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Abstract. Regular-LTL (RLTL), extends LTL with regular expressions, and it is
the core of the IEEE standard temporal logic PSL. Safety formulas of RLTL, as
well as of other temporal logics, are easier to verify than other formulas. This
is because verification of safety formulas can be reduced to invariance checking
using an auxiliary automaton recognizing violating prefixes.
In this paper we define a special subset of safety RLTL formulas, called RLTLLV,
for which the automaton built islinear in the size of the formula. We then give
two procedures for constructing such an automaton, the first provides a translation
into a regular expression of linear size, while the second constructs the automaton
directly from the given formula. We have derived the definition of RLTLLV by
combining several results in the literature, and we devote a major part of the
paper to reviewing these results and exploring the involved relationships.

1 Introduction

The specification languagePSL [10] is an IEEE standard temporal logic which is widely
used in industry, both for simulation and for model checking. WhilePSL is a rich and ex-
pressive language, some of its formulas are hard to implement and expensive to verify.
For this reason, an effort has been made in thePSL language reference manual (LRM),
to define thesimple subset, which should consist of formulas that are easy to implement
and to verify. The LRM, however, provides no proof for the simplicity of the subset.

In this paper we deal with the simple subset of the LRM. We note that this subset,
as defined in the LRM, is geared towards simulation tools. In order to accommodate
model checking as well, we focus on the subset of the LRM simple subset, that consists
of safety formulas only. A formulaϕ is a safety formula if every violation ofϕ occurs
after a finite execution of the system. Verification of safety formulas is easier for model
checking than verification of general formulas.

The core ofPSL is the language Regular-LTL (RLTL), which extends linear tempo-
ral logic LTL [16] with regular expressions. The verification of a generalRLTL formula
typically involves the construction of an automaton oninfinite words with size expo-
nential in the size of the formula [?]. The restriction to safety formulas allows the use
of automata onfinite words. The use of a finite-word automata is important. It allows
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verification of safety formulas to be reduced to invariance checking, by stating the in-
variance “The violation automaton is not in an accepting state”. Invariance verification
is, for most of the verification methods, easier to perform than verification of a general
RLTL formula, making safety formulas easier to verify than others.

Kupferman and Vardi in [13], classify safety formulas according to efficiency of
verification. They define pathologically safe formulas, and show that non-pathologically
safe formulas are easier to verify than pathologically safe ones. In particular, they show
that violation of non-pathologically safe formulas can be detected by an automaton on
finite words with size exponential in the size of the formula.

In this document we define a subset of safetyRLTL formulas, for which violation
can be detected by an automaton on finite words with sizelinear in the size of the
formula. This subset corresponds to the definition of the safety simple subset inPSL’s
LRM. We term this subsetRLTLLV, whereLV stands for “linear violation”. The defini-
tion of RLTLLV restricts the syntax of the formulas to be specified. However, experience
shows that the vast majority of the safety formulas written in practice, are expressible
in RLTLLV. Thus this subset is both easier to verify and very useful in practice.

We provide two procedures for the construction of a linear-sized automaton (NFA)
for anRLTLLV formula. The first goes through building a linear-sized regular expression,
and the other directly constructs the automaton from the given formula. These procedure
can servePSL tool implementors.

We have derived the definition ofRLTLLV by combining several results in the liter-
ature. We devote a major part of the paper to reviewing these results and exploring the
involved relationships.

Maidl [14] has studied the common subset of the temporal logicsLTL and ACTL.
She defined a syntactic subset ofLTL , LTL DET, such that every formula in the common
fragment ofLTL andACTL has an equivalent inLTL DET. By this she strengthened the
result of Clarke and Draghicescu [4] who gave a characterization of theCTL formulas
that can be expressed inLTL and the result of Kupferman and Vardi [?] who solved the
opposite problem of deciding whether anLTL formula can be specified in the alternation
freeµ-calculus. She further showed that for formulas inLTL DET there exists a 1-weak
Büchi automaton, linear in the size of the formula, recognizing the negation of the
formula. The subsetRLTLLV can be seen as the safety subset ofLTL DET, augmented
with regular expressions. The augmentation with regular expressions is important as it
increases the expressive power. While Maidl was engaged with the expressiveness of
LTL andACTL, it is interesting to observe that the safety subset ofLTL DET is associated
with efficient verification.

In [1] Beer et al. have defined the logicRCTL, an extension ofCTL with regu-
lar expressions via a suffix implication operator. They were interested in “on-the-fly
model checking”, which in our terminology, is called invariance verification. We there-
fore term their subsetRCTLOTF, whereOTF stands for “on-the-fly”. Beer et al. gave a
procedure to translate anRCTLOTF formula into a regular expression. Our results ex-
tend theirs, in the sense that the subsetRCTLLV which corresponds toRLTLLV subsumes
RCTLOTF. We elaborate more on this in Section 4.

The remainder of the paper is organized as follows. In Section 2 we provide some
preliminaries. In Section 3 we defineRLTLLV and provide a succinct construction yield-

2



ing a regular expression of linear size recognizing violation. In Section 4 we discuss
the relation of this subset with the results of Kupferman and Vardi [13], Maidl [14] and
Beer et al. [1]. In Section 5 we provide a direct construction for anNFA of linear size,
and in Section 6 we conclude.

