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Abstract

The standard2-norm SVM is known for its good performancen two-

classclassification. In this paper we considerthe 1-norm SVM. We

arguethatthe 1-norm SVM may have someadvantageover the standard
2-norm SVM, especiallywhenthereare redundaninoisefeatures. We

alsoproposeanefficientalgorithmthatcomputegshewhole solutionpath
of the 1-norm SVM, hencefacilitatesadaptie selectionof the tuning
parametefor the 1-norm SVM.

1 Introduction

In standardwo-classclassificatiorproblems we aregiven a setof training data(zy,v1),
... (zn,yn), wheretheinputz; € R?, andtheoutputy; € {1, —1} is binary. We wishto
find a classficatiorrule from the training data,so thatwhengivena new input z, we can
assignaclassy from {1, —1} toiit.

To handlethis problem,we considerthe 1-normsupportvectormaching(SVM):
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whereD = {hi(z),... hy(z)} is adictionaryof basisfunctions,ands is atuning parame-
ter. Thesolutionis denotedasfy (s) and(s); thefitted modelis
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The classificationrule is given by sign[f(z)]. The 1-norm SVM hasbeensuccessfully
usedin [1] and[9]. We arguein this paperthatthe1-norm SVM mayhave someadvantage
overthestandard®-norm SVM, especiallywhenthereareredundannoisefeatures.

To geta goodfitted model f (z) thatperformswell on future data,we alsoneedto select
an appropriateuning parametes. In practice,peopleusually pre-specifya finite setof
valuesfor s thatcoversawide range theneitherusea separatevalidationdatasetor use



cross-alidationto selectavaluefor s thatgivesthebestperformanceamongthegivenset.

In this paper we illustratethat the solution pathB(s) is piece-wisdinearasa function of
s (in the R? space);we also proposean efficient algorithmto computethe exact whole

solution path {B(s), 0 < s < oo}, hencehelp us understanchow the solutionchanges
with s andfacilitate the adaptve selectionof the tuning parametes. Undersomemild

assumptionsye shav thatthe computationatostto computethewholesolutionpathB(s)
is O(ngmin(n, ¢)?) in theworstcaseandO(ng) in thebestcase.

Beforedelvinginto the technicaldetails,we illustrate the conceptof piece-wisdinearity
of the solution pathB(s) with a simple example. We generatel0 training datain eachof
two classesThefirst classhastwo standardchormalindependeninputszy , z-. Thesecond
classalsohastwo standardormalindependeninputs,but conditionedon4.5 < z? + 3 <
8. Thedictionaryof basisfunctionsis D = {v/2z1,v/222, V2122, 22, 22}. Thesolution
pathﬁ(s) asa function of s is showvn in Figure 1. Any segmentbetweentwo adjacent
vertical linesis linear Hencethe right derivative of B(s) with respectto s is piece-wise
constan{in R?). Thetwo solid pathsarefor z? andz3, which arethetwo relevantfeatures.
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Figurel: Thesolutionpathj(s) asafunctionof s.

In section2, we motivate why we are interestedin the 1-norm SVM. In section3, we

describethe algorithmthatcomputeghe whole solution pathB(s). In sectiond, we shov
somenumericalresultson bothsimulationdataandrealworld data.

2 Regularized support vector machines

Thestandar®-normSVM is equivalentto fit amodelthat
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where\ is a tuning parameterIn practice,peopleusuallychooseh; (x)'s to be the basis
functionsof a reproducingkernelHilbert space.Thena kerneltrick allows the dimension
of thetransformedeaturespaceo bevery large,eveninfinite in somecasedi.e. ¢ = o),
without causingextra computationaburden([2] and[12]). In this paper however, we will

concentrat@n the basisrepresentatiofi3) ratherthanakernelrepresentation.

