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Abstract

Margin maximizingpropertiesplay an importantrole in theanalysisof classifi-
cationmodels,suchasboostingandsupportvectormachines.Margin maximiza-
tion is theoreticallyinterestingbecauseit facilitatesgeneralizationerroranalysis,
andpracticallyinterestingbecauseit presentsa cleargeometricinterpretationof
the modelsbeingbuilt. We formulateandprove a sufficient condition for the
solutionsof regularizedlossfunctionsto convergeto margin maximizingsepara-
tors,astheregularizationvanishes.Thisconditioncoversthehingelossof SVM,
theexponentiallossof AdaBoostandlogistic regressionloss.Wealsogeneralize
it to multi-classclassificationproblems,andpresentmargin maximizingmulti-
classversionsof logistic regressionandsupportvectormachines.

1 Intr oduction

Assumewe have a classification“learning” sample
�������	�
� �����
�� with

�����������
����� � . We
wish to build a model ��� � � for this databy minimizing (exactly or approximately)a loss
criterion ! ��" � � � � ��� � � �	�$# ! ��" � � � ��� � � ��� which is a functionof themargins

� � ��� � � �
of this modelon this data. Most commonclassificationmodelingapproachescanbecast
in this framework: logistic regression,supportvectormachines,boostingandmore. The
model ��� � � whichthesemethodsactuallybuild is a linear combinationof dictionaryfunc-
tionscomingfrom a dictionary % which canbelargeor eveninfinite:

��� � �&#(')+*-,/.�021�321 � � �
andourpredictionat point

�
basedon this modelis sgn��� � � .

When 4 %54 is large,asis thecasein mostboostingor kernelSVM applications,someregu-
larizationis neededto control the“complexity” of themodel ��� � � andtheresultingover-
fitting. Thus,it is commonthatthequantityactuallyminimizedon thedatais a regularized
versionof thelossfunction:6

0 �87 �&#:9<;>=? ' � " � � � 0 @A3 � � � �	� � 7�B 0 BDCC(1)

wherethe secondterm penalizesfor the E C norm of the coefficient vector 0 (FHG �
for

convexity, andin practiceusuallyF �I���
�DJ � ), and 7KG�L is a tuningregularizationparame-
ter. The

�
- and

J
-normsupportvectormachinetrainingproblemswith slackcanbecastin

this form ([6], chapter12). In [8] we have shown thatboostingapproximatelyfollows the



“path” of regularizedsolutionstracedby (1) astheregularizationparameter7 varies,with
theappropriatelossandan E � penalty.

The main questionthat we answerin this paperis: for what loss functionsdoes

6
0 �M7 �convergeto an“optimal” separatoras 7ONPL ? Thedefinitionof “optimal” which we will

usedependson the E C norm usedfor regularization,andwe will term it the “ E C -margin
maximizingseparatinghyper-plane”. More concisely, we will investigatefor which loss
functionsandunderwhich conditionswehave:Q ;>9R�SUT

6
0 �M7 �B 60 �M7 � B

#:V
W	XY9�V[Z\ ? \8] 
^� 9_;>=� �
� 0 @A3 � ���M�(2)

This margin maximizingpropertyis interestingfor two distinct reasons.First, it givesus
a geometricinterpretationof the “limiting” modelaswe relax the regularization. It tells
us that this lossseeksto optimally separatethedataby maximizinga distancebetweena
separatinghyper-planeandthe“closest”points. A theoremby Mangasarian[7] allows us
to interpret E C margin maximizationas Ea` distancemaximization,with

�[b F �c��b[dU#e�
, and

hencemake a cleargeometricinterpretation.Second,from a learningtheoryperspective
large margins are an importantquantity — generalizationerror boundsthat dependon
the margins have beengeneratedfor supportvectormachines([10] — using EAf margins)
andboosting( [9] — using E � margins). Thus, showing that a loss function is “margin
maximizing”in thissenseis usefulandpromisinginformationregardingthislossfunction’s
potentialfor generatinggoodpredictionmodels.

