999) was based on
shallow finite lookahead. Finally, in comparison to di-
rectly modeling agent policies, the Q-function approach
seems more extensible to the situation of very large
economies with many competing sellers. Approximat-
ing Q-functions with nonlinear function approximators
such as neural networks seems intuitively more feasible
than approximating the corresponding policies. Further-
more, in the Q-function approach, each agent only needs
to maintain a single Q-function for itself, whereas in the
policy modeling approach, each agent needs to maintain
a policy model for every other agent; the latter seems
infeasible when the number of sellers is large.

The remainder of this paper is organized as fol-
lows. Section 2 describes the structure and dynam-
ics of the model two-seller economy, and presents
three economically-based models of seller utility (Price-
Quality, Information-Filtering, and Shopbot) which are
known to be prone to price wars when agents myopically
optimize their short-term payoffs. System parameters
are chosen to place each of these systems in a price-war
regime. Section 3 describes implementation details of Q-
learning in these model economies. As a first step, the
simple case of ordinary Q-learning is considered, where
one of the two sellers uses Q-learning and the other seller
uses a fixed pricing policy (the myopically optimal, or
“myoptimal” policy). Section 4 examines the more in-
teresting and novel situation of simultaneous Q-learning
by both sellers. Section 5 studies single-agent Q-learning
in these models using neural networks, and compares the



results to those of section 3 using lookup tables. Finally,
section 6 summarizes the main conclusions and discusses
promising directions and challenges for future work.

2 Model agent economies

Real agent economies are likely to contain large numbers
of agents, with complex details of how the agents behave
and interact with each other on multiple time scales. In
order to make initial progress, a number of simplifying
assumptions are made. The economy is restricted to two
competing sellers, offering similar or identical products
to a large population of consumer agents. The sellers
compete on the basis of price, and it is assumed that
prices are discretized and can lie between a minimum and
maximum price, such that the number of possible prices
is at most a few hundred. This renders the state space
small enough that it is feasible to use lookup tables to
represent the agents’ pricing policies and expected util-
ities. Time in the simulation is also discretized; at each
time step, the consumers compare the current prices of
the two sellers, and instantaneously and deterministi-
cally choose to purchase from at most one seller. Hence
at each time step, for each possible pair of seller prices,
there is a deterministic reward or utility given to each
seller. The simulation can iterate forever, and there may
or may not be a discounting factor for the present value
of future rewards.

It is worth noting that the consumers are not regarded
as “players” in the model. The consumers have no strate-
gic role: they behave according to an extremely sim-
ple, fixed, short-term greedy rule (buy the lowest priced
product at each time step), and are regarded as merely
providing a stationary environment in which the two sell-
ers can compete in a two-player game. This is clearly
a simplifying first step in the study of multi-agent phe-
nomena, and in future work, the models will be extended
to include strategic and adaptive behavior on the part
of the consumers as well. This will change the notion
of “desirable” system behavior. In the present model,
desirable behavior would resemble “collusion” between
the two sellers in charging very high prices, so that both
could obtain high profits. Obviously this is not desirable
from the consumers’ viewpoint.

Regarding the dynamics of seller price adjustments,
it is assumed that the sellers alternately take turns ad-
justing their prices, rather than simultaneously setting
prices (i.e. the game is extensive form rather than nor-
mal form). The choice of alternating-turn dynamics is
motivated by two considerations: (a) As the number of
sellers becomes large and the model becomes more real-
istic, it seems more reasonable to assume that the sell-
ers will adjust their prices at different times rather than
at the same time, although they probably will not take
turns in a well-defined order. (b) With alternating-turn
dynamics, one can stay within the normal Q-learning
framework where the Q-function implies a deterministic
optimal policy: it is known that in two-player alternat-
ing turn games, there always exists a deterministic policy

that is as good as any non-deterministic policy (Littman,
1994). In contrast, in games with simultaneous moves
(for example, rock-paper-scissors), it is possible that no
deterministic policy is optimal, and that the existing Q-
learning formalism for MDPs would have to be modified
and extended so that it could yield non-deterministic
optimal policies.

