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Abstract

Margin maximizing propertiesplay animportantrole in the analysisof classifi-
cationmodels suchasboostingandsupportvectormachinesMargin maximiza-
tion is theoreticallyinterestingbecausét facilitatesgeneralizatiorerroranalysis,
andpracticallyinterestingbecausét presents cleargeometrianterpretatiorof
the modelsbeing built. We formulateand prove a suficient condition for the
solutionsof regularizedossfunctionsto corvergeto maigin maximizingsepara-
tors,astheregularizationvanishesThis conditioncoversthehingelossof SVM,
theexponentialossof AdaBoostandlogistic regressiorioss.We alsogeneralize
it to multi-classclassificationproblems,and presentmaigin maximizing multi-
classversionsof logistic regressiorandsupportvectormachines.

1 Intr oduction

Assumewe have a classificatiorflearning” sample{x;, y; }%_; withy; € {-1,+1}. We
wish to build a model F'(x) for this databy minimizing (exactly or approximately)a loss
criteriony", C(y;, F(x;)) = 3, C(y:F(x;)) whichis afunction of the mamgins y; F'(x;)

of this modelon this data. Most commonclassificationrmodelingapproachesanbe cast
in this framework: logistic regression supportvectormachinespoostingandmore. The
modelF'(x) whichthesemethodsactuallybuild is alinear combinatiorof dictionaryfunc-
tionscomingfrom a dictionary# which canbelarge or eveninfinite:

F(x)= Y Bihj(x)

h;€H
andour predictionat point x basedn this modelis sgnF'(x).

When|#| is large,asis thecasein mostboostingor kernelSVM applicationssomeregu-
larizationis neededo controlthe “complexity” of themodel F'(x) andtheresultingover-
fitting. Thus,it is commonthatthe quantityactuallyminimizedon thedatais aregularized
versionof thelossfunction:

(1) BN = rnﬁinZC(yiﬂ'h(xi)) + MBI

wherethe secondterm penalizesfor the I, norm of the coeficient vector 3 (p > 1 for
convexity, andin practiceusuallyp € {1,2}),and\ > 0 isatuningregularizationparame-
ter. Thel- and2-normsupportvectormachinetraining problemswith slackcanbe castin
this form ([6], chapterl2). In [8] we have shavn thatboostingapproximatelyfollows the



“path” of regularizedsolutionstracedby (1) astheregularizationparameten varies,with
theappropriatdossandani; penalty

The main questionthat we answerin this paperis: for what loss functions doesB()\)

corvergeto an“optimal” separatoasA — 0? The definition of “optimal” which we will

usedependson the I, norm usedfor regularization,and we will termit the “I,-magin
maximizing separatindhyperplane”. More concisely we will investigatefor which loss
functionsandunderwhich conditionswe have:

BN i
) lim T arg max min y;5'h(x;)

This mamgin maximizing propertyis interestingfor two distinct reasonsFirst, it givesus
a geometricinterpretationof the “limiting” modelaswe relax the regularization. It tells
usthatthis lossseekso optimally separatehe databy maximizinga distancebetweena
separatindiyperplaneandthe “closest” points. A theoremby Mangasariarj7] allows us
to interpretl,, maigin maximizationasl, distancemaximizationwith 1/p + 1/¢ = 1, and
hencemale a cleargeometricinterpretation. Second from a learningtheoryperspectie
large magins are an importantquantity — generalizatiorerror boundsthat dependon
the margins have beengeneratedor supportvectormachineq[10] — usingl, mamins)
and boosting( [9] — using/; mamins). Thus, shaving that a loss function is “margin
maximizing”in thissenseas usefulandpromisinginformationregardingthislossfunction’s
potentialfor generatinggoodpredictionmodels.

Our main resultis a sufficient condition on the loss function, which guaranteeshat (2)
holds, if the datais sepagble, i.e. if the maximumon the RHS of (2) is positive. This
conditionis presentecandprovenin section2. It coversthe hingelossof supportvector
machinesthe logistic log-likelihoodloss of logistic regressionandthe exponentialloss,
mostnotablyusedn boosting.We discusgheseandotherexamplesn section3. Ourresult
generalizeselegantly to multi-classmodelsandloss functions. We presentthe resulting
maigin-maximizingversionsof SVMs andlogistic regressionn sectior4.