2 Preliminaries

2.1 Notations

Given a set of atomic propositionsP, we useΣP to denote the alphabet2P∪{>,⊥}. That
is, the set of interpretations of atomic propositions extended with two special symbols
> and⊥.1 We useBP to denote the set of boolean expressions overP, which we identify
with 22P . That is, every boolean expression is associated with the set of interpretations
satisfying it. The boolean expressionstrue and false denote the elements2P and∅ of
BP, respectively. When the set of atomic propositions is assumed to be known, we often
omit the subscriptP from ΣP andBP.

We denote a boolean expression byb, c or d, a letter fromΣ by ` (possibly with
subscripts) and a word fromΣ byu, v, orw. Theconcatenationof u andv is denoted by
uv. If u is infinite, thenuv = u. The empty word is denoted byε, so thatwε = εw = w.
If w = uv, we definew/u = v and we say thatu is aprefixof w, denotedu ¹ w, that
v is asuffixof w, and thatw is anextensionof u, denotedw º u.

We denote the length of a wordw by |w|. The empty wordw = ε has length 0, a
finite non-empty wordw = (s0s1s2 · · · sn) has lengthn + 1, and an infinite word has
length∞. We usei, j, andk to denote non-negative integers. Fori < |w|, we usewi to
denote the(i + 1)th letter ofw (since counting of letters starts at zero). We denote by
w the word obtained by replacing every> in w with a⊥ and vice versa. We refer tow
as thedualof w.

We denote a set of finite/infinite words byU , V or W and refer to them asprop-
erties. Theconcatenationof U andV , denotedUV , is the set{uv | u ∈ U, v ∈ V }.
DefineV 0 = {ε} andV k = V V k−1 for k ≥ 1. TheKleene closureof V , denotedV

∗
,

is the setV
∗

=
⋃

k<ω V k. The infinite concatenation ofV to itself is denotedV ω. The
unionV ∗ ∪V ω is denotedV∞. For a letter̀ we usè ∗ and`ω as abbreviations of{`}∗
and{`}ω, respectively.

2.2 Regular Expressions and Finite Automata

Traditional regular expressions are defined using the operators of concatenation (· ),
union (∪) and Kleene closure (∗). We define regular expressions using also the operator
fusion( ◦ ), also known asoverlapping concatenation. The fusion operator does not add
expressive power to regular expressions (see e.g. [1]).

Definition 1 (Regular Expressions (REs)) Let b be a boolean expression. The set of
REs is recursively defined as follows:

r ::= b | r · r | r∪r | r∗ | r ◦ r

1 The role of> and⊥ in the alphabet is explained in Section 2.3.

3



The semantics of regular expressions is defined inductively, using the semantics
of boolean expressions in the base case. For a boolean expressionb ∈ B and a letter
` ∈ Σ, we define the boolean satisfaction relationas follows. For̀ ∈ 2P, we define
` b ⇐⇒ ` ∈ b. We define> b and⊥ / b. Note that in particular> false and
⊥ / true.

Definition 2 (Tight Satisfaction) Let v denote a finite (possibly empty) word overΣ;
b denote a boolean expression; andr, r1, andr2 denoteREs. The notationv |≡ r means
thatv tightly satisfiesr. The relation |≡ is defined as follows:

– v |≡ b ⇐⇒ |v| = 1 andv0 b

– v |≡ r1 · r2 ⇐⇒ ∃v1, v2 s.t.v = v1v2 andv1 |≡ r1 andv2 |≡ r2

– v |≡ r1 ∪ r2 ⇐⇒ v |≡ r1 or v |≡ r2

– v |≡ r∗ ⇐⇒ eitherv = ε or ∃v1, v2 s.t.v1 6= ε, v = v1v2, v1 |≡ r andv2 |≡ r∗

– v |≡ r1 ◦ r2 ⇐⇒ ∃v1, v2 and` s.t.v = v1`v2 andv1` |≡ r1 and`v2 |≡ r2

We useL(r) to denote the set of finite words tightly satisfyingr. That isL(r) = {w ∈
Σ∗ | w |≡ r}.

The literature usually provides different definitions for automata over finite vs. in-
finite words. When infinite words are considered byfinite acceptance[18] (i.e. an au-
tomaton accepts an infinite word if it accepts some prefix of the word by the standard
notion of acceptance for finite words) the same automaton can serve for both finite and
infinite words. Automata are usually defined over a syntactic alphabet. We define them
over a semantic alphabet, using a given set of atomic propositions as follows.