Notice that (4) hasthe form loss + penalty, and X is the tuning parametethat controls
the tradeof betweenlossand penalty Theloss(1l — yf)4 is calledthe hinge loss,and



the penaltyis calledtheridge penalty Theideaof penalizingby the sum-of-squaresf the
parameterss alsousedin neuralnetworks, whereit is known asweightdecay Theridge

penaltyshrinksthe fitted coeficients 3 towardszero. It is well known thatthis shrinkage

hasthe effect of controllingthe variancef B, hencepossiblyimprovesthefitted model’s
predictionaccurag, especiallywhentherearemary highly correlatedeatureg6]. Sofrom
a statisticalfunction estimationpoint of view, the ridge penaltycould possiblyexplain the
succes®f the SVM ([6] and[12]). Onthe otherhand,computationalearningtheoryhas
associatedhe good performanceof the SVM to its margin maximizing property[11], a
propertyof the hingeloss.[8] makessomeeffort to build a connectiorbetweerthesetwo
differentviews.

In this paper we replacethe ridge penaltyin (4) with the L;-norm of 3, i.e. thelasso
penalty[10], andconsidetthe 1-norm SVM problem:
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whichis anequivalentLagrangeversionof the optimizationproblem(1)-(2).

Thelassopenaltywasfirst proposedn [10] for regressiomproblemswheretheresponse
is continuougratherthancategorical. It hasalsobeenusedin [1] and[9] for classification
problemsaundertheframewnork of SVMs. Similarto theridge penalty thelassopenaltyalso
shrinksthe fitted coeficients 3’s towardszero,hence(5) alsobenefitsfrom the reduction
in fitted coeficients’ variances Anotherpropertyof thelassopenaltyis thatbecaus®f the
L, natureof the penalty making A suficiently large, or equivalently s sufficiently small,
will causesomeof the coeficientsﬁj’sto be exactly zeo. For example,whens = 1in
Figurel1, only threefitted coeficientsarenon-zero.Thusthe lassopenaltydoesa kind of
continuoudfeatureselectionwhile thisis notthe casefor theridge penalty In (4), noneof
the 3;’swill beequalto zero.

It is interestingto notethatthe ridge penaltycorrespondso a Gaussiarprior for the 3;'s,
while the lassopenaltycorrespondso a double-exponentialprior. The double-&ponential
densityhasheavier tails thanthe Gaussiardensity This reflectsthe greatertendeny of
the lassoto producesomelargefitted coeficientsandleave othersat 0, especiallyin high
dimensionaproblems.Recently[3] considera situationwherewe have asmallnumberof
trainingdata,e.g. n = 100, anda large numberof basisfunctions,e.g. ¢ = 10, 000. [3]
arguethatin the spaisescenarioj.e. only asmallnumberof true coeficients;’s arenon-
zero,thelassopenaltyworksbetterthantheridge penalty;while in thenon-sparsecenario,
e.g. the true coeficients 8;'s have a Gaussiartistribution, neitherthe lassopenaltynor
theridge penaltywill fit the coeficientswell, sincethereis too little datafrom which to
estimatethesenon-zerocoeficients. This is the curse of dimensionalitytaking its toll.
Basedon theseobsenations,[3] further proposethe bet on spaisity principle for high-
dimensionaproblemswhich encouragessinglassopenalty

3 Algorithm

Section2 givesthe motivation why we are interestedn the 1-norm SVM. To solwe the
1-norm SVM for afixedvalueof s, we cantransform(1)-(2) into a linear programming

problemand use standardsoftware packagesjut to get a good fitted model f(a;) that
performswell onfuturedata,we needto selectanappropriatevaluefor thetuningparamter
s. In this section,we proposeanefficient algorithmthatcomputeghe whole solutionpath

~

B(s), hencefacilitatesadaptve selectionof s.



3.1 Piece-wiselinearity

If we follow thesolutionpathB(s) of (1)-(2) ass increaseswe will noticethatsinceboth
Y1 - yifi)+ and||]|, arepiece-wisdinear, the Karush-Kuhn-Tucker conditionswill
not changewhens increasesinlessaresidual(1 — yifi) changedrom non-zeroto zero,
or afitted coeficient B]- (s) changedrom non-zeroto zero,which correspondo the non-

smoothpointsof 3,(1 — vif;)+ and||]|,. Thisimpliesthatthe derivative of 5(s) with
respecto s is piece-wiseconstantbecausevhenthe Karush-Kuhn-Tucker conditionsdo

not changethe derivative of B(s) will notchangeeither Henceit indicatesthatthewhole
solutionpath3(s) is piece-wisdinear. See[13] for details.