2 Sufficient condition for margin maximization

The following theoremshaws thatif the lossfunctionvainshes'quickly” enough.thenit
will be mamgin-maximizingasthe regularizationvanishes. It providesus with a unified
maigin-maximizatiortheory, covering SVMs, logistic regressiorandboosting.

Theorem?2.1 Assumehedata{x;,y;}? , is sepamble, i.e. 33 s.t. min; y;3'h(x;) > 0.
LetC(y, f) = C(yf) beamonotonenon-increasingossfunctiondependingnthemargin
only.
If 3T > 0 (possibly T = oo ) sudh that:

. C@t-1—¢€)
3 lim ——————*
®) T C)
ThenC' is a margin maximizingossfunctionin the sensehatary convergencepointof the
normalizedsolutions”B"i%)H to the regularizedproblems(1) asA — 0 is anl, mamgin-
maximizingsepaating hypeprIane Consequentlyif this margin-maximizinghyperplane
is unique thenthe solutionscorvergeto it:

im QB()\) = arg max min y;8 h(x;)
A= 1Bl IBls=1

=00, Ve> 0

(4)

Proof We provetheresultseparatelfor T' = oo andT < oo.



a.T = oo

Lemma2.2 [|B(\)]|, 20 %

Proof SinceT = oo thenC(m) > 0 Vm > 0, and lim,, ,,, C(m) = 0. Thereforefor
loss+penaltyto vanishasA — 0, ||3())||, mustdiverge,to allow the mamginsto diverge.

Lemma 2.3 Assume3,, (B, are two sepaating modelswith ||81]|, = ||82(, = 1, and 3y
sepantesthedatabetteri.e.: 0 < my = min; y;h(x;)' B2 < m1 = min; y;h(x;) B1.
Then3aU = U(my,ms) sud that

Vi > U, > Clyih(xi) (t41)) < Y, C(yih(x:)' (tB2))
In words, if 51 sepaatesbetterthan 8, thenscaled-upversionsof 5; will incur smaller
lossthan scaled-uprersionsof gs, if the scalingfactoris large enough.
C(tmz)

Proof Sincecondition(3) holdswith T = oo, thereexistsU suchthatVt > U, Clemy) >
n. Thusfrom C beingnon-increasingve immediatelyget:

vt > U, ZC(yih(xi)'(tﬁl)) <n-C(tmy) < C(tms) < ZC(yih(xi)'(tﬂz))

Proof of casea.: Assumegs* is a corvergencepoint of HBE((AA))H asA — 0, with [|8*||, = 1.
p

Now assumeby contradiction3 has||3||, = 1 andbiggerminimal 7, mamgin. Denotethe
minimal mamginsfor thetwo modelsby m* andm, respectiely, with m* < .
By continuity of the minimal mamgin in 3, thereexists someopenneighborhoodf 5* on

thel, sphere:
Ng- ={B:1Bll, =1, I8 — B"[l2 < 6}
andane > 0, suchthat:
miny;8'h(x;) < m —¢€, VB € N

Now by lemma2.3we getthatexistsU = U (1,77 — €) suchthattj incurssmallerloss

thantg forary ¢t > U, § € Ng-~. Therefores* cannotbea corvergencepoint of HBB((AA))II .

b.T < >
Lemma2.4 C(T)=0andC(T —4) >0, V§ > 0.

C(T—-Te)

Proof Fromcondition(3), (D)

= o00. Bothresultsfollow immediatelywith § = Te.

~

Lemma 2.5 limy_,o min; y;6(A\)'h(x;) =T

Proof Assumeby contradictionthat thereis a sequenceé\;, Az,... \ 0 ande > 0 s.t.
Vj, mini ylﬂ()\J)lh(Xl) S T —e.
Pick ary separatingnormalizedmodelf i.e. ||3]|, = 1 and := min; y;5'h(x;) > 0.