Q-learning is studied in three different economic
models that have been described in detail elsewhere
Sairamesh and Kephart, 1998; Kephart, Hanson and
Sairamesh, 1998; Greenwald and Kephart, 1999). The
first model, called the “Price-Quality” model (Sairamesh
and Kephart, 1998), models the sellers’ products as be-
ing distinguished by different values of a scalar “quality”
parameter, with higher-quality products being perceived
as more valuable by the consumers. The consumers are
modeled as trying to obtain the lowest-priced product at
each time step, subject to threshold-type constraints on
both quality and price, i.e., each consumer has a max-
imum allowable price and a minimum allowable qual-
ity. The similarity and substitutability of seller products
leads to a potential for direct price competition; however,
the “vertical” differentiation due to differening quality
values leads to an asymmetry in the sellers’ utility func-
tions. It is believed that this asymmetry is responsible
for the unending cyclic price wars that emerge when the
sellers employ myoptimal pricing strategies.

The second model is an “Information-Filtering” model
described in detail in (Kephart, Hanson and Sairamesh,
1998). In this model there are two competing sell-
ers of news articles in somewhat overlapping categories.
In contrast to the vertical differentiation of the Price-
Quality model, this model contains a horizontal differ-
entiation in the differing article categories. To the ex-
tent that the categories overlap, there can be direct price
competition, and to the extent that they differ, there are
asymmetries introduced that again lead to the potential
for cyclic price wars.

The third model is the so-called “Shopbot” model de-
scribed in (Greenwald and Kephart, 1999), which is in-
tended to model the situation on the Internet in which
some consumers may use a Shopbot to compare prices of
all sellers offering a given product, and select the seller
with the lowest price. In this model, the sellers’ products
are exactly identical and the utility functions are sym-
metric. Myoptimal pricing leads the sellers to undercut
each other until the minimum price point is reached. At
that point, a new price war cycle can be launched, due to
buyer asymmetries rather than seller asymmetries. The
fact that not all buyers use the Shopbot, and some buy-
ers instead choose a seller at random, means that it can
be profitable for a seller to abandon the low-price com-
petition for the bargain hunters, and instead maximally
exploit the random buyers by charging the maximum
possible price.

An example economic utility function, taken from the
price-quality model, is as follows: Let p; and p» represent
the prices charged by seller 1 and seller 2 respectively.
Let q1 and g5 represent their respective quality parame-



ters, with g1 > ¢a. Let ¢(g) represent the cost to a seller
of producing an item of quality g. Then assuming the
particular model of consumer behavior described in [9],
one can show analytically that in the limit of infinitely
many consumers, the instantaneous utilities (profits per
consumer) U; and U; obtained by seller 1 and seller 2
respectively are given by:

if 0 <p1 < ps or p1 > qz
if po <p1 <@
(1)

U, = { (g1 — p1)(p1 — ¢(q1))

(g1 — g2)(p1 — c(q1))

_J (@2 —p2)(p2 —c(g2)) HO0<p2<mp
U?‘{g o elea)) S Sm, (2)

A plot of the utility landscape for seller 1 as a func-
tion of prices p; and p; is given in figure 1, for the
following parameter settings: ¢; = 1.0, g2 = 0.9, and
c(q) = 0.1(1 4+ g). (These specific parameter settings
were chosen because they are known to generate harmful
price wars when the agents use myopic optimal pricing.)
We can see in this figure that the myopic optimal price
for seller 1 as a function of seller 2’s price, pi(p2), is ob-
tained for each value of p, by sweeping across all values of
p1 and choosing the value that gives the highest utility.
We can see that for small values of ps, the peak util-
ity is obtained at p; = 0.9, whereas for larger values of
p2, there is eventually a discontinuous shift to the other
peak, which follows along the parabolic-shaped ridge in
the landscape. An analytic expression for the myopic
optimal price for seller 1 as a function of p; is as follows
(defining z1 = ¢1 + ¢(g1) and z2 = g2 + ¢(g2)):

2 H0<ps<zi—4¢q
pilp2) =4 P2 ifz1—gq<p<jm (3)
%:cl if po > %:cl
Similarly, the myopic optimal price for seller 2 as a
function of the price set by seller 1, p3(p1), is given by
the following formula (assuming that prices are discrete
and that € is the price discretization interval):

c(q2) 0<p1< c(q2) .
p3(p1) = pL—e if ¢(g2) 1§p1 < 3T2 (4)
5T2 if p1 > 522

There are also similar utility landscapes for each seller
in the Information-Filtering model and in the Shopbot
model. In all three models, it is the existence of multi-
ple, disconnected peaks in the landscapes, with relative
heights that can change depending on the other seller’s
price, that leads to price wars when the sellers behave
myopically.