Thusto computethe whole solution path,@(s), all we needto doiis to find the joints, i.e.
the asteriskpointsin Figure 1, on this piece-wiselinear path, then use straightlines to

interpolatethem,or equivalently, to startat 3(0) = 0, find theright derivative of 3(s), let
s increaseandonly changethe derivative when§(s) getsto ajoint.

3.2 Initial solution (i.e. s = 0)

The following notationis used. Let V = {j : 8;(s) # 0}, & = {i : 1 —y;fi = 0},
£ ={i:1—yf; >0} andu for theright derivative of By (s): |lull = 1 andy(s)
denoteghe component®f B(s) with indicesin V. Without lossof generality we assume
#{yi = 1} > #{y: = —1}; thenfo(0) = 1,3;(0) = 0. To computethe paththat 3(s)
follows, we needto computethe derivative of ﬁ(s) at0. We considera modifiedproblem:

min D (—yifi)e+ Y (1—yifi) (6)
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Notice thatif y; = 1, thelossis still (1 — y;f;)+; butif y; = —1, the loss becomes

(1 —yif:). In thissetup thederivative of 5(As) with respecto As is the sameno matter
what value As is, and one can shav that it coincideswith the right derivative of 5(s)

whens is sufficiently small. Hencethis setuphelpsusfind theinitial derivative u of B(s).
Solving (6)-(7), which canbetransformednto a simplelinear programmingproblem,we
getinitial V, £ and L. |V| shouldbeequalto |£|. We alsohave:

BU(AS) _ 1 . Ug
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As startsat0 andincreases.
3.3 Main algorithm

Themainalgorithmthatcomputeshewholesolution pathB(s) proceedssfollowing:

1. IncreaseAs until oneof thefollowing two eventshappens:
e A trainingpointhits&,i.e. 1 — y; f; # 0 becomed — y; f; = 0 for some;.
e A basisfunctionin V leavesV, i.e. 8; # 0 becomes3; = 0 for some;.

Letthecurrent,, 3 ands bedenotecby 354, 34 ands°!d.



2. Foreachj* ¢ V, wesolve:
{ uo + oy ujhj (@) +ujehje(z) = 0 forieé )
2y szgn(ﬁ"”)ug tlug| =1
whereug, u; andu;- aretheunknavns. We thencompute:
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3. Foreachi’ € £, Wesolve
uo + >y uihi(z) = 0 forie\{i'}
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whereug andu; aretheunknowvns. We thencompute:

AlOSSz _ Zyz (UO n ZUJ > ‘ (12)

4. Comparehecomputedraluesof 2222 Alo“ from step2 andstep3. Thereareq— |V|+
|€] = g + 1 suchvalues. Choosahesmallesinegatlve Aloss . Hence,

(11)

o If thesmallestAlA—OSSS is non-negatlve,thealgorlthmtermmateselse
o |f thesmallesnegative AlA—"js correspondso a j* in step2, we update

vV« Vu{j*}, u<—(u1f ) (13)
*
o If thesmallesinegative =252 Al"“ correspondso ai’ in step3, we updateu and
&+ 5\{1’}, L « LU {i'} if necessary (14)
In eitherof the lasttwo cases/3(s) changess:
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andwe go backto stepl.

In theend,we geta path3(s), whichis piece-wisdinear

3.4 Remarks

Due to the pagelimit, we omit the proof that this algorithm doesindeedgive the exact

wholesolutionpathB(s) of (1)-(2) (se€[13] for detailedproof). Insteadwe explainalittle
whateachstepof the algorithmtriesto do.