Thenfor any\ < m? 2729 we get:

3 Ol Bhxa) + NIl < (T =



sincethefirst term(loss)is 0 andthe penaltyis smallerthanC (T — ¢) by conditionon A.
ButJjp s.t. Aj, < mP% andsowe geta contradictionto optimality of B()\jo), since

N

we assumedhin; y;3(\;, ) h(x;) < T — e andthus:

> ClyiBo)'h(x) 2 C(T =€)

We havethusproventhatlim inf y ¢ min; y; 8(\)'h(x;) > T'. It remaingo prove equality
Assumeby contradictiorthatfor somevalueof A we havem := min; y;8(\)'h(x;) > T
Thenthe re-scaledmodel %ﬂ(/\) hasthe samezerolossas 3()\), but a smallerpenalty

since||%@()\)|| = %HB(/\)H < IB(N)||. Sowe geta contradictionto optimality of 3(\).

Proof of caseb.: Assumes* is a corvergencepoint of IIBB((A/\))H as\ — 0, with ||3*||, = 1.

Now assumeby contradictionj has||3||, = 1 andbiggerminimal mamgin. Denotethe
minimal mamginsfor thetwo modelsby m* andm, respectiely, with m* < .

Let A1, A2, ... N\ 0 be a sequencalongwhich ”5((;?))” — (*. By lemma2.5 andour

assumption||3(\)l, = & > L. Thus,3jo suchthatVj > jo, [IB(\)ll» > L and
consequently:

3 B AGx)) + ABOYIE > NG = 3 Clui=Bhtxa) + NI Al

Sowe geta contradictionto optimality of B()\j).

Thuswe concludefor both casesa. andhb. thatarny corvergencepoint of ”5((;\))” must

maximizethe !, mamgin. Since|| III§(%)II [, = 1, suchcorvergencepointsobviously exist.
P
If thel,-mamgin-maximizingseparatindiyperplaneis unique thenwe canconclude:

IO

A — (:= arg max miny;3 h(x;)
11BNl IBllp=1"

2.1 Necessityresults

A necessityesultfor maigin maximizationon any sepaable dataseemso requireeither
additionalassumptionsnthelossor arelaxationof condition(3). We conjecturehatif we
alsorequirethatthelossis corvex andvanishing(i.e. lim.,, —...C(m) = 0) thencondition
(3) is sufficientand necessaryHoweverthis s still a subjectfor futureresearch.

3 Examples

Support vector machines

Supportvectormachineglinearor kernel)canbe describedasaregularizedproblem:
(5) min 3 J[1 = yiB'h(x)]+ + MBI

wherep = 2 for the standard(“2-norm”) SVM andp = 1 for the 1-norm SVM. This
formulationis equialentto the betterknown “norm minimization” SVM formulationin
the sensethatthey have the samesetof solutionsasthe regularizationparameten varies
in (5) or theslackboundvariesin the normminimizationformulation.



Thelossin (5) is termed“hinge loss” sinceit’s linear for marginslessthan1, thenfixed
at O (seefigure 1). Thetheoremobviously holdsfor T' = 1, andit verifiesour knowledge
that the non-regularizedSVM solution, which is the limit of the regularizedsolutions,
maximizesthe appropriatemargin (Euclidearfor standardSVM, [, for 1-normSVM).

Notethatour theoremindicatesthatthe squarechingeloss(AKA truncatedsquaredoss):
Clyi, F(xi)) = [1 — yiF (%))}
is alsoa mamgin-maximizingloss.

Logistic regressionand boosting

Thetwo lossfunctionswe considetin this contet are:

(6) Ezxponential : C.(m) = exp(—m)

(7 Log likelihood :  Cij(m) = log(1 + exp(—m))

Thesetwo lossfunctionsareof greatinterestin the context of two classclassification:C;

is usedin logistic regressionand morerecentlyfor boosting[4], while C, is theimplicit
lossfunctionusedby AdaBoost- the original andmostfamousboostingalgorithm[3] .

In [8] we shaved that boostingapproximatelyfollows the regularizedpath of solutions
B(/\) usingtheselossfunctionsandl; regularization. We also proved that the two loss
functionsareverysimilarfor positve mamgins,andthattheirregularizedsolutionsconverge
to maigin-maximizingseparatorsTheorem2.1 providesa new proof of this result,since
thetheorems conditionholdswith T' = oo for bothlossfunctions.