Our main result is a sufficient conditionon the loss function, which guaranteesthat (2)
holds, if the data is separable, i.e. if the maximumon the RHS of (2) is positive. This
conditionis presentedandproven in section2. It coversthe hingelossof supportvector
machines,the logistic log-likelihoodlossof logistic regression,andthe exponentialloss,
mostnotablyusedin boosting.Wediscusstheseandotherexamplesin section3. Ourresult
generalizeselegantly to multi-classmodelsand loss functions. We presentthe resulting
margin-maximizingversionsof SVMs andlogistic regressionin section4.

2 Sufficient condition for margin maximization

The following theoremshows that if the lossfunctionvainshes“quickly” enough,thenit
will be margin-maximizingas the regularizationvanishes.It providesus with a unified
margin-maximizationtheory, coveringSVMs, logistic regressionandboosting.

Theorem2.1 Assumethedata
�������	�
� � ���
�� is separable, i.e. g 0 s.t.

9<;>=h�/�
� 0 @ 3 � ���M�ji L .
Let

" � �k�Dlm�n# " � �olm� bea monotonenon-increasinglossfunctiondependingonthemargin
only.
If gqp i L (possibly p #sr

) such that:Q ;�9tvu�w " �vxzy�{ �|�~}	�a�" �ax � #sr����k}|i L(3)

Then
"

is a margin maximizinglossfunctionin thesensethatany convergencepointof the

normalizedsolutions �?o� R��\ �?2� R�� \ ] to the regularizedproblems(1) as 7�N�L is an E C margin-

maximizingseparating hyper-plane. Consequently, if this margin-maximizinghyper-plane
is unique, thenthesolutionsconvergeto it:Q ;>9R�SUT

6
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Proof We provetheresultseparatelyfor p #�r
and p�� r

.



a. p #�r
:

Lemma 2.2 B 60 �M7 � B C
R�SUT� N r

Proof Since p #�r
then

" �v� ��i L � � i L � and
Q ;�9�� S�� " �v� �|# L . Therefore,for

loss+penaltyto vanishas 7�N�L , B 60 �87 � B C mustdiverge,to allow themarginsto diverge.

Lemma 2.3 Assume0 �/� 0 f are two separating models,with B 0 � B C # B 0 f B C #��
, and 0 �separatesthedatabetter, i.e.: L����Kf #:9<;>= � � � 3 � � � � @ 0 fU��� � #�9<;�= � � � 3 � � � � @ 0 � .Then g�� # �<�a� � � �Kf � such that� x i � ��' � " � �
� 3 � ����� @ �ax 0 �+�	� � ' � " � �
� 3 � ����� @ �ax 0 f �	�

In words, if 0 � separatesbetterthan 0 f thenscaled-upversionsof 0 � will incur smaller
lossthanscaled-upversionsof 0 f , if thescalingfactor is large enough.

Proof Sincecondition(3) holdswith p #�r
, thereexists � suchthat

� x i � ��� � t ��� �� � t �$� � i� . Thusfrom
"

beingnon-increasingwe immediatelyget:� x i � � ' � " � ��� 3 � ����� @ �ax 0 �-�	��� � y " �vx�� � � � " �vx�� f � � ' � " � �
� 3 � ����� @ �vx 0 f �	�

Proof of casea.: Assume0�¡ is aconvergencepointof �?2� R��\ �?o� R�� \8] as 7�N�L , with B 0�¡ B C #H�
.

Now assumeby contradiction ¢0 has B^¢0 B C #£�
andbiggerminimal E C margin. Denotethe

minimal marginsfor thetwo modelsby � ¡ and ¢� , respectively, with � ¡ � ¢� .
By continuityof theminimal margin in 0 , thereexistssomeopenneighborhoodof 0�¡ on
the E C sphere: ¤ ?q¥ #e� 0~¦ B 0 B C #H�
� B 0 � 0 ¡ B-fU��§��
andan

}$i L , suchthat: 9<;�=� ��� 0 @A3 � ��¨v� � ¢� �5} �I� 0 � ¤ ?q¥
Now by lemma2.3 we get thatexists � # �<� ¢� � ¢� �©}ª�

suchthat x ¢0 incurssmallerloss

than x 0 for any x i � � 0 � ¤ ?q¥ . Therefore0�¡ cannotbea convergencepointof �?o� R��\ �?2� R�� \8] .

b. ps� r
Lemma 2.4

" �ap �n# L and
" �vp � § ��i L ��� § i L .

