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Abstract

The standard� -norm SVM is known for its goodperformancein two-
classclassification. In this paper, we considerthe � -norm SVM. We
arguethatthe � -normSVM mayhavesomeadvantageover thestandard� -norm SVM, especiallywhenthereareredundantnoisefeatures.We
alsoproposeanefficientalgorithmthatcomputesthewholesolutionpath
of the � -norm SVM, hencefacilitatesadaptive selectionof the tuning
parameterfor the � -normSVM.

1 Introduction

In standardtwo-classclassificationproblems,we aregivena setof trainingdata ���	��

����� ,����� �����	

����� , wheretheinput ��������� , andtheoutput ����� � ��
� !��� is binary. We wish to
find a classficationrule from the trainingdata,so thatwhengivena new input � , we can
assigna class� from

� �"
� !��� to it.

To handlethis problem,we considerthe � -normsupportvectormachine(SVM):#�$&%')(�* ' �+ �-, � ./ �0 1���324	576�8 9+: , � 5 :<;�: ���=�>�@?ACBDFE (1)

s.t. GH5FG �0IKJ 5 ��J 8ML�L�L�8 J 5 9 JONQP 
 (2)

whereR I � ; � ���=��
 ����� ; 9 ���=�S� is adictionaryof basisfunctions,and P is a tuningparame-
ter. Thesolutionis denotedas T5�6�� P � and T5U� P � ; thefitted modelisTV ���W� I T5 6 8 9+: , � T5 : ; : ���=� � (3)

The classificationrule is given by P�XZY\[^]_TV ���W�>` . The � -norm SVM hasbeensuccessfully
usedin [1] and[9]. Wearguein thispaperthatthe � -normSVM mayhavesomeadvantage
over thestandard� -normSVM, especiallywhenthereareredundantnoisefeatures.

To get a goodfitted model TV ���=� thatperformswell on futuredata,we alsoneedto select
an appropriatetuning parameterP . In practice,peopleusuallypre-specifya finite setof
valuesfor P thatcoversa wide range,theneitherusea separatevalidationdatasetor use



cross-validationto selectavaluefor P thatgivesthebestperformanceamongthegivenset.
In this paper, we illustratethat thesolutionpath T5F� P � is piece-wiselinearasa functionofP (in the � 9 space);we alsoproposean efficient algorithmto computethe exact whole
solutionpath

� T5a� P �H

b NcPdNce � , hencehelp us understandhow the solutionchanges
with P andfacilitate the adaptive selectionof the tuning parameterP . Undersomemild
assumptions,weshow thatthecomputationalcostto computethewholesolutionpath T5F� P �
is f�� [hg #i$-% � [ 
 g �@j)� in theworstcaseand f�� [hg � in thebestcase.

Beforedelving into the technicaldetails,we illustratethe conceptof piece-wiselinearity
of thesolutionpath T5a� P � with a simpleexample.We generate��b trainingdatain eachof
two classes.Thefirst classhastwo standardnormalindependentinputs � � 
k� j . Thesecond
classalsohastwo standardnormalindependentinputs,but conditionedon l �nm N � j � 8o� jj Np
. Thedictionaryof basisfunctionsis R I ��q ��� � 
 q �)� j 
 q ��� � � j 
k� j � 

� jj � . Thesolution

path T5a� P � asa function of P is shown in Figure 1. Any segmentbetweentwo adjacent
vertical lines is linear. Hencethe right derivative of T5a� P � with respectto P is piece-wise
constant(in � 9 ). Thetwo solidpathsarefor � j � and � jj , whicharethetwo relevantfeatures.
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Figure1: Thesolutionpath uvxw�y�z asa functionof
y
.

In section2, we motivate why we are interestedin the � -norm SVM. In section3, we
describethealgorithmthatcomputesthewholesolutionpath T5a� P � . In section4, we show
somenumericalresultson bothsimulationdataandrealworld data.

