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ABSTRACT

Motivated by the problem of customer wallet estimation, we
propose a new setting for multi-view regression, where we
learn a completely unobserved target (in our case, customer
wallet) by modeling it as a “central link” in a directed graph-
ical model, connecting multiple sets of observed variables.
The resulting conditional independence allows us to reduce
the discriminative maximum likelihood estimation problem
to a convex optimization problem for parametric forms cor-
responding to exponential linear models. We show that
under certain modeling assumptions, in particular, when
we have two conditionally independent views and the noise
is Gaussian, we can reduce this problem to a single least
squares regression. Thus, for this specific, but widely appli-
cable setting, the “unsupervised” multi-view problem can
be solved via a simple supervised learning approach. This
reduction also allows us to test the statistical independence
assumptions underlying the graphical model and perform
variable selection. We demonstrate our approach on our
motivating problem of customer wallet estimation and on
simulation data.

Categories and Subject Descriptors

H.4.8 [Database Management]: Database Applications
— Data Mining; 1.2.6 [Artificial Intelligence]: Machine
Learning

General Terms
Algorithms
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1. INTRODUCTION

In standard predictive modeling methodology, an observed
“target” variable of interest is modeled as a function of a
collection of predictors. The ultimate goal is predicting the
target variable in future cases when we only observe the
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predictors. In this paper, we are interested in an “unsuper-
vised” situation where a specific target variable exists, but
is never observed, and we still want to build a prediction
model for it. The only information available is in the form
of domain knowledge that indicates the existence of multi-
ple views, which provide “independent” information about
the unobserved target. This domain knowledge allows us to
obtain a directed graphical model by formalizing the inde-
pendence relations and sets a framework for inference about
the target.

One example of such an application is the problem of cus-
tomer wallet estimation, which is of great practical interest
to us at IBM. One definition of a customer’s wallet for a
specific product category (for example, Information Tech-
nology (IT)) is the customer’s total budget for purchases
in this product category across various vendors. As an IT
vendor, IBM observes the amount its customers (which are
almost invariably companies) spend with it, but does not
typically have access to the customers’ budget allocation de-
cisions, their spending with competitors, etc. Information
about the customers’ wallet, as an indicator of their poten-
tial for growth, is considered extremely valuable for market-
ing, resource planning and other tasks. For a detailed survey
of the motivation, problem definition, and some alternative
solution approaches, see [15]. For our purpose, the impor-
tant aspect of this problem is that the desired target, i.e.,
the customer wallet, is completely unobserved, but we have
access to two sources of related information: IBM’s inter-
nal databases, which tell us about IBM’s relationship with
the customer, including the current and past sales by prod-
uct; and publicly available firmographics about the customer
company, including its revenue, industry, location, etc.

Let us now take a closer look at the IT purchase process.
One can reasonably argue that this involves two stages: the
first where the customer company’s executives decide on the
company’s IT wallet W based on the company’s situation
and needs, which are captured by firmographics X, and the
second, where the IT department decides on the portion
of the wallet that is spent on IBM products S depending
on their relationship with IBM captured by Y. The causal
relations emerging from this purchase model can be readily
represented in the form of a Bayesian network as shown in
Figure 1 where X and (S,Y) are conditionally independent
of each other given W. Additional domain knowledge can
then be used to identify the appropriate parametric forms



for each of the causal relations in the Bayesian network.
Given all of these, the unobserved wallet can be treated
as missing data and estimated via a maximum likelihood
approach, e.g., using EM.

A similar picture can be argued to apply for other busi-
ness and scientific problems, e.g., estimating an online ad-
vertiser’s share of customers’ clicks, where the click behavior
is unobserved, but some customer characteristics affecting it
are known.
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Figure 1: Causal relations between customer wallet
and observed predictors

In this paper, we consider unsupervised learning problems
that follow the special structure described above and var-
ious solution approaches for them. In Section 2, we de-
velop a formal description of the “multi-view” problem with
conditional independence; pose the discriminative learning
problem that arises from it in terms of likelihood maximiza-
tion; and show how it can be solved using the standard EM
methodology [12]. Further, we show that when the condi-
tional distributions in the graphical model follow parametric
forms arising from exponential linear models, the likelihood
maximization reduces to a convex optimization problem so
that the EM algorithm converges to a global optimum.