Definition 3 (NFA, co-UFA) An automatonA is a tupleA = 〈P, Q,Q0, δ, F 〉 consist-
ing of the following components:

– P = {p1, . . . , pn}: A finite set ofatomic propositions
– Q: A finite set of automatalocations
– Q0 ⊆ Q: A set of initial locations
– δ ⊆ Q× BP ×Q: A transition relation
– F ⊆ Q: A set offinal locations

Let A be an automaton for which the above components have been defined. The
input toA is a finite/infinite word overΣP . We define arun of A over a wordw =
w0w1 . . . to be a finite or infinite non-empty sequenceσ : q0q1 . . . of locations inQ
satisfying the requirements ofinitiality i.e. thatq0 ∈ Q0; and of consecutioni.e. that
|σ| ≤ |w|+ 1 and for each0 ≤ j < |w| there existsb ∈ BP such that(qj , b, qj+1) ∈ δ

andwj b. A run satisfying the requirement ofmaximality i.e. that it is either infinite,
or terminates at a locationqk which has no successors w.r.t.δ is termed amaximal run.
Let σ : q0q1q2 . . . be a run ofA over a wordw. The runσ acceptsw iff w is finite and
q|w| ∈ F or w is infinite and there exists0 ≤ i < |w| such thatqi ∈ F . The runσ co-
acceptsw iff qi /∈ F for all i such that0 ≤ i < |w|. If acceptance is determined by the
existence of at least one accepting run then we refer toA as anNFA (non-deterministic
or existential finite automaton). If acceptance is determined by the fact that all runs are
co-accepting then we refer toA as aco-UFA (co-universal finite automaton).
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The expressive power of regular expressions is the same as that of automata over
finite words (bothNFAs andco-UFAs) [9]. Moreover, as stated formally below, given
a regular expressionr (that may be composed using fusion as well) it is possible to
generate an equivalentNFA which is linear in the size of theRE.

Fact 4 (see e.g. [11])Let r be anRE. There exists anNFA Nr with size linear in|r|
such that for every wordv, Nr acceptsv iff v |≡ r.

2.3 The LogicRLTL

The logic Regular-LTL (RLTL) extendsLTL [16] in two ways. First it interprets the
formulas over finite (possibly truncated and possibly empty) as well as infinite words.
Second it adds regular expressions to the logic.

In order to incorporate finite words, the syntax ofLTL is extended to include two
next-timeoperators, weak (X) and strong (X!) [15, pp. 272-273]. The semantics distin-
guish between the weak and strong versions only on finite words and only on the last
letter of a finite word:X ϕ holds on the last letter of any word for anyϕ, andX! ϕ does
not. Similarly, since the logic is interpreted over the empty word as well, there are two
versions of a boolean expression: weak and strong [6]. The strong boolean expression
is satisfied over a word if the first letter satisfies the boolean expression, and the weak
boolean expression is satisfied also if there is no first letter, i.e. if the word is empty.

Regular expressions are added to the logic via the operator→ or its dual♦→ .
We refer to the→ operator as thesuffix implication operator→ , sincer→ϕ (readr
“suffix-implies” ϕ) requires thatif there exists a non-empty prefix of the path tightly sat-
isfying r thenthe suffix starting at the last letter of the prefix should satisfyϕ. We refer
to the♦→ operator as thesuffix conjunction operator, sincer♦→ϕ (readr “suffix-and”
ϕ) demands the existence of a non-empty prefix of the path tightly satisfyingr andthat
the suffix starting at the last letter of the prefix satisfyϕ. These operators are essentially
the “diamond” and “box” modalities of propositional dynamic logic (PDL) [8], resp.

The syntax ofRLTL is formally defined as follows.

Definition 5 (RLTL) Let b a boolean expression andr a regular expression (RE). The
set ofRLTL formulas is recursively defined as follows:

ϕ ::= b! | ¬ϕ | ϕ ∧ ϕ | X!ϕ | ϕUϕ | r → ϕ

Additional operators are defined as syntactic sugaring of the above operators:

• ϕ ∨ ψ
def= ¬(¬ϕ ∧ ¬ψ) • ϕ W ψ

def= ¬(¬ψ U (¬ϕ ∧ ¬ψ)) • X ϕ
def= ¬(X! ¬ϕ)

• ϕ → ψ
def= ¬ϕ ∨ ψ • F ϕ

def= trueU ϕ • G ϕ
def= ϕ W false

• b
def= ¬(¬b!) • r ♦→ ϕ

def= ¬(r → ¬ϕ) • r! def= r ♦→ true

The formular! holds on a wordw iff there exists a prefixu of w which satisfiesr tightly.
The semantics ofRLTL formulas is defined inductively, using the semantics of

boolean and regular expressions in the base case, as follows.
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Definition 6 (Formula Satisfaction) Letv denote a word overΣ; b a boolean expres-
sion; r an RE; andϕ andψ RLTL formulas. The notationv |= ϕ means thatv satisfies
ϕ. The relation|= is defined as follows:

1. v |= b! ⇐⇒ |v| > 0 andv0 b

2. v |= ¬ϕ ⇐⇒ v |=/ ϕ
3. v |= ϕ ∧ ψ ⇐⇒ v |= ϕ andv |= ψ
4. v |= X! ϕ ⇐⇒ |v| > 1 andv1.. |= ϕ
5. v |= ϕUψ ⇐⇒ ∃ 0 ≤ k < |v| s.t.vk.. |= ψ and∀ 0 ≤ j < k, vj.. |= ϕ

6. v |= r → ψ ⇐⇒ ∀ 0 ≤ j < |v| s.t.v0..j |≡ r, vj.. |= ψ

We use[[ϕ]] to denote the set of finite/infinite words satisfyingϕ. That is[[ϕ]] = {w ∈
Σ∞ | w |= ϕ}.