In these models it is assumed for simplicity that the
players have essentially perfect information. They can
model the consumer behavior perfectly, and they also
have perfect knowledge of each other’s costs and utility
functions. Hence the model is in essence a two-player
perfect-information deterministic game, similar to games
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Figure 1: Sample utility landscape for seller 1 in price-
quality model, as a function of seller 1 price p; and seller
2 price pa.

like chess. The main differences are that the utilities are
not strictly zero-sum, and that there are no terminating
or absorbing nodes in the state space. Also, payoffs are
given to the players at every time step, whereas in games
such as chess, payoffs are only given at the terminating
nodes.

As mentioned previously, the possible seller prices are
constrained to lie in a range from some minimum to max-
imum allowable price. The prices are discretized, so that
one can create lookup tables for the seller utility func-
tions U(p1, p2). Furthermore, the optimal pricing poli-
cies for each seller as a function of the other seller’s price,
pi(p2) and p3(p1), can also be represented in the form of
table lookups.

3 Single-agent Q-learning

Let us first consider ordinary single-agent Q-learning in
the above two-seller economic models: one seller uses Q-
learning to learn a Q-function and corresponding policy,
while the other seller maintains a fixed pricing policy.

The procedure for Q-learning is as follows. Let Q(s, a)
represent the discounted long-term expected reward to
an agent for taking action a in state s. The discounting
of future rewards is accomplished by a discount parame-
ter v such that the value of a reward expected at n time
steps in the future is discounted by y™*. Assume that the
Q(s,a) function is represented by a lookup table con-
taining a value for every possible state-action pair, and
assume that the table entries are initialized to arbitrary
values. Then the procedure for solving for Q(s,a) is to
infinitely repeat the following two-step loop:

1. Select a particular state s and a particular action



a, observe the immediate reward r for this state-action
pair, and observe the resulting state s’.
2. Adjust Q(s,a) according to the following equation:

AQ(s,a) =a[r+7vy mgixQ(s', b) — Q(s,a)] (5)

where « is the learning rate parameter, and the max op-
eration represents choosing the optimal action b among
all possible actions that can be taken in the successor
state s’ leading to the greatest @-value. A wide variety
of methods may be used to select state-action pairs in
step 1, provided that every state-action pair is visited in-
finitely often. For any stationary Markov Decision Prob-
lem, the Q-learning procedure is guaranteed to converge
to the correct values, provided that the learning rate
parameter is decreased over time with an appropriate
schedule.

In the simulations described below the fixed-policy
seller uses the myoptimal policy p* represented for ex-
ample in the Price-Quality model by equations 3 and
4.

In this model, the distinction between states and ac-
tions is somewhat blurred. It will be assumed that the
“state” for each seller is sufficiently described by the
other seller’s last price, and that the “action” is the cur-
rent price decision. This should be a sufficient state de-
scription because no other history is needed either for the
determination of immediate reward, or for the calcula-
tion of the myoptimal price by the fixed-strategy player.
The definitions of immediate reward r and next-state s’
have also been modified for the two-agent case as fol-
lows: let s’ be the state that is obtained, starting from
s, of one action by the Q-learner and a response action
by the fixed-strategy opponent. Likewise, the immediate
reward is defined as the sum of the two rewards obtained
after those two actions. These modifications were intro-
duced so that the state s’ would have the same player to
move as state s. (A possible alternative to this, which
has not been investigated, is to include the side-to-move
as additional information in the state-space description.)

An important issue in Q-learning is “exploration” of
the state space. Each state-action pair must be visited
sufficiently often for learning to converge. This often ne-
cessitates some sort of randomized off-policy trajectory
generation, for example, by Boltzmann exploration. In
the simulations reported below, the sequence of state-
action pairs selected for the Q-table updates were gener-
ated by uniform random selection from amongst all pos-
sible table entries. This does not correspond to actual
on-line training in a real environment, but is appropri-
ate for situations where one has an accurate simulation
of the environment, and can envision attempting to solve
for optimal strategies for both players via off-line train-
ing in the laboratory.

The initial values of the Q-tables were generally set to
the immediate reward values. (Consequently the initial
Q-derived policies corresponded to myoptimal policies.)
The learning rate was varied with time according to:

a(t) = «(0)/(1 + Bt (6)
where the initial learning rate «(0) was usually set to
0.1, and the constant 3 ~ .01 when the simulation time ¢
was measured in units of N2, the size of the Q-table. (N
is the number of possible prices that could be selected
by either player.) A number of different values of the
discount parameter y were studied, ranging from y = 0
toy =.9.