In Section 3, we concentrate on the special case of two views
and linear models with Gaussian noise. This paper’s main
result is that in this case, the problem can be solved by
reducing it to a supervised learning problem that involves
fitting the surrogate response (corresponding to S in Figure
1) on the observed predictors. In addition to being compu-
tationally favorable, this also allows us to harness the infer-
ential power of linear modeling, including variable selection
and ANOVA-based hypothesis testing, which can be used
to test the validity of our conditional independence assump-
tions.

In Section 4, we demonstrate the applicability and perfor-
mance of our framework on simulation data. On our simu-
lated examples, the predictive performance of the multi-view
learning approach with no labeled data (i.e., target is unob-
served) turns out to be comparable to that of the standard
supervised learning approach (i.e., when we do observe the

target, but do not make use of conditional independence) to
the same problem with significant amount of training data.
In Section 5, we apply our learning framework to our mo-
tivating problem of wallet estimation. Although we have
no direct wallet observations to validate our predictions, we
present several pieces of indirect evidence on the success of
our models.

Section 6 is devoted to a survey of related work in several
different areas. It is worth noting here briefly the close re-
lationship and interesting differences between our work and
two of these areas. First, the area of co-training and its
variants [17, 3, 13] deal with a similar problem of modeling
a target that is rarely observed in the presence of condi-
tionally independent views. However, these works make a
compatibility (or learnability) assumption that while pow-
erful, is also very limiting. Our approach makes no such
assumptions. Second, the area of latent variable modeling
[2] considers multiple views with conditional independence
much in the same spirit as this work, although typically with
a different goal in mind, of modeling the observed data bet-
ter. The main difference between the latent variable graph-
ical models and our approach are that they do not have ob-
served variables causally affecting the unobserved ones (like
our X — W connection in Figure 1). This detail turns out
to have a major effect on the resulting algorithms. In par-
ticular, in the case of linear models with Gaussian noise,
latent variable modeling also reduces to a simple problem,
like our result in Section 3. However, that problem turns
out to be Principal Components Analysis (i.e., a maximum
eigenvalue problem) as compared to the reduction to a least
squares that we obtain in Section 3.

Notation. Sets such as {z1,- - ,z,} are enumerated as
{z;};7=; and an index ¢ running over the set {1,---,n} is
denoted by [¢]T. Vectors are denoted using bold lower case
letters, e.g., x with the corresponding sub-scripted plain let-
ters, e.g. x; denoting the components. Matrices are denoted
using bold upper case letters, e.g., X with the corresponding
lower case bold letters, e.g.,x; denoting the column vectors.
Transpose of a matrix X is denoted by X*. Random vari-
ables are denoted by plain upper case letters X and the
corresponding distributions are denoted by p(X) using sub-
scripts to resolve any ambiguity.

2. UNSUPERVISED LEARNING VIABAYESIAN

MODELING

We first describe our multi-view learning setting and the
associated directed graphical model. Then, we provide a
formal definition of the unsupervised learning problem in
terms of maximizing the observed discriminative likelihood.

Our modeling approach is based on grouping the predictor
variables in the learning problem into three classes:

(a) Direct predictors, which directly influence the target, or
in other words, the antecedents of a causal relation with
the target, e.g., firmographics (X) in the wallet estimation
problem

(b) Surrogate responses, which include the variables directly
affected by the target, or in other words, the consequents
of a causal relation with the target, e.g., customer’s actual
spending with IBM (S) in the wallet estimation problem
(¢) Indirect predictors, which influence a certain surrogate



response without directly affecting the target, i.e., antecedents

of the surrogate response variables, e.g., IBM’s relationship
with the customer (Y) in the wallet estimation problem

In Bayesian network terms, these three groups correspond
to the parents of the target, children of the target and other
parents of the children of the target, respectively.