Note that, as suggested in [6], the semantics is defined with respect to finite (possi-
bly empty) as well as infinite words over the alphabetΣ = 2P ∪ {>,⊥}. That is, the
alphabet consists of the set of interpretations of atomic propositions extended with two
special symbols> and⊥. Below we mention a few facts about the role of> and⊥ in
the semantics, for a deep understanding please refer to [6].

By definition we have that> satisfies every boolean expression includingfalse
while⊥ satisfies no boolean expression and in particular, not even the boolean expres-
sion true. By the inductive definition of the semantics, we get that>ω satisfies every
formula while⊥ω satisfies none. Using the notions of [7] ifv>ω |= ϕ we say thatv
satisfiesϕ weaklyand denote itv |=− ϕ. If v⊥ω |= ϕ we say thatv satisfiesϕ strongly
and denote itv |=+

ϕ. If v |= ϕ we often say thatv satisfiesϕ neutrally. Thestrength
relation theorem[7] gives us that ifv satisfiesϕ strongly then it also satisfies it neu-
trally, and ifv satisfiesϕ neutrally then it also satisfies it weakly. Theprefix/extension
theorem[7] gives us that ifv satisfiesϕ strongly then any extensionw of v also satisfies
ϕ strongly. And, ifv satisfiesϕ weakly then any prefixu of v also satisfiesϕ weakly.

Safety and LivenessIntuitively, a formula is said to be safety iff it characterizes that
“something bad” will never happen. A formula is said to be liveness iff it characterizes
that “something good” will eventually happen. More formally, a formulaϕ defines a
safetyproperty iff any word violatingϕ contains a finite prefix all of whose extensions
violateϕ. A formula ϕ defines alivenessproperty iff any arbitrary finite word has an
extension satisfyingϕ. We use the definitions of safety and liveness as suggested in [6].
These definitions modify those of [15] to reason about finite words as well.

Definition 7 (Safety,Liveness)LetW ⊆ Σ∞.

– W is a safetyproperty if for all w ∈ Σ∞ − W there exists a finite prefixu ¹ w
such that for allv º u, v ∈ Σ∞ −W .

– W is a livenessproperty if for all finiteu, there existsv º u such thatv ∈ W .

A formulaϕ is said to be asafety (liveness)formula iff [[ϕ]] is a safety (liveness) prop-
erty. Some formulas are neither safety nor liveness. For instance,G p is a safety formula,
F q is a liveness formula, andp U q, equivalent to(p W q) ∧ F q, is neither.
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3 The Subset of Linear Violation

Recall that a formula is said to be safety iff it characterizes that “something bad” will
never happen. Thus a safety formula is violated iff something bad has happened. Since
the “bad thing” happens after a finite execution, for any safety formula it is possible
to characterize the set of violating prefixes by an automaton on finite words. In this
document we focus on formulas for which this violation can be characterized by an
automaton on finite words and by a regular expression, both oflinear size.

Intuitively, a wordv violates a formulaϕ iff v carries enough evidence to conclude
thatϕ does not hold onv and any of its extensions. Using the terminology of [7] we get
that a wordv violatesϕ iff v |=+ ¬ϕ. Thus, we define:

Definition 8 Letϕ be a safety formula. We say that a set of wordsL recognizes viola-
tion of ϕ iff L = {v | v |=+ ¬ϕ}.

The following definition captures the set ofRLTL formulas whose violation can be
recognized by a automaton or a regular expression, both of linear size. We denote this
set byRLTLLV (whereLV stands for “linear violation”).

Definition 9 (RLTLLV) If b is a boolean expression,r is an RE andϕ, ϕ1 andϕ2 are
RLTLLV then the following are inRLTLLV:

1. b 3. X ϕ 5. (b ∧ ϕ1) W (¬b ∧ ϕ2)
2. ϕ1 ∧ ϕ2 4. (b ∧ ϕ1) ∨ (¬b ∧ ϕ2) 6. r → ϕ

Construction via Violating RE

In the following we define inductively theRE recognizing the violation ofRLTLLV. By
Fact 4 thisRE can be translated into an automaton on finite words linear in the size of the
RE. Since theRE itself is linear in the size of the input formula, this gives a procedure
for generating an automaton of linear size for every formula inRLTLLV. In Section 5 we
provide a direct procedure for generating an automaton of linear size. The benefits of
the regular expression are in its succinctness and in the ability to use existing code for
translating regular expressions into finite automata.