Results for single-agent Q-learning in all three mod-
els indicated that Q-learning worked well (as expected)
in each case. In each model, for each value of the dis-
count parameter, exact convergence of the Q-table to
a stationary optimal solution was found. The conver-
gence times ranged from a few hundred sweeps through
each table element, for smaller values of v, to at most
a few thousand updates for the largest values of . In
addition, once Q-learning converged, the expected cu-
mulative profit or utility of the policy derived from the
Q-function was then measured, by running the Q-policy
against the other player’s myopic policy from 100 ran-
dom starting states, each for 200 time steps, and aver-
aging the resulting cumulative utility for each player. In
each case, it was found that the seller achieved greater
profit against a myopic opponent by using a Q-derived
policy than by using a myopic policy. (This was true
even for v = 0, because, due to the redefinition of Q
updates summing over two time steps, the case y = 0 ef-
fectively corresponds to a two-step optimization, rather
than the one-step optimization of the myopic policies.)
Furthermore, the cumulative utility obtained with the
Q-derived policy monotonically increased with the in-
creasing v (as expected).

It was also interesting to note that in many cases, the
expected utility of the myopic opponent also increased
when playing against the Q-learner, and also improved
monotonically with increasing y. The explanation is
that, rather than better exploiting the myopic opponent,
as would be expected in a zero-sum game, the Q-learner
instead reduced the region over which it would partic-
ipate in a mutually undercutting price war. Typically
one finds in these models that with myopic vs. myopic
play, large-amplitude price wars are generated that start
at very high prices and persist all the way down to very
low prices. When a Q-learner competes against a my-
opic opponent, there are still price wars starting at high
prices, however, the Q-learner abandons the price war
more quickly as the prices decrease. The effect is that
the price-war regime is smaller and confined to higher
average prices, leading to a closer approximation to co-
operative or collusive behavior, with greater expected
utilites for both players. It is interesting that this can
come about even though both players are entirely selfish.

An illustrative example of the results of single-agent
Q-learning is shown below in figures 2 and 3. Figure 2
plots the average utility for both sellers in the Shopbot
model, when one of the sellers is myopic and the other
is a Q-learner. (As the model is symmetric, it doesn’t
matter which seller is the Q-learner.)
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Figure 2: Plot of average utility per time step for seller
1 and seller 2, as a function of discount parameter -, in
the Shopbot model when one seller (seller 2, open cir-
cles) uses a myopic policy, and the other seller (seller
1, filled circles) uses Q-learning to learn an optimal pol-
icy against the myopic player. The dashed line indicates
baseline expected utility when both sellers are myopic.
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Figure 3: Cross-plot of myopic price curve vs. Q-derived
price curve in the Shopbot model at ¥ = 0.5. Seller 1
is the Q-learner and seller 2 is myopic. The dashed line
and arrows indicate how the prices will evolve over time
using these pricing policies, starting from a particular
price pair, indicated by the filled circle.

Figure 3 plots the myopic price curve of seller 2 against
the Q-derived price curve (at v = 0.5) of seller 1. We
can see that both curves have a maximum price of 1 and
a minimum price of approximately 0.58. The portion
of both curves lying along the diagonal indicates under-
cutting behavior, in which case the seller will respond
to the opponent’s price by undercutting by €, the price
discretization interval.

The system dynamics for the state (p1,p2) in figure 3
can be obtained by alternately applying the two pricing
policies. This can be done by a simple iterative graph-
ical construction, in which for any given starting point,
one first holds p; constant and moves horizontally to the
p1(p2) curve, and then one holds p; constant and moves
vertically to the pa(p1) curve. We see in this figure that
the iterative graphical construction leads to an unend-
ing cyclic price war, whose trajectory is indicated by the
dashed line. Note that the price-war behavior begins at
the price pair (1, 1), and persists until a price of ap-
proximately 0.83. At this point, seller 1 abandons the
price war, and resets its price to 1, leading once again to
another round of undercutting.

The amplitude of this price war is diminished com-
pared to the situation in which both players use a myopic
policy. In that case, seller 1’s curve would be a mirror
image of seller 2’s curve, and the price war would per-
sist all the way to the minimum price point, leading to
a lower expected utility for both sellers.