2 Regularized support vector machines

Thestandard� -normSVM is equivalentto fit amodelthat#i$-%' ( * '<{ �+ �-, � ./ �0 |�"� 24 5�6U8 9+: , � 5 :<;\: �����>� ?A}BDUE 8�~xGH5FG jj 
 (4)

where ~ is a tuningparameter. In practice,peopleusuallychoose; : ���=� ’s to be the basis
functionsof a reproducingkernelHilbert space.Thena kerneltrick allows thedimension
of thetransformedfeaturespaceto bevery large,eveninfinite in somecases(i.e. g�I�e ),
without causingextra computationalburden([2] and[12]). In this paper, however, we will
concentrateon thebasisrepresentation(3) ratherthana kernelrepresentation.

Notice that (4) hasthe form ��� P)P 8���� [h� ����� , and ~ is the tuning parameterthat controls
the tradeoff betweenlossandpenalty. The loss �@�! �� V � E is calledthe hinge loss,and



thepenaltyis calledtheridge penalty. Theideaof penalizingby thesum-of-squaresof the
parametersis alsousedin neuralnetworks,whereit is known asweightdecay. Theridge
penaltyshrinksthefitted coefficients T5 towardszero. It is well known that this shrinkage
hastheeffect of controllingthevariancesof T5 , hencepossiblyimprovesthefitted model’s
predictionaccuracy, especiallywhentherearemany highly correlatedfeatures[6]. Sofrom
a statisticalfunctionestimationpoint of view, theridgepenaltycouldpossiblyexplain the
successof theSVM ([6] and[12]). On theotherhand,computationallearningtheoryhas
associatedthe goodperformanceof the SVM to its margin maximizingproperty[11], a
propertyof thehingeloss. [8] makessomeeffort to build a connectionbetweenthesetwo
differentviews.

In this paper, we replacethe ridge penaltyin (4) with the � � -norm of 5 , i.e. the lasso
penalty[10], andconsiderthe � -normSVM problem:#i$-%' ( * ' �+ �-, � ./ �0 |� � 24h5 6 8 9+: , � 5 : ; : ��� � ��?A}BDUE�8�~xGH5FG<�)
 (5)

which is anequivalentLagrangeversionof theoptimizationproblem(1)-(2).

Thelassopenaltywasfirst proposedin [10] for regressionproblems,wheretheresponse�
is continuousratherthancategorical. It hasalsobeenusedin [1] and[9] for classification
problemsundertheframework of SVMs. Similar to theridgepenalty, thelassopenaltyalso
shrinksthefitted coefficients T5 ’s towardszero,hence(5) alsobenefitsfrom thereduction
in fittedcoefficients’variances.Anotherpropertyof thelassopenaltyis thatbecauseof the� � natureof the penalty, making ~ sufficiently large,or equivalently P sufficiently small,
will causesomeof the coefficients T5 : ’s to be exactly zero. For example,when P�I � in
Figure1, only threefitted coefficientsarenon-zero.Thusthe lassopenaltydoesa kind of
continuousfeatureselection,while this is not thecasefor theridgepenalty. In (4), noneof
the T5 : ’swill beequalto zero.

It is interestingto notethat theridgepenaltycorrespondsto a Gaussianprior for the 5 : ’s,
while thelassopenaltycorrespondsto a double-exponentialprior. Thedouble-exponential
densityhasheavier tails thanthe Gaussiandensity. This reflectsthe greatertendency of
the lassoto producesomelargefitted coefficientsandleave othersat b , especiallyin high
dimensionalproblems.Recently, [3] considerasituationwherewehaveasmallnumberof
trainingdata,e.g. [�I ��b�b , anda largenumberof basisfunctions,e.g. g}I �<bO

b"b�b . [3]
arguethatin thesparsescenario,i.e. only asmallnumberof truecoefficients 5 : ’s arenon-
zero,thelassopenaltyworksbetterthantheridgepenalty;while in thenon-sparsescenario,
e.g. the true coefficients 5 : ’s have a Gaussiandistribution, neitherthe lassopenaltynor
the ridge penaltywill fit the coefficientswell, sincethereis too little datafrom which to
estimatethesenon-zerocoefficients. This is the curse of dimensionalitytaking its toll.
Basedon theseobservations,[3] further proposethe bet on sparsity principle for high-
dimensionalproblems,which encouragesusinglassopenalty.