Someinterestingnon-examples

Commonlyusedclassificatiodossfunctionswhich arenot mamgin-maximizingincludeany

polynomiallossfunction: C(m) = L, C(m) = m?, etc. donotguarante€orvergenceof

regularizedsolutionsto margin maximizingsolutions.

Anotherinterestingmethodin this context is lineardiscriminantanalysis. Althoughit does
not correspondo the loss+penaltformulationwe have describedit doesfind a “decision
hyperplane”in the predictorspace.

For both polynomiallossfunctionsandlineardiscriminantanalysist is easyto find exam-
pleswhich shaw thatthey arenot necessarilynamgin maximizingon separablelata.

4 A multi-class generalization

Ourmainresultcanbeelegantlyextendedo versionsof multi-classlogistic regressiorand
supportvectormachinesasfollows. Assumetheresponsés now multi-classwith K > 2
possiblevaluesi.e. y; € {ci,...,cx }. Ourmodelconsistof a“prediction” for eachclass:

F(x) =Y A"h;x)
hi €H

with the obviouspredictionrule atx beingarg maxy, Fj,(x).
This givesriseto a K — 1 dimensional'margin” for eachobsenation. For y = ¢y, define
themargin vectoras:

(8) m(ck, f1, [K) = (fk = f1o s Fio = fo—1: fb = Frt1y o0 J5 — [K)'

And ourlossis afunctionof this K — 1 dimensionamamgin:

C(yafla afK) = ZI{y = ck}c(m(ckafla 5fK))
k
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Figure 1: Margin maximizinglossfunctionsfor 2-classproblems(left) andthe SVM 3-classloss
functionof sectiond.1 (right)

Thel,-regularizedproblemis now:

©) H) =g min 3 Cluis b8, - WSO + 23 15
WhereB(3) = (BV(), ... 80O ()" € RF 1.

In this formulation, the conceptof margin maximizationcorrespond$o maximizingthe
minimal of all n - (K — 1) normalized,-maminsgeneratedby thedata:

10 max min min h(x;)' (8% — gk

G0 IBDE+.. +BEO|F=1 ¢ yiFcr Gua)' (8 )

Notethatthis margin maximizationproblemstill hasa naturalgeometridnterpretationas
h(x;)' (8% — ) > 0 Vi, k # y; impliesthatthe hyperplaneh(x)'(8Y) — ) = 0
successfullyseparateslasseg andk for any two classes.

Hereis a generalizatiorof the optimalseparatiortheorem?.1to multi-classmodels:

Theorem4.1 AssumeC(m) is commutativeand decreasingin eac coordinate then if
3T > 0 (possibly T = oo ) such that:
. C(t[l —e],tul,...tuK_Q)
11 1 =
( ) e T C(t,tUl,...,t'l}K_Q) oo
Ve>0,u; >1,...,ugk—2>1v >1,...05x_2>1

ThenC' is a mamgin-maximizindossfunctionfor multi-classmodelsjn the sensethatany

convergencepoint of the normalizedsolutionsto (9), IIBB((AA))II , attainsthe optimal sepaa-
p

tion asdefinedn (10)

Idea of proof The proofis essentiallyidenticalto the two classcasenhow consideringhe
n - (K — 1) mamgins on which the lossdepends.The condition (11) implies that as the
regularizationvanisheshe modelis determinedy the minimal mamgin, andsoanoptimal
modelputsthe emphasi®n maximizingthatmamgin.



Corollary 4.2 In the 2-classcase theoem4.1reducego theoem?2.1.

Proof The lossdependson (1) — 82), the penaltyon [|3V[|2 + [|3®)||2. An optimal
solutionto theregularizedproblemmustthushave (1) + 3(2) = (, sinceby transforming:

Y 4+ 332 Y + 52
2 ’ 2

we arenot changingtheloss,but reducingthe penalty by Jensersinequality:

g - g — B2 — g2 _

BL + 52 5 AU+ 5@ g .
18V = =l + 18 = ——— It = 2| ——— 2l < 180 + 18
Sowe canconcludethat 31 (\) = —3() (\) andconsequentlyhatthe two margin maxi-

mizationtasks(2), (10) areequivalent.