Proof Fromcondition(3),
� � w «¬wk­ �� � w � #sr

. Both resultsfollow immediately, with § # p } .
Lemma 2.5

Q ;>9 R�S�T 9<;�=��/�
� 60 �87 � @ 3 � �����n# p
Proof Assumeby contradictionthat thereis a sequence7 �/� 7 f � ®�®>®$¯ L and

}Oi L s.t.�2°��z9<;�=¬�[�
� 60 �87 1 � @ 3 � ������� p �5}
.

Pick any separatingnormalizedmodel ¢0 i.e. B ¢0 B C #±�
and ¢� ¦ #²9<;>=��[��� ¢0 @ 3 � �����<i L .

Thenfor any 7K� ¢� C � � w�«m­ �w ] weget:' � " � ��� p ¢� ¢0 @ 3 � ���M�	� � 7^B p ¢� ¢0 B CC � " �vp �~}ª�



sincethefirst term(loss)is 0 andthepenaltyis smallerthan
" �ap �~}ª�

by conditionon 7 .
But g ° T s.t. 7 1�³ � ¢� C � � w�«m­ �w ] andsowe geta contradictionto optimality of

6
0 �87 1�³ � , since

we assumed
9<;�= � � � 60 �87 1�³ � @ 3 � � � �|� p �~}

andthus:' � " � � � 60 �87 1�³ � @´3 � � � �	� G " �vp �~}ª�
Wehavethusproventhat

Q ;>9µ;>=2¶ R�S�T 9<;�=¬�[�
� 60 �87 � @ 3 � ����� G©p . It remainsto proveequality.
Assumeby contradictionthat for somevalueof 7 we have � ¦ #s9_;>= � � � 60 �87 � @ 3 � � � �$i p .
Thenthe re-scaledmodel

w� 6
0 �M7 � hasthe samezero lossas

6
0 �M7 � , but a smallerpenalty,

since B w� 6
0 �87 � B # w� B 60 �87 � B���B 60 �87 � B . Sowe geta contradictionto optimalityof

6
0 �M7 � .

Proof of caseb.: Assume0�¡ is aconvergencepointof �?o� R��\ �?2� R�� \8] as 7·N�L , with B 0�¡ B C #H�
.

Now assumeby contradiction ¢0 has B^¢0 B C #¸�
andbiggerminimal margin. Denotethe

minimal marginsfor thetwo modelsby � ¡ and ¢� , respectively, with � ¡ � ¢� .

Let 7 �/� 7 f � ®�®>®�¯ L be a sequencealongwhich �?2� R * �\ �?h� R *�� \ ] N 0 ¡ . By lemma2.5 andour

assumption,B 60 �87 1 � B C N w� ¥ i w ¹�
. Thus, g ° T suchthat

�2°5i�° T � B 60 �M7 1 � B C i w ¹�
and

consequently:' � " � �
� 60 �M7 1 � @ 3 � ���M�	� � 7�B 60 �87 1 � B CC i 7^� p ¢� � C #s' � " � ��� p ¢� ¢0^3 � ������� � 7�B p ¢� ¢0 B CC
Sowe geta contradictionto optimalityof

6
0 �87 1 � .

Thuswe concludefor both casesa. andb. that any convergencepoint of �?h� R��\ �?2� R�� \ ] must

maximizethe E C margin. Since B �?2� R��\ �?o� R � \v] B C #��
, suchconvergencepointsobviously exist.

If the E C -margin-maximizingseparatinghyper-planeis unique,thenwe canconclude:6
0 �87 �B 60 �M7 � B C N

6
0~¦ #cV/WDX�9�V[Z\ ? \8] 
�� 9<;�=� ��� 0 @ 3 � �����

2.1 Necessityresults

A necessityresultfor margin maximizationon anyseparabledataseemsto requireeither
additionalassumptionsonthelossor arelaxationof condition(3). Weconjecturethatif we
alsorequirethatthelossis convex andvanishing(i.e. EvºM� � S�� " �a� �&# L ) thencondition
(3) is sufficientandnecessary. However this is still a subjectfor futureresearch.