2.1 Directed Graphical Model

We are interested in the case that all relevant variables in our
graphical model, i.e., predictors in the Markov blanket [8] of
the target can be disjointly partitioned into these three cat-
egories with no dependencies other than the ones specified
above. The reason we focus on this class of configurations is
because they result in multiple views that are conditionally
independent of each other given the target, which in turn
enables us to obtain a more “learnable” parametric form for
the joint distribution, i.e., one with fewer degrees of freedom.

Using the same notation as in our wallet example, let W
denote the (unobserved) target and X denote all the di-
rect predictors or the Bayesian parents of W. Further, let
{Sk} e, be the surrogate responses or the children of W and
{Yi}5e, their corresponding indirect predictors or Bayesian
parents where N. is the number of children of W.

Markov Blanket

Indirect
Predictor

Direct
Predictor

Figure 2: Bayesian network corresponding to our
multi-view (here, three-view) learning setting

Figure 2 shows the corresponding Bayesian network. The
Markov blanket of the target W is given by the set M =
{XTULSkIe, U{Yx} o, . Since the target variable is inde-
pendent of all other factors given the predictors in M, we
focus only on this set. First, we observe that since the three
sets of predictor (direct, surrogate and indirect) are disjoint,

the views corresponding to the sets {X}, {S1,Y3}),--- {S~., Yn .}

are all conditionally independent of each other given W.
Hence, W forms a central link connecting all these multiple
views as in Figure 2 and has to be reconstructed so as to be
consistent with all the N, + 1 views.

In addition to the conditional independence encoded by the
Bayesian network, we also need to specify the parametric
forms of conditional distributions of each node given its an-
tecedents or Bayesian parents, which in turn determines the
parametric form of the joint distribution of all variables.

2.2 Maximum Likelihood Formulation

We now consider the problem of predicting the unobserved
target W given the predictors. When W is observed, i.e.,
when we have access to training data on W, we can use
domain knowledge to specify a parametric form for the con-
ditional distribution of W given all the predictors and esti-
mate the parameters that maximize the discriminative like-
lihood p(W|M) where M is the Markov blanket of W. In
the absence of training data on W, we can still specify the
parametric forms for the various conditional distributions
using the causality information, but we cannot compute the
discriminative likelihood p(W|M). The best one can do is
to predict the target using the parameter estimates that
are most “consistent” with the observed data as well as the
Bayesian network assumptions. A natural way to quantify
this consistency is in terms of the incomplete data likeli-
hood, i.e., likelihood of the observed predictors. Since the
main objective is to estimate only the unobserved target, one
needs to only consider the incomplete discriminative likeli-
hood corresponding to the surrogate responses, i.e., those
that are influenced by the target. The learning approach,
therefore, consists of two steps:

(i) Estimate the parameters that correspond to the maxi-
mum incomplete discriminative likelihood.

(ii) Obtain the target using the parametric form of the con-
ditional distribution p(W|M) and the maximum like-
lihood estimates.

We now proceed to obtain the incomplete discriminative
likelihood. Let D be a dataset consisting of n i.i.d. tuples of
the observed predictors (X, S1,---,Sn,, Y1, -, Yn,) with
W being unobserved. The joint likelihood of the relevant
part of the Bayesian network can be readily obtained as fol-
lows:

Z

c

P(W|M) = pp(X)pp(W|X)

>
Il

Since Si,---Sn, are surrogate responses, the incomplete
discriminative likelihood corresponds to conditional distri-
bution p(S1,---,Sn,|X, Y1, -+ ,Yn,). Therefore, assuming
that p(W|X) follow the parametric form pg,(W|X) and let
p(Sk|W,Ys) follow the parametric form pg, (Sk|W, Y ) for all
[k]Ne, the incomplete discriminative log-likelihood becomes:

LD(@) = log(pD,e(S17"' 7SNC|X7Y17"' 7YNc))
NC
= log (/ pD,(,O(WX)HpD,gk(skwykoz)@
w k=1

where © = (6o, 61 -+ ,0n.) and D in the sub-script denotes
that the likelihood is evaluated on the dataset D.