4 Multi-agent Q-learning

Let us now turn to the more challenging situation of si-
multaneous training of Q-functions and policies for both
sellers. The procedure studied here is to alternately ad-
just a random entry in seller 1’s Q-function, followed by
a random entry in seller 2’s Q-function, using the same
formalism presented in the previous section. As each
seller’s Q-function evolves, the seller’s pricing policy is
correspondingly updated so that it optimizes the agent’s
current Q-function. In modeling the two-step payoff r
to a seller in equation 5, the opponent’s current policy
is used, as implied by its current Q-function. The pa-
rameters in the experiments below were generally set to
the same values as in the previous section. In most of
the experiments, the Q-functions were initialized to the
instantaneous payoff values (so that the policies corre-
sponded to myopic policies), although other initial con-
ditions were explored in a few experiments.

For simultaneous Q-learning in the Price-Quality
model, we find robust convergence to a unique pair of
pricing policies, independent of the value of v, as illus-
trated in figure 4. This solution also corresponds to the
solution found by generalized minimax and by gener-
alized DP in (Tesauro and Kephart, 1999). Repeated
application of this pair of price curves leads to a dy-
namical trajectory that eventually converges to a fixed-
point located at (p; = 0.9,p2 = 0.4). A detailed analy-
sis of these pricing policies and the fixed-point solution
is presented in (Tesauro and Kephart, 1999). In brief,



for sufficiently low prices of seller 2, it pays seller 1 to
abandon the price war and to charge a very high price,
p1 = 0.9. The value of p; = 0.4 then corresponds to the
highest price that seller 2 can charge without provok-
ing an undercut by seller 1, based on a two-step looka-
head calculation (seller 1 undercuts, and then seller 2
replies with a further undercut). This fixed point dif-
fers from the Nash equilibrium for this game, which
was calculated in (Sairamesh and Kephart, 1998) to be
(p1 = 0.9, pz = 0.545). The difference is due to two fac-
tors: (i) these models assume alternating-turn dynamics,
rather than the simultaneous-move dynamics assumed
by the Nash calculation; (ii) the game here is an iter-
ated game, whereas the Nash calculation assumes a one-
shot game. It was conjectured in (Tesauro and Kephart,
1999) that the solution observed in figure 4 corresponds
to a subgame-perfect equilibrium (Fudenberg and Tirole,
1991) rather than a Nash equilibrium.
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Figure 4: Cross-plot of optimal price curves for seller 1
vs. seller 2 in Price-Quality model obtained by simul-
taneous Q-learning; the same solution was found for all
values of 4. The dashed line indicates how the prices
will evolve over time using these pricing policies, start-
ing from a particular price pair, indicated by the filled
circle. The price war is eliminated with these pricing
curves, and the dynamics instead evolves to a fixed point
indicated by an open circle.

The cumulative utilities obtained by the pair of pric-
ing policies in figure 4 are plotted in figure 5. It is in-
teresting that seller 2, the lower-quality seller, actually
obtains a significantly higher profit than seller 1, the
higher-quality seller. In contrast, with myopic vs. my-
opic pricing, seller 2 does worse than seller 1.

In the Shopbot model, exact convergence of the Q-
functions was not found for all values of y. However,
in those cases where exact convergence was not found,
there was very good approximate convergence, in which
the Q-functions and policies converged to stationary so-
lutions to within small random fluctuations. Different
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Figure 5: Plot of expected utilities for seller 1 (solid di-
amonds) and seller 2 (open diamonds) in Price-Quality
model obtained by simultaneous Q-learning. By com-
parison, the utilities for seller 1 and seller 2 in myopic
vs. myopic pricing are indicated as dashed lines. Seller
2’s utility is higher than seller 1’s in the simultaneous Q-
learning solution, even though seller 2 has a lower quality
parameter.



solutions were obtained at each value of 4. For small
v, a symmetric solution is generally obtained (in which
the shapes of p1(p2) and pa(p1) are identical), whereas a
broken symmetry solution, similar to the Price-Quality
solution, is obtained at large . There was also a range
of v values, between 0.1 and 0.2, where either a symmet-
ric or asymmetric solution could be obtained, depending
on initial conditions. The asymmetric solution seems
counter-intuitive because we expected that the symme-
try of the two sellers’ utility functions would lead to a
symmetric solution. In hindsight, one can apply the
same type of reasoning as in the Price-Quality model
to explain the asymmetric solution. Plots of the sym-
metric and asymmetric solution, obtained at y = 0 and
v = 0.9 respectively, are shown in figures 6 and 7. A
plot of the expected utility for both sellers as a function
of v is shown in figure 8.