3 Examples

Support vector machines

Supportvectormachines(linearor kernel)canbedescribedasa regularizedproblem:9<;�=? ' � { �|�O� � 0 @ 3 � � � ���A»¼� 7�B 0 B CC(5)

where F #�J
for the standard(“2-norm”) SVM and F #½�

for the 1-normSVM. This
formulation is equivalentto the betterknown “norm minimization” SVM formulationin
thesensethat they have thesamesetof solutionsastheregularizationparameter7 varies
in (5) or theslackboundvariesin thenormminimizationformulation.



The lossin (5) is termed“hinge loss” sinceit’s linear for margins lessthan1, thenfixed
at 0 (seefigure1). Thetheoremobviously holdsfor p #Y�

, andit verifiesour knowledge
that the non-regularizedSVM solution, which is the limit of the regularizedsolutions,
maximizestheappropriatemargin (Euclideanfor standardSVM, E � for 1-normSVM).

Notethatour theoremindicatesthatthesquaredhingeloss(AKA truncatedsquaredloss):" � �
�	� ��� ���M�	�&# { �|�~�
� ��� ���M��� f»
is alsoamargin-maximizingloss.

Logistic regressionand boosting

Thetwo lossfunctionswe considerin this context are:¾�¿ F¬À ��Á�� x�º�ÂqE ¦ "�Ã �a� �&#:Ä-Z2Å � � � �(6) Æ À�Ç�EaºÉÈ Á Eaº 3 À[À[Ê ¦ "�Ë �a� �n# Q�Ì X � ���©Ä+ZqÅ � � � �	�(7)

Thesetwo lossfunctionsareof greatinterestin thecontext of two classclassification:
" Ë

is usedin logistic regressionandmorerecentlyfor boosting[4], while
" Ã

is the implicit
lossfunctionusedby AdaBoost- theoriginalandmostfamousboostingalgorithm[3] .

In [8] we showed that boostingapproximatelyfollows the regularizedpathof solutions6
0 �M7 � using theseloss functionsand E � regularization. We alsoproved that the two loss
functionsareverysimilarfor positivemargins,andthattheirregularizedsolutionsconverge
to margin-maximizingseparators.Theorem2.1 providesa new proof of this result,since
thetheorem’sconditionholdswith p #�r

for bothlossfunctions.

Someinterestingnon-examples

Commonlyusedclassificationlossfunctionswhicharenotmargin-maximizingincludeany
polynomiallossfunction:

" �v� �&# ��
,
" �v� �&# � f , etc.do not guaranteeconvergenceof

regularizedsolutionsto margin maximizingsolutions.

Anotherinterestingmethodin thiscontext is lineardiscriminantanalysis.Althoughit does
not correspondto theloss+penaltyformulationwe have described,it doesfind a “decision
hyper-plane”in thepredictorspace.

For bothpolynomiallossfunctionsandlineardiscriminantanalysisit is easyto find exam-
pleswhichshow thatthey arenot necessarilymargin maximizingon separabledata.

4 A multi-class generalization

Ourmainresultcanbeelegantlyextendedto versionsof multi-classlogistic regressionand
supportvectormachines,asfollows. Assumetheresponseis now multi-class,with Í�G J
possiblevaluesi.e.

�
�z�~��Î ���+®>®>®��DÎ-Ï � . Our modelconsistsof a “prediction” for eachclass:

�zÐo� � �&#Ñ') *ª,/.Ò0 � Ð �1 321 � � �
with theobviouspredictionrule at

�
being

V
W	X&9<V/Z Ðz�zÐ2� � � .
This givesriseto a Í ���

dimensional“margin” for eachobservation. For
�Ò#�Î Ð , define

themargin vectoras:Ó � Î Ð �Dl
�[�+®>®�®>�Dl[ÏU�&# � l Ð �Ôl
��� ®�®>®>�Dl Ð �Ôl Ð « �[�Dl Ð �Ôl Ð » �[�+®>®�®>�Dl Ð �Ôl[Ï�� @(8)

And our lossis a functionof this Í ���
dimensionalmargin:" � �k��l � � ®�®>®���l Ï �&# '