3 Algorithm

Section2 givesthe motivation why we are interestedin the � -norm SVM. To solve the� -norm SVM for a fixedvalueof P , we cantransform(1)-(2) into a linear programming
problemand usestandardsoftware packages;but to get a good fitted model TV ���=� that
performswell onfuturedata,weneedto selectanappropriatevaluefor thetuningparamterP . In this section,we proposeanefficient algorithmthatcomputesthewholesolutionpathT5a� P � , hencefacilitatesadaptiveselectionof P .



3.1 Piece-wise linearity

If we follow thesolutionpath T5a� P � of (1)-(2) as P increases,we will noticethatsinceboth� � �@�! ���� TV ��� E and GH5UG � arepiece-wiselinear, the Karush-Kuhn-Tucker conditionswill
not changewhen P increasesunlessa residual �@�3 d��� TV ��� changesfrom non-zeroto zero,
or a fitted coefficient T5 : � P � changesfrom non-zeroto zero,which correspondto thenon-
smoothpointsof

� � �k�3 �� � TV � � E and G�5FG�� . This implies that thederivative of T5a� P � with
respectto P is piece-wiseconstant,becausewhentheKarush-Kuhn-Tuckerconditionsdo
not change,thederivativeof T5a� P � will not changeeither. Henceit indicatesthatthewhole
solutionpath T5F� P � is piece-wiselinear. See[13] for details.

Thusto computethe wholesolutionpath T5U� P � , all we needto do is to find the joints, i.e.
the asteriskpoints in Figure 1, on this piece-wiselinear path, thenusestraight lines to
interpolatethem,or equivalently, to startat T5a��b"� I b , find theright derivativeof T5a� P � , letP increaseandonly changethederivativewhen T5F� P � getsto a joint.

3.2 Initial solution (i.e. P3I b )
The following notationis used. Let � I �H�M� T5 : � P �1�I b�� , � I � X � �� �� � TV � I bO� ,� I � X � �! Q��� TV �i��b�� and � for the right derivative of T5=��� P � : G���G �}I � and T5��^� P �
denotesthecomponentsof T5a� P � with indicesin � . Without lossof generality, we assume� � ��� I �_�}� � � �"� I  !�_� ; then T576"��b"� I ��
	T5 : ��b"� I b . To computethepaththat T5F� P �
follows,we needto computethederivativeof T5a� P � at b . We consideramodifiedproblem:#�$&%'�(H* ' { +�S  , � �@�0 1��� V ��� E 8 +�S  ,�¡ � �@�0 1��� V ��� (6)

s.t. GH5UG �¢N�£�P 
 V � I 576U8 9+: , � 5 :<;\: ������� � (7)

Notice that if ��� I � , the loss is still �@�i ¤��� V �Z� E ; but if ��� I  !� , the loss becomes�@�¢ |��� V �Z� . In this setup,thederivativeof T5a� £�P � with respectto £�P is thesameno matter
what value £iP is, and one can show that it coincideswith the right derivative of T5F� P �
when P is sufficiently small. Hencethis setuphelpsusfind theinitial derivative � of T5F� P � .
Solving(6)-(7),which canbetransformedinto a simplelinearprogrammingproblem,we
getinitial � , � and

�
. J � J shouldbeequalto J � J . We alsohave:¥ T576�� £�P �T5 � � £iP �§¦ I ¥ �b ¦ 8 £�P L ¥ �=6� ¦ � (8)£�P startsat b andincreases.