11

Qvs. Q(y=0.0)

1.0

09F

0.7

06

0.5 Il Il Il Il
0.5 0.6 0.7 0.8 0.9 1.0 11

P1

Figure 6: Cross-plot of optimal price curves for seller 1
vs. seller 2 in the Shopbot model obtained by simultane-
ous Q-learning at v = 0. The resulting price dynamics
is indicated by the dashed line and arrows.

Finally, in the Information-Filtering model, simultane-
ous Q-learning produced exact or good approximate con-
vergence for small values of v (0 < v < 0.5). For large
values of 7, no convergence was obtained. The simul-
taneous Q-learning solutions yielded reduced-amplitude
price wars, and montonically increasing profitability for
both sellers as a function of v, at least up to y = 0.5. A
few data points were examined at vy > 0.5, and even
though there was no convergence, the Q-policies still
yielded greater utility for both sellers than in the my-
opic vs. myopic case. A plot of the Q-derived policies
and system dynamics for ¥ = 0.5 is shown in figure 9.
The expected utilities for both players as a function of
7 is plotted in figure 10.
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Figure 7: Cross-plot of optimal price curves for seller 1
vs. seller 2 in the Shopbot model obtained by simultane-
ous Q-learning at y = 0.9. The resulting price dynamics
is indicated by the dashed line and arrows.
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Figure 8: Plot of expected utilities for seller 1 (solid dia-
monds) and seller 2 (open diamonds) in Shopbot model
obtained by simultaneous Q-learning, for values of ¥
ranging from 0.0 to 0.99. By comparison, the utilities
for seller 1 and seller 2 in myopic vs. myopic pricing are
indicated as a dashed line.
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Figure 9: Cross-plot of optimal price curves for seller 1
vs. seller 2 in the Information-Filtering model obtained
by simultaneous Q-learning at v = 0.5.
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Figure 10: Plot of expected utilities for seller 1 (solid dia-
monds) and seller 2 (open diamonds) in the Information-
Filtering model obtained by simultaneous Q-learning, for
values of 4 ranging from 0.0 to 0.7. (The data points at
v = 0.6, 0.7 represent unconverged Q-functions and poli-
cies.) By comparison, the utilities for seller 1 and seller
2 in myopic vs. myopic pricing are indicated as dashed
lines.

5 Q-learning with neural networks

Using lookup tables to represent Q-functions as de-
scribed in the previous two sections can only be feasi-
ble for small-scale problems. It is likely that the situ-
ations that will be faced by software agents in the real
world will be too large-scale and complex to tackle via
lookup tables, and that some sort of function approxi-
mation scheme will be necessary. This section examines
the use of multi-layer neural networks to represent the
Q-functions in the same economic models studied pre-
viously. Some initial results are presented for the case
of a single adaptive QNN (Q-learning neural network)
agent, training vs. a fixed-strategy myopic agent, as was
described previously in section 3.

The neural networks studied here are multi-layer per-
ceptrons (MLPs) as used in back-propagation. The same
Q-learning equation 5 is used as previously, however,
the quantity AQ(s,a) is interpreted as the output er-
ror signal used in a backprop-style gradient calculation
of weight changes. As in the previous sections, the state-
action pairs (s, a) are chosen by uniform random explo-
ration, although there is some preliminary evidence that
somewhat better policies can be obtained by training
on actual trajectories. Also in the experiments below,
a fixed learning-rate constant « = 0.1 was used, rather
than the time-varying schedule a(t) described previously.
This appears to give a significant speed increase at the
cost of only a slight degradation in final network perfor-
mance.

One of the most important issues in using neural net-
works is the design of the input state representation
scheme. Schemes that incorporate specialized knowledge
of the domain can often do better than naive represen-
tation schemes. The only knowledge included here is
that it is important for a seller to know whether its price
is greater than, less than, or equal to the other seller’s
price. This suggests a coding scheme using five input
units. The first two units represent the two seller prices
(p1,p2) as real numbers, and the remaining three units
are binary units representing the three logical conditions
[p1 < p2], [p1 = p2], [P1 > P2

In the experiments below, the networks contained a
single linear output unit, and a single hidden layer of
10 hidden units, fully connected to the input layer. For
the Shopbot model, it was found that the network’s abil-
ity to approximate the correct Q-function was generally
poor, with the worst accuracy obtained at large values
of 4. Furthermore, the improvement in approximation
error with training was extremely slow, and continued
to decrease at an extremely slow rate for as long as the
training was continued. Typical training runs lasted for
several tens of thousands of sweeps through all possible
price pairs. In the case of ¥ = 0 an extremely long train-
ing run of several million sweeps was performed, after
which the approximation accuracy was quite good, but
the error was still decreasing at a very slow rate.