Stepl of the algorithmindicatesthatB(s) getsto ajoint on the solutionpathandtheright
derivative of 3(s) needgo bechangedf eitheraresidual(1 —y; f;) changesrom non-zero

to zero,or the coeficient of abasisfunction,é’j(s) changegrom non-zerato zero,whens
increasesThentherearetwo possibletypesof actionsthatthealgorithmcantake: (1) add
abasisfunctioninto V, or (2) remove apointfrom £.

Step2 computeghe possibleright derivative of 3(s) if addingeachbasisfunction hj« ()
into V. Step3 computeghe possibleright derivative of /3’(3) if removing eachpoint ¢’
from £. Thepossibleright derivative of /3’(3) (determinedy either(9) or (11)) is suchthat
thetrainingpointsin £ arekeptin £ whens increasesyntil the next joint (stepl) occurs.

Aloss/As indicateshow fasttheloss will decreasé j3(s) changesccordingo u. Step4
takesthe actioncorrespondingo the smallesinegative Aloss/As. Whentheloss cannot
be decreasedhealgorithmterminates.



Tablel: Simulationresultsof 1-normand2-norm SVM

Test Error (SE)

Simulation 1-norm 2-norm  NoPenalty | |D| #Joints
No noiseinput | 0.073(0.010) 0.08(0.02) 0.08(0.01) | 5 94(13)
2 noiseinputs | 0.074(0.014) 0.10(0.02) 0.12(0.03) | 14 149(20)
4 noiseinputs | 0.074(0.009) 0.13(0.03) 0.20(0.05) | 27 225(30)
6 noiseinputs | 0.082(0.009) 0.15(0.03) 0.22(0.06) | 44 374(52)
8 noiseinputs | 0.084(0.011) 0.18(0.03) 0.22(0.06) | 65 499(67)
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3.5 Computational cost

We have proposedan algorithm that computesthe whole solution path [3’(3). A natural
questionis thenwhatis the computationatostof this algorithm? Suppose&| = m ata
joint on the piece-wiselinear solution path, thenit takes O(gm?) to computestep2 and
step3 of the algorithmthrough Sherman-Morrisorupdatingformula. If we assumehe
training dataare separabléy the dictionary D, thenall the training dataare eventually
goingto haveloss(1 — y,-f})+ equalto zero.Henceit is reasonabléo assuméahe number
of joints on the piece-wiseinear solutionpathis O(n). Sincethe maximumvalueof m

is min(n, ¢) andthe minimum value of m is 1, we get the worst computationalcostis

O(ngmin(n, q)?) andthe bestcomputationaktostis O(ng). Notice thatthis is a rough
calculationof the computationakcostundersomemild assumptions.Simulationresults
(sectiond) actuallyindicatethatthe numberof joints tendsto be O (min(n, q)).

4 Numerical results
In this sectionwe useboth simulationandrealdataresultsto illustratethe 1-norm SVM.

4.1 Simulation results

The datageneratiormechanismis the sameasthe onedescribedn sectionl, exceptthat
we generates0 training datain eachof two classesandto make harderproblems,we
sequentiallyaugmentthe inputswith additionaltwo, four, six andeight standardhormal
noiseinputs. Hencethe secondclassalmostcompletelysurroundghefirst, like the skin
surroundinghe oragnejn atwo-dimensionasubspaceTheBayeserrorratefor this prob-
lemis 0.0435, irrespectve of dimension.In the original input space a hyperplanecannot
separat¢heclassesye useanenlagedfeaturespacecorrespondingo the2nd degreepoly-

nomialkernel,hencethedictionaryof basisfunctionsis D = {\/ixj, \/ixjxj/,xﬁ,j,j’ =

1,...p}. Wegeneratd 000 testdatato comparethe 1-normSVM andthestandar®-norm
SVM. Theaveragetesterrorsover 50 simulationswith differentnumbersof noiseinputs,
areshavn in Table1. For boththe 1-norm SVM andthe 2-norm SVM, we choosethe
tuning parameterso minimizethetesterror, to be asfair aspossibleto eachmethod.For

comparisonwe alsoincludetheresultsfor the non-penalizeVM.