3.3 Main algorithm

Themainalgorithmthatcomputesthewholesolutionpath T5U� P � proceedsasfollowing:

1. Increase£�P until oneof thefollowing two eventshappens:¨ A trainingpointhits � , i.e. �0 1� � V � �I b becomes�0 1� � V � I b for someX .¨ A basisfunctionin � leaves � , i.e. T5 : �I b becomesT5 : I b for some
�
.

Let thecurrent T576 , T5 and P bedenotedby T5ª©@«-¬6 , T5ª©k«&¬ and P ©@«&¬ .



2. For each
��­o®��� , we solve:¯ �=6F8 � � � :�;\: �����>�°8±� :S²<;\:S² �����>� I b for X ���� � P�XZY�[ ��T5ª©@«-¬: �@� : 8 J � :S² J I � (9)

where�=6 , � : and � :S² aretheunknowns.We thencompute:£ ��� P)P :S²£�P I +H³ ���F´=�=6F8 + � � :�;\: �����>�°8±� :S²<;\:S² �����>��µ � (10)

3. For eachX�¶ ��� , wesolve:¯ �=6F8 � � � :<;\: �����>� I b for X ���x· � X>¶ �� � P�X�Y\[ ��T5x©@«&¬: ��� : I � (11)

where� 6 and � : aretheunknowns.We thencompute:£ ��� P)P �-¸£�P I + ³ ��� ´ ��6F8 + � � :�;�: ���=�Z� µ � (12)

4. Comparethecomputedvaluesof ¹ «&©»º@º¹ º from step2 andstep3. Thereare g  J � J 8J � J�I¤g 8¤� suchvalues.Choosethesmallestnegative ¹ «-©
º@º¹ º . Hence,¨ If thesmallest ¹ «&©»º@º¹ º is non-negative,thealgorithmterminates;else¨ If thesmallestnegative ¹ «&©
ºkº¹ º correspondsto a
��­

in step2, weupdate��¼½��¾ �S� ­ ��
¿��¼ ¥ �� : ² ¦ � (13)¨ If thesmallestnegative ¹ «&©
ºkº¹ º correspondsto a X�¶ in step3, weupdate� and�|¼À�x· � X ¶ �"
 � ¼ � ¾ � X ¶ � if necessary. (14)

In eitherof thelasttwo cases,T5a� P � changesas:¥ T576�� P ©@«-¬U8 £�P �T5 � � P ©k«&¬�8 £�P �§¦ I ¥ T5x©@«&¬6T5x©@«&¬� ¦ 8 £�P L ¥ �=6� ¦ 
 (15)

andwego backto step1.

In theend,wegeta path T5a� P � , which is piece-wiselinear.

3.4 Remarks

Due to the pagelimit, we omit the proof that this algorithmdoesindeedgive the exact
wholesolutionpath T5a� P � of (1)-(2) (see[13] for detailedproof). Instead,weexplaina little
whateachstepof thealgorithmtriesto do.

Step1 of thealgorithmindicatesthat T5a� P � getsto a joint on thesolutionpathandtheright
derivativeof T5a� P � needsto bechangedif eitheraresidual�k�h ����	TV �Z� changesfrom non-zero
to zero,or thecoefficientof a basisfunction T5 : � P � changesfrom non-zeroto zero,when P
increases.Thentherearetwo possibletypesof actionsthatthealgorithmcantake: �@�)� add
a basisfunctioninto � , or �Z��� removea point from � .

Step2 computesthepossibleright derivativeof T5a� P � if addingeachbasisfunction ;�:S² ���=�
into � . Step3 computesthe possibleright derivative of T5a� P � if removing eachpoint X ¶
from � . Thepossibleright derivativeof T5a� P � (determinedby either(9) or (11)) is suchthat
thetrainingpointsin � arekeptin � when P increases,until thenext joint (step1) occurs.£ ��� P)P ® £�P indicateshow fastthe ��� P)P will decreaseif T5a� P � changesaccordingto � . Step4
takestheactioncorrespondingto thesmallestnegative £ ��� P)P ® £�P . Whenthe ��� P<P cannot
bedecreased,thealgorithmterminates.