The difficulty in obtaining accurate function approx-
imation could have resulted from inaccurate targets



0.22
Myopic vs. Q; Shopbot Model |
o Q (Lookup)
0.20 . 1
° ¢ Q(NN)
5 .
s o
g 018 1
© °
2
<
o
0.16 ¢ 1
» Myopic vs. Myopic
0.14 C - - \- - -\ - - -\ - - T - - \- - -
0.0 0.2 0.4 0.6 0.8 1.0 1.2

Figure 11: Plot of expected utility for a single Q-learning
agent, training against a fixed myopic opponent, in the
Shopbot model, as a function of . Filled circles repre-
sent a neural network Q-learner, while open circles rep-
resent a lookup table Q-learner. Each data point repre-
sents the best policy obtained during a training run. By
comparison, the baseline myopic vs. myopic expected
utility is indicated by the dashed line.

AQ(s,a) used in training, or it could be due to intrin-
sic limitations in the function approximator itself. In a
separate series of experiments, neural nets were trained
with exact targets provided by the lookup tables, and
this yielded no measurable advantage in approximation
accuracy, suggesting that the problem is not due to in-
accurate heuristic teacher signals in equation 5.

During the neural net training runs, the expected per-
formance of the neural net policy was periodically mea-
sured vs. the myopic opponent. While the absolute er-
ror in the Q-function improved monotonically, the pol-
icy’s expected profit was found to reach a peak relatively
quickly (usually withing 100-200 sweeps, but longer for
large ) and then either level off or decrease slightly. A
plot of the peak expected utility for each training run
as a function of v is shown in figure 11. For compar-
ison, the expected utility of the exact optimal policy,
obtained by lookup table Q-learning, is also plotted. It
is encouraging to note that, although the absolute accu-
racy of the neural net Q-function is poor and improves
extremely slowly, the resulting policies nevertheless give
reasonably decent performance and can be trained rel-
atively quickly. This once again re-emphasizes a point
found in other successful applications of neural nets and
reinforcement learning: the neural net approach can of-
ten give a surprisingly strong policy, even though the
absolute accuracy of the value function is poor.

6 Conclusions

This paper has examined single-agent and multi-agent
Q-learning in three models of a two-seller economy in
which the sellers alternately take turns setting prices,
and then instantaneous utilities are given to both sellers
based on the current price pair. Such models fall into
the category of two-player, alternating-turn, arbitrary-
sum Markov games, in which both the rewards and the
state-space transitions are deterministic. The game is
Markov because the state space is fully observable and
the rewards are not history dependent.

In all three models (Price-Quality, Information-
Filtering, and Shopbot), large-amplitude cyclic price
wars are obtained when the sellers myopically optimize
their instantaneous utilities without regard to longer-
term impact of their pricing policies. It is found that,
in all three models, the use of Q-learning by one of the
sellers against a myopic opponent invariably results in
exact convergence to the optimal Q-function and opti-
mal policy against that opponent, for all allowed values
of the discount parameter 4. The use of the Q-derived
policy yields greater expected utility for the Q-learner,
with monotonically increasing utility as  increases. In
many cases, it has a side benefit of enhancing social wel-
fare by also giving greater expected utility for the myopic
opponent. This comes about by reducing the amplitude
of the undercutting price-war regime, or in some cases,
eliminating it completely.

The more interesting and challenging situation of si-
multaneously training Q-functions for both sellers has



also been studied. This is more difficult because as each
seller’s Q-function and policy change, it provides a non-
stationary environment for adaptation of the other seller.
No convergence proofs exist for such simultaneous Q-
learning by multiple agents. Nevertheless, despite the
absence of theoretical guarantees, generally good behav-
ior of the algorithm was found. In two of the models
(Shopbot and Price-Quality), exact or very good ap-
proximate convergence was obtained to simultaneously
self-consistent Q-functions and optimal policies for any
value of v, whereas in the Information-Filtering model,
simultaneous convergence was found for v < 0.5. In the
Information-Filtering and Shopbot models, monotoni-
cally increasing expected utilities for both sellers were
also found for small values of 4. In the Price-Quality
model, simultaneous Q-learning yields an asymmetric so-
lution, corresponding to the solution found in (Tesauro
and Kephart, 1999), that is highly advantageous to the
lesser-quality seller, but slightly disadvantageous to the
higher-quality seller, when compared to myopic vs. my-
opic pricing. A similar asymmetric solution is also found
in the Shopbot model for large v, even though the utility
functions for both players are symmetric.