Definition 10 (Violating RE) Let b be a boolean expression,r an RE, and ϕ,ϕ1, ϕ2

RLTLLV formulas. The violatingRE of anRLTLLV formulaϕ, denotedV(ϕ) is defined as
follows:

1. V(b) = ¬b
2. V(ϕ1 ∧ ϕ2) = V(ϕ1) ∪ V(ϕ2)
3. V(Xϕ) = true· V(ϕ)
4. V((b ∧ ϕ1) ∨ (¬b ∧ ϕ2)) = (b ◦ V(ϕ1)) ∪ (¬b ◦V(ϕ2))
5. V((b ∧ ϕ1) W (¬b ∧ ϕ2)) = b∗ · ((b ◦V(ϕ1)) ∪ (¬b ◦V(ϕ2)))
6. V(r → ϕ) = r ◦V(ϕ)
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That is, a boolean expression is violated iff its negation holds. The conjunction of
two formulas is violated iff either one of them is violated. The formulaXϕ is violated
iff ϕ is violated at the next letter. The formula(b ∧ ϕ1) ∨ (¬b ∧ ϕ2) is violated iff
eitherb holds andϕ1 is violated orb does not hold andϕ2 is violated. The formula
(b ∧ ϕ1) W (¬b ∧ ϕ2) is violated iff after a finite number of letters satisfyingb either
b holds andϕ1 is violated orb does not hold andϕ2 is violated. The formular → ϕ is
violated iff ϕ is violated after a prefix tightly satisfyingr.

The following theorem, which is proven in the appendix, states that[[V(ϕ)!]] recog-
nizes violation of the formulaϕ. That is, that a wordv has a prefixu tightly satisfying
V(ϕ) if and only if v |=+ ¬ϕ.

Theorem 11 Let ϕ be anRLTLLV formula overP and letv be a word overΣP. Then,
|V(ϕ)| = O(|ϕ|) and[[V(ϕ)!]] recognizes violation ofϕ.

Thus, as stated by the following corollary, for any formulaϕ of RLTLLV one can
construct a monitor recognizing the violation ofϕ, with size linear inϕ.

Corollary 12 Let ϕ be an RLTLLV formula. Then there exists anNFA of linear size
recognizing the violation ofϕ.

Proof Sketch. Direct corollary of Theorem 11 and Fact 4. ut
In Section 5 we give a direct construction for such an automaton.

4 Discussion

As mentioned in the introduction, we have derived the definition ofRLTLLV by com-
bining several results in the literature. In this section we discuss the relation ofRLTLLV

to other logics in the literature associated with efficient verification, thus clarifying the
nature of this subset.

4.1 Relation to classification of safety formulas

In [13] Kupferman and Vardi classify safety formulas according to whether all, some,
or none of their bad prefixes are informative, and name themintentionallysafe,acci-
dentallysafe andpathologicallysafe, respectively. A finite wordv is abad prefixfor ϕ

iff for any extensionw of v, w |=/ ϕ. A finite wordv is aninformative bad prefixfor ϕ

iff v |=+ ¬ϕ.2 It follows that the violating regular expressionV(ϕ) characterizes exactly
the set of informative bad prefixes ofϕ.

Theorem 13 Letϕ be anRLTLLV formula. Then[[V(ϕ)!]] defines the set of informative
bad prefixes forϕ.

2 The concept of an informative prefix was defined syntactically in [13]. We have used the se-
mantic equivalent definition provided by [7].
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Proof Sketch. Follows immediately from Theorem 11 and Definition 8. ut
The subsetRLTLLV is syntactically weak by definition (since all formulas are in

positive normal form and use only weak operators). Thus, by [13] allRLTLLV formulas
are non-pathologically safe (i.e. they are either intentionally safe or accidentally safe).
Therefore, every computation that violates anRLTLLV formula has at least one informa-
tive bad prefix.

Theorem 14 All formulas ofRLTLLV are non-pathologically safe.

Proof Sketch. The formulas ofRLTLLV are syntactically weak by definition. They are
non-pathologically safe by [13, Theorem 5.3]. ut

[13] characterize an automaton asfine for ϕ iff for every word violatingϕ it rec-
ognizes at least one informative bad prefix forϕ. They show that violation of non-
pathologically safe formulas can be detected by a fine alternating automaton on infinite
words of linear size or by a fine non-deterministic automaton on finite words ofexpo-
nentialsize. Corollary 12 gives us that forRLTLLV violation can be detected by a fine
linear-sized finite automaton on finite words.

4.2 Expressibility and relation to the common fragment ofLTL and ACTL

In [14] Maidl studied the subset ofACTL formulas which have an equivalent inLTL . She
defined the fragmentsACTLDETandLTL DETof ACTL andLTL , respectively, and proved
that any formula ofLTL that has an equivalent inACTL is expressible inLTL DET. And
vice versa, any formula ofACTL that has an equivalent inLTL is expressible inACTLDET.

Below we repeat the definition ofLTL DET, and give its restriction to safety formulas
which we denoteLTL LV.3

Definition 15 (LTL DET,LTL LV) Let b be a boolean expression.

– The set ofLTL DET formulas is recursively defined as follows:

ϕ ::= b | ϕ∧ϕ | (b∧ϕ)∨(¬b∧ϕ) | X ϕ | (b∧ϕ) W (¬b∧ϕ) | (b∧ϕ) U (¬b∧ϕ)

– The set ofLTL LV formulas is recursively defined as follows:

ϕ ::= b | ϕ ∧ ϕ | (b ∧ ϕ) ∨ (¬b ∧ ϕ) | X ϕ | (b ∧ ϕ) W (¬b ∧ ϕ)

Theorem 16 LTL LV is a strict subset ofRLTLLV.