Our unsupervised learning problem, therefore, reduces to
the optimization problem:

max Lp(©). (2.3)

Ne
po (V) [[ po(SklW, Yi).(2.
1 k=1



The resulting maximum likelihood estimates ©* can now be
plugged into the conditional distribution of the target given
all the predictors to obtain

pex(W[M) = pe-(W|X, 51+, S8, Y1, -+, Yn,)
NC
= copoy (WIX) [ [ poy (SkIW, Y2), (24)
k=1

where co+ is a normalizing factor that ensures that the prob-
ability mass under the conditional distribution sums up to
1. The target W can then be estimated either as the most
likely value or the expected value of this distribution.

For the special case where the conditional distributions p(W]X)

and p(Sk|W, Yi) correspond to generalized linear models with
matching link functions, the incomplete discriminative log-
likelihood Lp(©) turns out to be a concave function of the
parameters © taking values on a convex domain. As a re-
sult, the likelihood maximization problem (2.3) reduces to
a (not always strict) convex optimization problem with a
unique global optimum. Theorem 1 states this result more
formally.

Theorem 1 For the Bayesian network described in Sec 2.1,
let W and Sk, [k]N° be real-valued and let the conditional
distributions p(W|X) and p(Sk|W,Yx), [k]\® correspond to
exponential linear models, i.e., satisfy the following paramet-
ric forms:

p(W|X) =
p(Sklw, Yk)

exp(W6X — 9 (6pX))
exp(SkW + Skb1Yi — (W + 61,Y3))

where ¥ is the log-partition function. Then, the incomplete
discriminative log-likelihood Lp(©) is a concave function of
O = (007 U 7€Nc)'

Proof Sketch: ' The proof makes used of the fact that
each parameter 0y, [k]év ¢ occurs in a single conditional dis-
tribution contributing to Lp(©) in (2.2), each of which cor-
responds to an exponential distribution known to be log-
concave [1]in the natural parameters, in this case §5X and
(W +6,Yy), [kIYe. O

2.3 Expectation-Maximization based Solution
Given the specific form of the likelihood maximization prob-

lem (2.3), one could use a suitable optimization technique

for solving it. For instance, the special case considered in

Theorem 1 can be addressed using any convex optimization

method. For the general case, we now outline an expectation-

maximization based solution which makes use of the fact

that the objective function in (2.3) corresponds to an in-

complete log-likelihood.

Following [12], we consider the negative free energy func-
tion Fp(p, ©) corresponding to the likelihood maximization
problem defined as:

Fp(p,0) = Bjllogpp,e(W, S1,--+, Sn.)] + H(p), (2:5)

!Detailed proofs have been omitted for brevity. Please see
[11] for details.

where p is the posterior distribution of the hidden variable
W given the observed ones, H(-) is Shannon’s entropy and
the first term is the expected complete likelihood of W and
the surrogate predictors. Using the property that for every
local maximizer ©* of Lp(-), the pair (0%, pe+(W|M)) is a
local maximizer of Fpp(p, ©) where pe= (W|M) is determined
by (2.4), we can now restate learning problem in terms of
maximizing the negative free energy function:

(p",0") = argmax Fp(p, ©).
(,9)

(2.6)

The above problem can be readily addressed using the EM
approach where the alternate E and M steps involve optimiz-
ing Fp(p,©) with respect to p and © respectively keeping
the other argument fixed. Algorithm 1 shows the various
steps in the EM-based approach, which is guaranteed to
converge to a locally optimal solution. For the special case
considered in Theorem 1, it converges to a global optimum.
The maximizing posterior distribution p* resulting from the
algorithm can be directly used to estimate the target W.

Algorithm 1 EM algorithm for multi-view learning

Input: Dataset D consisting of predictors
(X,S51,---,SNn.,Y1,---,YnN,), parametric forms pg,(W|X)
and pg, (Sk|W, Vi), [k]}'®

Output: Target distribution p(W), (local optimizer of (2.6))

Method:

Initialize © at random
repeat
{Expectation Step}
B(W) = po(W|M) = cope, (W|X) [T, po, (SkIW. i)
where cg is a normalizing factor.
{Maximization Step}
0o — arggmax Ejllogpp,e, (W|X)]
0

Oy argmax Egllogpp.a, (SkIW, Y3,)], [k]Ne
k

until convergence
return p

3. GAUSSIANLINEAR MODELS AND THE
REDUCTION TO LINEAR REGRESSION

Gaussian linear models are one of the most widely used para-
metric models. In this section, we present a detailed analysis
of the case where the conditional distributions in (2.1) corre-
spond to Gaussian linear models. For simplicity, we restrict
our analysis to the case where there is a single surrogate
response and demonstrate that the unsupervised prediction
problem (2.3) for this case can be reduced to a single linear
least squares regression.