4.1 Margin maximization in multi-class SVM and logistic regression

Herewe applytheoremd.1to versionsof multi-classlogistic regressiorandSVM.

For logistic regressionwe usea slightly differentformulationthanthe “standard”logistic
regressiormodels which usesclassK asa“reference’class,.e. assumeshat 5(5) = 0.
This is requiredfor non-rggularizedfitting, sincewithout it the solutionis not uniquely
defined.However, usingregularizationasin (9) guaranteethatthe solutionwill beunique
and consequentlyve can“symmetrize”the model— which allows us to apply theorem
4.1. Sothelossfunctionwe useis (assumey = ¢, belongsto classk):

efk

~log eft + ... +efx
— log(efl—fk 4+t efk—1=Jk +14+ efr+1—Tx 4o+ efK—fk)

(12) C(y’fla ey fK)

with thelinearmodel: f;(x;) = h(x;)'8Y. It is notdifficult to verify thatcondition(11)
holdsfor this lossfunctionwith T' = oo, usingthefactthatlog(1 + €) = € + O(€?). The
sum of exponentialswhich resultsfrom applying this first-orderapproximationsatisfies
(11),andase — 0, thesecondordertermcanbeignored.

For supportvectormachinesconsidera multi-classlosswhich is a naturalgeneralization
of thetwo-clasdoss:

K-1

(13) = > [1-mly

Jj=1

Wherem; is thej’ th componenbf the multi-margin m asin (8). Figurel1 shaws this loss
for K = 3 classessafunctionof thetwo mamgins. Theloss+penaltformulationusing13
is equivalentto a standardptimizationformulationof multi-classSVM (e.g.[11]):

max c
sttt h(x) (B9 — B > (1 — &), i€ {l,.n}, ke {1,...K}, cr # s
&x>0, > &u<B, Y [IBPP=1
ik k

As boththeorend.1 (usingT' = 1) andthe optimizationformulationindicate theregular
izedsolutionsto this problemcorvergeto thel, mamgin maximizingmulti-classsolution.



5 Discussion

What arethe propertieswe would like to have in a classificationossfunction? Recently
therehasbeena lot of interestin Bayes-consisterycof lossfunctionsandalgorithms([1]

and referencegherein), as the datasize increases.lIt turnsout that practically all “rea-
sonable’lossfunctionsare consistenin that sensealthoughcorvergenceratesandother
measuresf “degreeof consisteng” mayvary.

Margin maximizationontheotherhand,is afinite sampleoptimality propertyof lossfunc-
tions, which is potentially of decreasindnterestas samplesize grows, sincethe training
data-sefs lesslikely to be separable.Note, however, thatin very high dimensionalpre-
dictor spacessuchasthosetypically usedby boostingor kernelSVM, separabilityof ary
finite-sizedata-sets a mild assumptionwhichis violatedonly in pathologicalkases.

We have shovn thatthe maigin maximizingpropertyis sharecdoy somepopularlossfunc-

tions usedin logistic regression,supportvector machinesand boosting. Knowing that
thesealgorithms‘converge”, asregularizationvanishesto the samemodel(providedthey

usethe sameregularization)is an interestinginsight. So, for example,we canconclude
that 1-normsupportvectormachinesgxponentialboostingand!; -regularizedlogistic re-

gressiorall facilitatethe samenon-regularizedsolution,whichis ani; -mamgin maximizing
separatinghyperplane. From Mangasariars theorem[7] we know that this hyperplane
maximizesthel,, distancgrom theclosesipointson eitherside.

The mostinterestingstatisticalquestionwhich arisesis: are these“optimal” sepaating
modelsreally goodfor prediction or shouldwe expectregularizedmodelsto do betterin
practice?Statisticalcommonsenseaswell asthe empiricalevidence,seemto supportthe
latter, for exampleseethe margin-maximizingexperimentsy Breiman[2] andGrove and
Schuurmang5]. Acceptingthis view implies that margin-dependengeneralizatiorerror
boundscannotcapturethe essentiablementof predictingfuture performanceandthatthe
theoreticakfforts shouldratherbetargetedat thelossfunctionsthemseles.
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