For each model, there exists a range of discount pa-
rameter values where the solutions obtained by simulta-
neous Q-learning are self-consistently optimal, and out-
perform the solutions obtained in (Tesauro and Kephart,
1999). This is presumably because the previously pub-
lished methods were based on limited lookahead, whereas
the Q-functions in principle look ahead infinitely far,
with appropriate discounting.

It is intruiging that simultaneous Q-learning works
well in our models, despite the lack of theoretical con-
vergence proofs. Sandholm and Crites also found that
simultaneous Q-learning generally converged in the Iter-
ated Prisoner’s Dilemma game. These empirical findings
suggest that a deeper theoretical analysis of simultane-
ous Q-learning may be worth investigating. There may
be some underlying theoretical principles that can ex-
plain why simultaneous Q-learning works, for at least
certain classes of arbitrary-sum utility functions.

Some initial steps have also been taken in combin-
ing nonlinear function approximation, using neural nets,
with the Q-learning approach. It was found that a sin-
gle neural net Q-learner facing a myopic opponent can
exhibit reasonably good pricing policies, despite difficul-
ties in obtaining an accurate approximation to the Q-
function.

In addition to replacing lookup tables with function
approximators, several other important challenges will
also be faced in extending our approach to larger-scale,
more realistic simulations. First, the three economic
models used here quite deliberately ignored frictional ef-
fects such as agent search costs. Such effects can damp
out price wars, and can lead to different system behaviors
such as partial equilibria that support stable price dif-
ferentiation. Eventually such frictional effects will have
to be considered, although it has been argued in prior
studies of these models (Sairamesh and Kephart, 1998;

Kephart, Hanson and Sairamesh, 1998; Greenwald and
Kephart, 1999) that frictional effects in Web-based agent
economies will be considerably smaller than in tradi-
tional human economies. Also, with many sellers, the
concept of sellers taking turns adjusting their prices in a
well-defined order becomes problematic. This could lead
to an additional combinatorial explosion, if the mecha-
nism for calculating expected reward has to anticipate
all possible orderings of opponent responses.

Furthermore, while these economic models have a
moderate degree of realism in their utility functions, they
are unrealistic in the assumptions of knowledge and dy-
namics. In the work reported here, the state space was
fully observable infinitely frequently at zero cost and
with zero propagation delays. The expected consumer
response to a given price pair was instantaneous, deter-
ministic and fully known to both players. Indeed, the
players’ exact utility functions were fully known to both
players. It was also assumed that the players would al-
ternately take turns equally often in a well-defined or-
der in adjusting their prices. Under such assumptions
of knowledge and dynamics, one could hope to develop
an algorithm that could calculate in advance something
like a game-theoretic optimal pricing algorithm for each
agent.

However, in realistic agent economies, it is likely that
agents will have much less than full knowledge of the
state of the economy. Agents may not know the details
of other agents’ utility functions, and indeed an agent
may not know its own utility function, to the extent that
buyer behavior is unpredictable. The dynamics of buy-
ers and sellers may also be more complex, random and
unpredictable than what we have assumed here. There
may also be information delays for both buyers and sell-
ers, and part of the economic game may involve paying
a cost in order to obtain information about the state of
the economy faster and more frequently, and in greater
detail. Finally, one may expect that buyer behavior will
be non-stationary, so that there will be a more complex
co-evolution of buyer and seller strategies.

While such real-world complexities are daunting, there
are reasons to believe that learning approaches such as
Q-learning may play a role in practical solutions. The
advantage of Q-learning is that one does not need a
model of either the instantaneous payoffs or of the state-
space transitions in the environment. One can simply
observe actual rewards and transitions and base learn-
ing on that. While the theory of Q-learning requires
exhaustive exploration of the state space to guarantee
convergence, this may not be necessary when function
approximators are used. In that case, after training a
function approximator on a relatively small number of
observed states, it may then generalize well enough on
the unobserved states to give decent practical perfor-
mance. Several recent empirical studies have provided
evidence of this (Tesauro, 1995; Crites and Barto, 1996;
Zhang and Dietterich, 1996).
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