Proof Sketch. Follows from Definitions 9 and 15. ut
Maidl additionally showed that the negation of a formulaϕ in LTL DET is recog-

nizable by a 1-weak B̈uchi automaton with size linear inϕ. Thus intuitively, the safety

3 The setACTLDET and its restriction to safety formulas, which we denoteACTLLV, are obtained
by replacing the operatorsX with AX, W with AW, andU with AU in the definitions ofLTL DET

andLTL LV, respectively.
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formulas ofLTL DET should have anNFA of linear size. Theorem 16 together with Corol-
lary 12 state that indeed the restriction ofLTL DET to safety lies in the subset of formulas
whose violation can be detected by anNFA of linear size.

Note thatLTL LV is not only syntactically weaker thanRLTLLV it is also semantically
weaker thanRLTLLV (i.e. it has less expressive power). This can be seen by taking the
same example as Wolper’s in showing thatLTL is as expressive as star free omega
regular languages rather than entire omega regular languages [19]. That is, by showing
that the property “b holds at every even position (yetb may hold on some odd positions
as well)” is not expressible inLTL LV (since it is not expressible inLTL ) while it is
expressible inRLTLLV by the formula:true· (true· true)∗ → b.

4.3 Relation to on-the-fly verification of RCTL

In [1] Beer et al. defined the logicRCTL which extendsCTL with regular expressions
via a suffix implication operator. In addition they defined a subset of this logic which
can be verified by on-the-fly model checking (we term this subsetRCTLOTF, whereOTF
stands for “on-the-fly”). A formula can be verified by on-the-fly model checking iff it
can be verified by model checking an invariant property over a parallel composition of
the design model with a finite automaton. Their definitions can be rephrased as follows.

Definition 17 (RCTL,RCTLOTF) Let b be a boolean expression, andr a regular expres-
sion.

– The set ofRCTL formulas is recursively defined as follows:

ϕ ::= b | ¬ϕ | ϕ ∧ ϕ | EX ϕ | EG ϕ | ϕEU ϕ | r → ϕ

Additional operators are defined as syntactic sugaring of the above operators:

• ϕ ∨ ψ
def= ¬(¬ϕ ∧ ¬ψ) • AX ϕ

def= ¬(EX ¬ϕ) • ϕ EW ψ
def= EG ϕ ∨ (ϕ EU ψ)

• ϕ → ψ
def= ¬ϕ ∨ ψ • AF ϕ

def= ¬(EG ¬ϕ) • ϕ AW ψ
def= ¬(¬ψ EU ¬(ϕ ∨ ψ))

• EF ϕ
def= trueEU ϕ • AG ϕ

def= ¬(EF ¬ϕ) • ϕ AU ψ
def= AF ψ ∧ (ϕ AW ψ)

– The set ofRCTLOTF formulas is recursively defined as follows:

ϕ ::= b | ϕ ∧ ϕ | b → ϕ | AXϕ | AGϕ | r → ϕ

It can easily be seen that the subset obtained fromRCTLOTF by omitting the path
quantifiers (replacing the operatorsAX with X and AG with G) is a strict subset of
RLTLLV. And as stated by the following theorem, the subset ofRCTL formulas that can
be verified on-the-fly can be extended to include all formulas in the subset obtained
from RLTLLV by adding the universal path quantifier.

Theorem 18 Let RCTLLV be the subset ofRCTL formulas obtained by adding the uni-
versal path quantifier to the operatorsX andW in the definition ofRLTLLV. Then

1. RCTLOTF is a strict subset ofRCTLLV, and

10



2. for every formulaϕ in RCTLLV there exists anNFA of linear size recognizing the
informative bad prefixes ofϕ.

Proof Sketch. The first item is correct by definition. The second item follows by apply-
ing the construction of the violating regular expression (Definition 10) to the formula
obtained by removing the path quantifiers, using Maidl’s result (that anACTL formula
has an equivalent inLTL iff it has an equivalent inACTLDET [14, Theorem 2]) together
with Clarke and Draghicescu’s result [4] (that aCTL formulaϕ has an equivalent inLTL

iff it is equivalent to the formulaϕ′ obtained by removing the path quantifiers fromϕ)
and Corollary 12. ut

4.4 Relation to PSL

The language reference manual (LRM) ofPSL [10] definesthe simple subset, which in-
tuitively conforms to the notion of monotonic advancement of time, left to right through
the property, as in a timing diagram. For example, the propertyG(a → Xb) is in the
simple subset whereas the propertyG((a∧Xb) → c) is not. This characteristic should in
turn ensure that properties within the subset can be verified easily by simulation tools,
though no construction or proof for this is given. The exact definition is given in terms
of restriction on operators and their operands as can be depicted in [10, subsection 4.4.4,
p. 29].

As explained in the introduction since we are interested in model checking as well,
we focus on the safety formulas of the simple subset. There are two differences between
the definition of the safety simple subset in the LRM and the definition ofRLTLLV.