ÐHÕ
� �_#cÎ Ð � " � Ó � Î Ð �Dl � �+®>®�®>�Dl Ï �	�
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Figure1: Margin maximizinglossfunctionsfor 2-classproblems(left) andthe SVM 3-classloss
functionof section4.1(right)

The E C -regularizedproblemis now:6
0 �87 �&#�V
W	X 9<;>=?qÖ �8×�ØÚÙÚÙÚÙÚØ ?qÖÜÛ × ' � " � �
�	� 3 � ����� @ 0 �

� � �+®>®�®>� 3 � ����� @ 0 �
Ï � ��� 7 ' Ð B 0 � Ð � B CC(9)

Where

6
0 �87 �&# � 60 �

� � �87 �ª� ®�®>®>� 60 �
Ï � �87 ��� @ ��Ý

Ï�ÞÜß . ß
.

In this formulation, the conceptof margin maximizationcorrespondsto maximizing the
minimal of all � y
�8Í �µ���

normalizedE C -marginsgeneratedby thedata:9�V[Z\ ?qÖ �v× \ ]] » ÙÚÙÚÙ » \ ?qÖàÛ × \ ]] 
^� 9<;�=� 9<;>=á�â	ã
 ä�å 3 � ����� @ � 0 � á â � � 0 � Ð � �(10)

Notethatthis margin maximizationproblemstill hasa naturalgeometricinterpretation,as

3 � ����� @ � 0 � áDâ � � 0 � Ð � �æi L � º � È5ç#��
�
impliesthat thehyper-plane 3 � � � @ � 0 � 1 � � 0 � Ð � ��# L

successfullyseparatesclasses
°

and È for any two classes.

Hereis a generalizationof theoptimalseparationtheorem2.1to multi-classmodels:

Theorem4.1 Assume
" � Ó �

is commutativeand decreasingin each coordinate, then ifgqp i L (possibly p #sr
) such that:Q ;>9 tvu�w " �ax-{ �$�5}	�M� x�è ��� ®�®>® x�è Ï « f �" �ax � x�é � � ®�®>®>� x�é Ï « f � #�r:�

(11) �k}$i L � è � G �
�+®>®>®�� è Ï « f G �
� é � G ���+®>®�® é Ï « f G �
Then

"
is a margin-maximizinglossfunctionfor multi-classmodels,in thesensethat any

convergencepoint of thenormalizedsolutionsto (9), �?2� R �\ �?o� R�� \8] , attainstheoptimalsepara-

tion asdefinedin (10)

Idea of proof Theproof is essentiallyidenticalto thetwo classcase,now consideringthe� y��8Í �s���
margins on which the lossdepends.The condition(11) implies that as the

regularizationvanishesthemodelis determinedby theminimal margin, andsoanoptimal
modelputstheemphasison maximizingthatmargin.



Corollary 4.2 In the2-classcase, theorem4.1reducesto theorem2.1.

Proof The lossdependson 0 �
� � � 0 � f � , the penaltyon B 0 �

� � B CC � B 0 � f � B CC . An optimal
solutionto theregularizedproblemmustthushave 0 �

� � � 0 � f � # L , sinceby transforming:

0 �
� � N 0 �

� � � 0 �
� � � 0 � f �J � 0 � f � N 0 � f � � 0 �

� � � 0 � f �J
we arenot changingtheloss,but reducingthepenalty, by Jensen’s inequality:

B 0 �
� � � 0 �

� � � 0 � f �J B CC � B 0 � f � � 0 �
� � � 0 � f �J B CC #sJ B 0 �

� � � 0 � f �J B CC � B 0 �
� � B CC � B 0 � f � B CC

Sowe canconcludethat

6
0 �
� � �M7 �j#H� 6

0 � f � �M7 � andconsequentlythatthetwo margin maxi-
mizationtasks(2), (10) areequivalent.

4.1 Mar gin maximization in multi-class SVM and logistic regression

Herewe applytheorem4.1to versionsof multi-classlogistic regressionandSVM.