Table1: Simulationresultsof � -normand � -normSVM

Test Error (SE)
Simulation � -norm � -norm No Penalty J R J # Joints

1 No noiseinput 0.073(0.010) 0.08(0.02) 0.08(0.01) 5 94 (13)
2 � noiseinputs 0.074(0.014) 0.10(0.02) 0.12(0.03) 14 149(20)
3 l noiseinputs 0.074(0.009) 0.13(0.03) 0.20(0.05) 27 225(30)
4 Á noiseinputs 0.082(0.009) 0.15(0.03) 0.22(0.06) 44 374(52)
5

p
noiseinputs 0.084(0.011) 0.18(0.03) 0.22(0.06) 65 499(67)

3.5 Computational cost

We have proposedan algorithmthat computesthe whole solutionpath T5F� P � . A natural
questionis thenwhat is the computationalcostof this algorithm?SupposeJ � JhIÃÂ at a
joint on the piece-wiselinear solutionpath,thenit takes f�� g)Â j � to computestep � and
step Ä of the algorithmthroughSherman-Morrisonupdatingformula. If we assumethe
training dataareseparableby the dictionary R , thenall the training dataareeventually
goingto have loss �k�Å |� � TV � � E equalto zero.Henceit is reasonableto assumethenumber
of joints on the piece-wiselinear solutionpathis f�� [ � . Sincethe maximumvalueof Â
is #�$-% � [ 
 g � and the minimum valueof Â is � , we get the worst computationalcost isf�� [hg #�$-% � [ 
 g � j � andthe bestcomputationalcost is f�� [hg � . Notice that this is a rough
calculationof the computationalcost undersomemild assumptions.Simulationresults
(section4) actuallyindicatethatthenumberof joints tendsto be f�� #�$&% � [ 
 g �k� .
4 Numerical results

In this section,we usebothsimulationandrealdataresultsto illustratethe � -normSVM.

4.1 Simulation results

Thedatagenerationmechanismis thesameastheonedescribedin section1, exceptthat
we generatem b training datain eachof two classes,and to make harderproblems,we
sequentiallyaugmentthe inputswith additionaltwo, four, six andeight standardnormal
noiseinputs. Hencethe secondclassalmostcompletelysurroundsthe first, like the skin
surroundingtheoragne,in a two-dimensionalsubspace.TheBayeserrorratefor thisprob-
lem is b � b�l"Ä m , irrespective of dimension.In theoriginal input space,a hyperplanecannot
separatetheclasses;weuseanenlargedfeaturespacecorrespondingto the � nddegreepoly-
nomialkernel,hencethedictionaryof basisfunctionsis R I � q ��� : 
 q ��� : � : ¸ 
k� j: 
 � 
 � ¶�I��
 ����� �h� . Wegenerate�<b�b�b testdatato comparethe � -normSVM andthestandard� -norm
SVM. Theaveragetesterrorsover m b simulations,with differentnumbersof noiseinputs,
areshown in Table1. For both the � -norm SVM andthe � -norm SVM, we choosethe
tuningparametersto minimizethetesterror, to beasfair aspossibleto eachmethod.For
comparison,wealsoincludetheresultsfor thenon-penalizedSVM.