Let the dataset D = (X,Y, W, S) consist of n tuples of the
form (x;,yi, ws, s;) where the unobserved target w; and sur-
rogate s; are real-valued while the direct predictor x; € R
and indirect predictor y, € R™2. Further, let the target W
be distributed according to a Gaussian linear model based
on X, ie.,

wi — a'x; = €y, € ~N(0,05), [i]} (3.7)

where a and o, are the model parameters that need to
be estimated. Similarly, let the surrogate response S be
distributed according to a Gaussian linear model based on
the target W and the indirect predictor Y, such that the



coefficient of W equals 1, i.e.,

S; —WwW; — ﬁtyz = €5, €5 ™~ N(O7 03)7 [2]7115 (38)

Putting together (3.7) and (3.8), we can now compute the
incomplete likelihood Lp(©) and the negative free energy
function Fp(p, ©) where © = (a, 3, 0w,05) corresponds to
the model parameters and p = {p;(w;)}i=, consists of the
posterior distributions of the unobserved target W. As men-
tioned earlier, the Expectation-Maximization algorithm (Al-
gorithm 1) progressively maximizes the likelihood to con-
verge to an optimizer ((:),13), which can be characterized by
the following result.

Theorem 2 Let w and s denote the vectors [wi, - - - ,wn]t
and [s1,--+ , 8n]" respectively and let X and Y denote the
matrices [x1,- - %Xn]" and [y1, - ,yn]*. Then, Algorithm 1

converges to an optimizer (©,p) that satisfies the following
conditions:

(a) The posterior distribution ﬁz is a Gaussian distribution
with mean w; = Eg,[w;] and variance 67 = Ep,[(w; —
w;)?] given by

£ Al A ~ At an
w; = Hlé'x)+ (1 —H)(si — B yi) [ilf
67 = A(l—n)62+6%), [T
~2
where 1) = 0207;'02

(b) When [X,Y] is full column rank matriz, ) = 3 and

the parameter estimates are uniquely determined by the
following system of equations:

& = [X'HyX]"VX'Hys
B = [YtHXY]Fl)YtHxs
1 R
67 = 6o=—|s—Xa-YB|
4n

where Hy = (I — Y(Y'Y)VY?) and Hx = (I —
X(X'X)-UxXY).

Proof Sketch: Part (a) follows from the E-step of Algo-
rithm 1 and the observation that product of two Gaussian
probability density functions results in Gaussian distribu-
tion centred at a mean weighted by the variances. Part (b)
follows from the first order necessary conditions for optimiz-
ing the likelihood function in the M-step of Algorithm 1. [

3.1 Reduction to Linear Least Squares Re-

gression
We now consider the linear least squares regression problem
obtained by eliminating the unobserved response W from
(3.7) and (3.8). Let Z = [X,Y] and v* = [a’,3"]. Then,

we have
$i— ' = ews, €ws ~N(0,00,), [T, (3.9

where the error €, is the sum of the two independent errors
€w and € so that o2, = 02 + o2.

Theorem 3 Let (éirs,B,g) be the least squares estimators

for the linear regression model in (3.9) and let (érrre, Barrp)
be the mazimum likelihood estimators in Theorem 2. Then,

the estimators (&rs,Brg) are identical to (&ymre,ByLe)

when Z = [X,Y] is a full column rank matriz.

[X,Y] is not a full column rank matriz, the optimal parame-

ter estimates for the linear regression model in (8.9) are not

unique, but they are still identical to the optimal estimates

of the maximum likelihood problem in Theorem 2.