1. The definition in the LRM considers weak regular expressions whileRLTL does not.
A construction for the safety simple subset of the LRM, including weak regular ex-
pressions, is available in [17]. The reason we exclude weak regular expressions is
that their verification involves determinism which results in an automaton exponen-
tial rather than linear in the size of the formula.

2. The restrictions in the LRM are a bit more restrictive than those inRLTLLV. To
be exact, for the operators∨ andW the simple subset allows only one operand to
be non-boolean, whereasRLTLLV allows both to be non-boolean, conditioned they
can be conjuncted with some Boolean and its negation. It is quite clear that the
motivation for over restricting these operators in the definition of the simple subset
in the LRM is to simplify the restricting rule.

5 Direct Construction

In the following we give a direct construction for anNFA recognizing the violation
of a formula. This automaton recognize a bad informative prefix for any computation
violating the given formula: if a final location is reached on some run, then the observed
prefix is a bad informative prefix. The advantage of this construction over the previous
one is in it being a direct one, thus enabling various optimizations.

11



Theorem 19 Let ϕ be a RLTLLV formula overP and letw be a word overΣP. Then
there exists anNFA Nϕ linear in the size ofϕ recognizing violation ofϕ.

In the following subsection we provide the construction, we give the proof of its
correctness in the appendix.

AsNϕ recognizes bad prefixes we can reduce the verification ofϕ to verification of
the invariant propertyAG (¬“The automaton Nϕ is in a final state”) on a parallel
composition of the design model withNϕ. In order to state this formally one needs to
define a symbolic transition system which can model both a given design and anNFA,
and define the result of a parallel composition of two such systems. An appropriate
mathematical model for this is a discrete transition systemDTS (see e.g. [3]), inspired
from the fair transition system of [12]. The following corollary states the result formally
using the notion of aDTS.

Corollary 20 Letϕ be anRLTLLV formula, then there exists anNFANϕ = (P, S, S0, δ, F )
linear in the size ofϕ such that for any modelM

D(M) |= ϕ iff D(M) ||| D(Nϕ) |= AG(¬at(F ))

whereD(M) andD(Nϕ) are theDTSs for M andNϕ respectively, andat(F ) is a
boolean expression stating thatNϕ is in a final location.

Note that if we define aco-UFA Cϕ with the same components ofNϕ (i.e. Cϕ =
〈P, S, S0, δ, F 〉) thenCϕ accepts a wordw iff w |= ϕ.

Constructing an NFA for a given RLTLLV formula

Let r be anRE such thatε 6∈ L(r), b a boolean expression,ϕ,ϕ1, ϕ2 RLTLLV formulas.
For the induction construction, letNϕ = 〈P,Q, Q0, δ, F 〉,Nϕ1 = 〈P 1, Q1, Q1

0, δ
1, F 1〉

andNϕ2 = 〈P 2, Q2, Q2
0, δ

2, F 2〉.

1. Caseb.

N b = 〈P, {q0, q1, q2}, {q1}, δ, {q0}〉
whereP is the set of state variables inb and

δ = {(q1, b, q2), (q1,¬b, q0), (q0, true, q0), (q2, true, q2)}.

2. Caseϕ1 ∧ ϕ2.

Nϕ1∧ϕ2 = 〈P 1 ∪ P 2, Q1 ∪Q2, Q1
0 ∪Q2

0, δ
1 ∪ δ2, F 1 ∪ F 2〉

A run ofNϕ1∧ϕ2 has a non-deterministic choice between a run ofNϕ1 and a run
of Nϕ2 . In any choice it should not reach a state in eitherF1 or F2. The resulting
NFA is described in Figure 1.

12



Nϕ2

F 2Q2
0

Q1
0 F 1

Nϕ1

Fig 1. An NFA for ϕ1 ∧ ϕ2

N ϕ

s0 FQ0

Fig 2. An NFA for Xϕ

3. CaseXϕ.
NXϕ

= 〈P, Q ∪ {s0}, {s0}, δ
′
, F 〉

wheres0 is a new state andδ′ = δ ∪ ⋃
q∈Q0

(s0, true, q). The resultingNFA is
described in Figure 2.

4. Case(b ∧ ϕ1) ∨ (¬b ∧ ϕ2).

N (b∧ϕ1)∨(¬b∧ϕ2) = 〈P 1 ∪ P 2, {s0} ∪Q1 ∪Q2, {s0}, δ′, F 1 ∪ F 2〉
where

δ′ = δ1 ∪ δ2∪⋃
q1∈Q1

0

⋃
(q1,c,q2)∈δ1(s0, b ∧ c, q2)⋃

q1∈Q2
0

⋃
(q1,c,q2)∈δ2(s0,¬b ∧ c, q2)

A run ofN (b∧ϕ1)∨(¬b∧ϕ2) starts in a new states0, if b holds it continues onNϕ1

otherwise it continues onNϕ2 . The resultingNFA is described in Figure 3.