For logistic regression,we usea slightly differentformulationthanthe“standard”logistic
regressionmodels,which usesclassÍ asa “reference”class,i.e. assumesthat 0 �

Ï � # L .
This is requiredfor non-regularizedfitting, sincewithout it the solution is not uniquely
defined.However, usingregularizationasin (9) guaranteesthatthesolutionwill beunique
andconsequentlywe can“symmetrize” the model— which allows us to apply theorem
4.1.Sothelossfunctionwe useis (assume

��#�Î Ð belongsto classÈ ):

" � �k��l � � ®�®>®���l Ï �ê#�� Q>Ì X Á[ë åÁ ë � ��®>®�®[� Á ë Û #
(12) # Q>Ì X � Á ë � « ë å �:®>®�®�� Á ë åªì�� « ë å ����� Á ë å	í�� « ë å ��®>®�®[� Á ë Û « ë å �
with the linearmodel:

l 1 � �����j# 3 � ���M� @ 0 � 1 � . It is not difficult to verify thatcondition(11)
holdsfor this lossfunctionwith p #�r

, usingthefact that EvÀ�Çm� �j��}ª��#�}î��ï � } f � . The
sum of exponentialswhich resultsfrom applying this first-orderapproximationsatisfies
(11),andas

} NðL , thesecondordertermcanbeignored.

For supportvectormachines,considera multi-classlosswhich is a naturalgeneralization
of thetwo-classloss:

" � Ó �n# Ï « �'
1 
�� {

�|� � 1 � »(13)

Where � 1 is thej’ th componentof themulti-margin Ó asin (8). Figure1 shows this loss
for Í #�ñ

classesasafunctionof thetwo margins.Theloss+penaltyformulationusing13
is equivalentto a standardoptimizationformulationof multi-classSVM (e.g.[11]):9�V[Z Î

s.t. 3 � ����� @ � 0 � á�â � � 0 � Ð � � G Î � �|�~ò+� Ð �-� º �I���
�+®>®>® � � � È �~�����+®>®�®>� Íó� �zÎ Ð·ç#��
�ò � Ð G�L �¸' � Ø Ð
ò � Ð ��ô��¸'

Ð B 0 � Ð � BDCC #��
As boththeorem4.1(using p #��

) andtheoptimizationformulationindicate,theregular-
izedsolutionsto this problemconvergeto the E C margin maximizingmulti-classsolution.



5 Discussion

Whatarethepropertieswe would like to have in a classificationlossfunction? Recently
therehasbeena lot of interestin Bayes-consistency of lossfunctionsandalgorithms([1]
and referencestherein),as the datasize increases.It turnsout that practically all “rea-
sonable”lossfunctionsareconsistentin thatsense,althoughconvergenceratesandother
measuresof “degreeof consistency” mayvary.

Margin maximization,ontheotherhand,is afinite sampleoptimalitypropertyof lossfunc-
tions, which is potentiallyof decreasinginterestassamplesizegrows, sincethe training
data-setis lesslikely to be separable.Note, however, that in very high dimensionalpre-
dictor spaces,suchasthosetypically usedby boostingor kernelSVM, separabilityof any
finite-sizedata-setis a mild assumption,which is violatedonly in pathologicalcases.

We haveshown thatthemargin maximizingpropertyis sharedby somepopularlossfunc-
tions usedin logistic regression,supportvector machinesand boosting. Knowing that
thesealgorithms“converge”, asregularizationvanishes,to thesamemodel(providedthey
usethe sameregularization)is an interestinginsight. So, for example,we canconclude
that1-normsupportvectormachines,exponentialboostingand E � -regularizedlogistic re-
gressionall facilitatethesamenon-regularizedsolution,which is an E � -margin maximizing
separatinghyper-plane. From Mangasarian’s theorem[7] we know that this hyper-plane
maximizesthe E � distancefrom theclosestpointson eitherside.

The most interestingstatisticalquestionwhich arisesis: are these“optimal” separating
modelsreally goodfor prediction, or shouldwe expectregularizedmodelsto do betterin
practice?Statisticalcommonsense,aswell astheempiricalevidence,seemto supportthe
latter, for exampleseethemargin-maximizingexperimentsby Breiman[2] andGroveand
Schuurmans[5]. Acceptingthis view implies thatmargin-dependentgeneralizationerror
boundscannotcapturetheessentialelementsof predictingfutureperformance,andthatthe
theoreticalefforts shouldratherbetargetedat thelossfunctionsthemselves.
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