FromTable1 wecanseethatthenon-penalizedSVM performssignificantlyworsethanthe
penalizedones;the � -normSVM andthe � -normSVM performsimilarly whenthereis no
noiseinput (line 1), but the � -normSVM is adverselyaffectedby noiseinputs(line 2 - line
5). Sincethe � -normSVM hastheability to selectrelevantfeaturesandignoreredundant
features,it doesnot suffer from thenoiseinputsasmuchasthe � -normSVM. Table1 also
shows the numberof basisfunctions g andthe numberof joints on the piece-wiselinear
solutionpath.Noticethat gÇÆQ[ andthereis a striking linearrelationshipbetweenJ R J and�CÈ � XZ[ � P (Figure2). Figure2 alsoshows the � -normSVM resultfor onesimulation.
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Figure2: Left andmiddlepanels: É -normSVM whenthereare Ê noiseinputs.Theleft panelis the
piece-wiselinearsolutionpath uvxw�y�z . The two upperpathscorrespondto ËOÌ Í and ËOÌÌ , which arethe
relevantfeatures.Themiddlepanelis thetesterroralongthesolutionpath.Thedashlinescorrespond
to theminimumof thetesterror. Theright panelillustratesthelinearrelationshipbetweenthenumber
of basisfunctionsandthenumberof joints on thesolutionpathwhen ÎÐÏ�Ñ .

4.2 Real data results

In this section,we apply the � -norm SVM to classificationof genemicroarrays.Classi-
ficationof patientsamplesis an importantaspectof cancerdiagnosisandtreatment.The� -normSVM hasbeensuccessfullyappliedto microarraycancerdiagnosisproblems([5]
and[7]). However, oneweaknessof the � -normSVM is thatit only predictsacancerclass
labelbut doesnotautomaticallyselectrelevantgenesfor theclassification.Oftenaprimary
goal in microarraycancerdiagnosisis to identify thegenesresponsiblefor theclassifica-
tion, ratherthanclassprediction.[4] and[5] haveproposedgeneselectionmethods,which
wecall univariateranking(UR) andrecursivefeatureelimination(RFE)(see[14]), thatcan
be combinedwith the � -norm SVM. However, theseproceduresaretwo-stepprocedures
thatdependon externalgeneselectionmethods.On theotherhand,the � -normSVM has
an inherentgene(feature)selectionpropertydueto the lassopenalty. Hencethe � -norm
SVM achievesthegoalsof classificationof patientsandselectionof genessimultaneously.

We applythe � -normSVM to leukemiadata[4]. This datasetconsistsof 38 trainingdata
and34 testdataof two typesof acuteleukemia,acutemyeloidleukemia(AML) andacute
lymphoblasticleukemia(ALL). Eachdatumis a vectorof � IÓÒ 
��)�_Ô genes.We usethe
original input � : , i.e. the

�
th gene’s expressionlevel, as the basisfunction, i.e. g1I � .

Thetuningparameteris chosenaccordingto ��b -fold cross-validation,thenthefinal model
is fitted on all the training dataandevaluatedon the testdata. The numberof joints on
thesolutionpathis ��b_l , which appearsto be f�� [ �ÐÕÖf�� g � . Theresultsaresummarized
in Table 2. We can seethat the � -norm SVM performssimilarly to the other methods
in classificationand it hasthe advantageof automaticallyselectingrelevant genes. We
shouldnoticethatthemaximumnumberof genesthatthe � -normSVM canselectis upper
boundedby [ , which is usuallymuchlessthan g in microarrayproblems.

5 Conclusion

Wehaveconsideredthe � -normSVM in thispaper. Weillustratethatthe � -normSVM may
havesomeadvantageover the � -normSVM, especiallywhenthereareredundantfeatures.
The solutionpath T5a� P � of the � -norm SVM is a piece-wiselinear function in the tuning



Table2: Resultson MicroarrayClassification

Method CV Error Test Error # of Genes� -normSVM UR 2/38 3/34 22� -normSVM RFE 2/38 1/34 31� -normSVM 2/38 2/34 17

parameterP . We have proposedanefficient algorithmto computethewholesolutionpathT5a� P � of the � -normSVM, andfacilitateadaptiveselectionof thetuningparameterP .
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