Q1
0

Nϕ1

F 1

q2

q1
c1

c2

¬b ∧ d1

b ∧ c1

b ∧ c2

d2

F 2

Nϕ2

d1 q3

q4

Q2
0

s0

¬b ∧ d2

Fig 3. An NFA for (b ∧ ϕ1) ∨ (¬b ∧ ϕ2)

Q1
0

Nϕ1

F 1

q2

q1
c1

c2b

b ∧ c1

b ∧ c2

d2

F 2

Nϕ2

d1 q3

q4

Q2
0

s0

¬b ∧ d2

¬b ∧ d1

Fig 4. An NFA for (b ∧ ϕ1) W (¬b ∧ ϕ2)

5. Case(b ∧ ϕ1) W (¬b ∧ ϕ2).

N
(b∧ϕ1)W(¬b∧ ϕ2)

= 〈P 1 ∪ P 2, {s0} ∪Q1 ∪Q2, {s0}, δ′, F 1 ∪ F 2〉
where

δ′ = (s0, b, s0) ∪ δ1 ∪ δ2∪⋃
q1∈Q1

0

⋃
(q1,c,q2)∈δ1(s0, b ∧ c, q2)⋃

q1∈Q2
0

⋃
(q1,c,q2)∈δ2(s0,¬b ∧ c, q2)

The resultingNFA is described in Figure 4.
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6. Caser → ϕ2

Let N = 〈BP , Q, Q0, δ, F 〉 be a non-deterministic automata on finite words ac-
ceptingL(r) (as in [2] for example). Convert it to anNFA N1 recognizing violation
of [[r → false]] by sending every “missing edge” to a new trapping state and mak-
ing the set of final states ofN the set of bad states ofN1. The resultingNFA,
N1 = 〈P 1, Q1, Q1

0, δ
1, F 1〉 is defined as follows.

N1 = 〈P,Q ∪ {qsink}, Q0, δ
1, F 〉

whereP is the set of atomic propositions inr and

δ1 =
⋃

(q1,c,q2)∈δ

{(q1, c, q2).(q1,¬c, qsink)}.

The resultingNFA (recognizing violation of[[r → false]]) is described in Figure 5.

¬b1

q0

Q0

q1

qsink

q2 q3 F

F

NFA of r

qn

¬b0

b0 b1

b1

¬bn

bn

Fig 5. An NFA for r 7→ false

Let N2 = Nϕ2 = 〈P 2, Q2, Q2
0, δ

2, F 2〉 be theNFA, as constructed by induction
for ϕ2. ThenN r→ϕ2

is constructed by concatenation ofN1 andN2 as follows:

N r→ϕ2
= 〈P 1 ∪ P 2, Q1 ∪Q2 ∪ {qbad}, Q1

0, δ
′, F 2 ∪ {qbad}〉

whereqbad is a new state, and

δ′ =

δ1 ∪ δ2∪
{(q1, c1 ∧ c2, q4) | ∃q2 ∈ F 1, q3 ∈ Q2

0 s.t.(q1, c1, q2) ∈ δ1, (q3, c2, q4) ∈ δ2}∪
{(q1, c1 ∧

∧

{c′ | ∃q3∈Q2
0,q4∈Q2 s.t.(q3,c′,q4)∈δ2}

¬c′, qbad) | ∃q2 ∈ F 1 s.t.(q1, c1, q2) ∈ δ1}

The resultingNFA is described in Figure 6.

F 2
q2
1 q2

2

bn−1 ∧ c2

bn−1 ∧ c1

bn ∧ c2

bn ∧ c1

bn ∧ ¬c1 ∧ ¬c2

q1
n

q1
n−1

qbad

Q1
0

bn ∧ ¬c1 ∧ ¬c2

Q1
0

N r 7→false

q1
n−1

q1
n

bn−1

bn F 1 Q2
0

c1

c2
q2
2

q2
1

F 2

Nϕ2

Fig 6. An NFA for r 7→ ϕ2
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6 Conclusions

We have defined a subset of safetyRLTL formulas. This subset, while consisting of most
formulas run in hardware verification, enjoys efficient verification algorithms. Verifica-
tion of generalRLTL formulas requires an exponential Büchi automaton. Verification of
RLTLLV formulas can be reduced to invariance checking using an auxiliary automaton
on finite words (NFA). Moreover, the size of the generatedNFA is linear in the size of
the formula.

We have presented two procedures for the construction of a linear-sized automa-
ton for anRLTLLV formula. The first goes through building an equivalent linear-sized
regular expression (RE), and the other directly constructs the automaton from the given
formula. Both methods provide algorithms that can be easily implemented by tool de-
velopers. We note that for traditional regular expressions, the existence of anNFA of
linear size does not imply the existence of a regular expression of linear size, asREs are
exponentially less succinct thanNFAs [5]. Since our translation to regular expression
involves thefusionoperator, it would be interesting to find whether the result of [5]
holds for this type of regular expressions as well.

ThePSL language reference manual (LRM) [10], defines a subset of the language,
called the simple subset, which intuitively should consists of the formulas which are
easy to verify by state of the art verification methods. However, there is no justification
for choosing the defined subset, and in particular no proof that it meets the intuition
it should. The restrictions made onRLTL in the definition of the simple subset in the
LRM reflect the restrictions inRLTLLV. Having proved thatRLTLLV formulas are easy
to verify by both model checking and simulation, we view this paper as providing the
missing proof.
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