FromTablel we canseethatthe non-penalize VM performssignificantlyworsethanthe
penalizedbnes;the 1-norm SVM andthe 2-norm SVM performsimilarly whenthereis no
noiseinput (line 1), but the2-normSVM is adwerselyaffectedby noiseinputs(line 2 - line
5). Sincethe 1-norm SVM hasthe ability to selectrelevantfeaturesandignoreredundant
featuresit doesnot suffer from the noiseinputsasmuchasthe 2-norm SVM. Tablel also
shaws the numberof basisfunctionsq andthe numberof joints on the piece-wiselinear
solutionpath. Noticethatq < n andthereis a striking linearrelationshipbetweenD| and
#Joints (Figure2). Figure2 alsoshownsthe 1-normSVM resultfor onesimulation.
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Figure?2: Left andmiddle panels:1-norm SVM whenthereare4 noiseinputs. Theleft panelis the

piece-wisdinear solution pathB(s). The two upperpathscorrespondo z? andz2, which arethe

relevantfeatures Themiddlepanelis thetesterroralongthesolutionpath. Thedashinescorrespond
totheminimumof thetesterror Theright panelillustratesthelinearrelationshigoetweerthenumber
of basisfunctionsandthe numberof joints onthesolutionpathwheng < n.

4.2 Real dataresults

In this section,we apply the 1-norm SVM to classificationof genemicroarrays. Classi-
fication of patientsampleds animportantaspeciof cancerdiagnosisandtreatment.The
2-norm SVM hasbeensuccessfullyappliedto microarraycancerdiagnosisproblems([5]
and[7]). However, oneweaknes®f the2-normSVM is thatit only predictsacancerclass
labelbut doesnotautomaticallyselectrelevantgenedor theclassification Oftena primary
goalin microarraycancerdiagnosiss to identify the genesresponsibldor the classifica-
tion, ratherthanclassprediction.[4] and[5] have proposedyeneselectiormethodswhich
we call univariateranking(UR) andrecursve featureelimination(RFE) (se€[14]), thatcan
be combinedwith the 2-norm SVM. However, theseproceduresre two-stepprocedures
thatdependon externalgeneselectionmethods.On the otherhand,the 1-norm SVM has
aninherentgene(feature)selectionpropertydueto the lassopenalty Hencethe 1-norm
SVM achieresthe goalsof classificatiorof patientsandselectionof genessimultaneously

We applythe1-norm SVM to leukemiadata[4]. This datasetconsistsof 38 training data
and34 testdataof two typesof acuteleukemia,acutemyeloidleukemia(AML) andacute
lymphoblastideukemia(ALL). Eachdatumis a vectorof p = 7,129 genes.We usethe
original input z;, i.e. the jth genes expressionlevel, asthe basisfunction, i.e. ¢ = p.
Thetuning parameters choseraccordingto 10-fold cross-walidation,thenthefinal model
is fitted on all the training dataand evaluatedon the testdata. The numberof joints on
the solutionpathis 104, which appeargo be O(n) < O(q). Theresultsaresummarized
in Table2. We can seethat the 1-norm SVM performssimilarly to the other methods
in classificationand it hasthe advantageof automaticallyselectingrelevant genes. We
shouldnoticethatthe maximumnumberof geneghatthe 1-norm SVM canselectis upper
boundedy n, whichis usuallymuchlessthang in microarrayproblems.

5 Conclusion

We have consideredhe1-normSVM in this paper We illustratethatthe1-normSVM may
have someadwantageover the 2-norm SVM, especiallywhenthereareredundanfeatures.

The solution pathB(s) of the 1-norm SVM is a piece-wiselinear function in the tuning



Table2: Resultson MicroarrayClassification

Method CV Error Test Error #of Genes
2-normSVM UR 2/38 3/34 22
2-normSVM RFE 2/38 1/34 31
1-normSVM 2/38 2134 17

parametes. We have proposedan efficient algorithmto computethe whole solutionpath

~

B(s) of the1-norm SVM, andfacilitateadaptie selectionof thetuning parametes.
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