Proof Sketch: The above equivalence follows from the fact
that the maximum likelihood estimates 62, = &2 as in The-
orem 2, which ensures that incomplete log-likelihood Lp(©)
in (2.3) is linearly related to the least squares error of the

linear model in (3.9). [

The above equivalence also results in certain nice proper-
ties for the maximum likelihood estimators as the following
Corollary shows.

Qorollary 1 The mazimum likelihood estimators &y g and
Bue are unbiased as well as consistent estimators of the
true parameters.

Proof Sketch: The result follows directly from the observa-
tion that the true parameters in the joint parametric model
(2.1) identical to that of the linear least squares model (3.9)
and that the least squares regression estimators are unbi-
ased as well as consistent estimators of the true parame-
ters [10]. [

Since the posterior distribution p;(w;) [¢]7 is Gaussian, the
ML estimate for the target is just the expected value of the
distribution, i.e., w;. Using Corollary 1, we can now prove
the the unbiasedness of this ML estimator as well.

Corollary 2 The mazimum likelihood estimator for the un-
observed response w in Theorem 2 is unbiased with respect
to the true values.

Proof Sketch: 'The above result follows from the relations
E[w] = Xa® and E[s] = E[w] — Y3°, where a and 3, are
true parameters of (3.7) and (3.8). [

Theorem 3 shows that we can solve the problem of estimat-
ing the unobserved target via a supervised learning approach
on the surrogate target. This is of course beneficial from a
computational perspective, as it allows us to harness the
full power of linear regression methodology [16]. Among
the things we can now do are variable selection methodolo-
gies, such as forward and backward selection, and analysis
of variance (ANOVA) for testing goodness of fit for nested
models.

The use of ANOVA is particularly interesting, since it allows
us, to some extent, to test the conditional independence im-
plied by our graphical model. Equation (3.9) defines the
predictor matrix Z as a concatenation of the columns of X



and Y. What if we wanted to extend the predictor matrix
as Z = [X?,Y?], where we use X? to denote a matrix of size
nxm? containing of all interactions between variables in X,
and similarly for Y2? Such a model would be completely
consistent with both our linear model assumption and the
graphical model in Figure 2, it would just be a more elab-
orate model, and an ANOVA can determine whether it is
supported by the data.

But what if we also wanted to add interactions between vari-
ables in X and variables in Y? That would be a violation
of the conditional independence assumption inherent in Fig-
ure 2, since it defies the additive representation in (3.7, 3.8).
Thus, if an ANOVA would tell us that a model with inter-
actions between variable in X and Y is superior, that would
cast a severe doubt on our independence assumptions and/or
our parametric assumptions. In Section 5, we show an ex-
ample of such an ANOVA on our customer wallet prediction
problem, and demonstrate that the additivity hypothesis —
and hence, our conditional independence and parametric as-
sumptions — cannot be rejected.

4. SIMULATION EXPERIMENTS

We now present results on simulation data to demonstrate
the effectiveness of our unsupervised learning methodology.
We consider two learning tasks: one involving linear least
squares regression suitable for a continuous real valued tar-
get, and a second one involving logistic regression tailored
for a binary valued target. In both cases, we show that
even without any training data on the target, one can ob-
tain good prediction accuracy by exploiting the conditional
independence relations between the various predictors. Syn-
thetic data was used for both sets of experiments in order
to ensure that the underlying generative models satisfy the
desired conditional independence requirements.

4.1 Gaussian Linear Models

The first task involves predicting a continuous real valued
target W using predictors S, X and Y of similar type. We
assume a generative model identical to the one described in
Section 3 and evaluate the performance of our unsupervised
multi-view approach, which in this case was shown to be
equivalent to a single least squares regression involving S,
X and Y.

For each run of our experiments, we generated data using
the coupled linear models in (3.7) and (3.8) after randomly
generating the attribute sets X, Y and various model param-
eters a, 3,0w,0s. Table 1 shows the details of the dataset
generation mechanisms and experimental setups. Using this
data, we compared the performance of our “unsupervised”
multi-view approach with unobserved target with standard
least squares regression that requires training data on W,
and directly builds a linear model on all the predictors. In
both the cases, we assumed Gaussian linear models so as to
match the original generative model. The quality of predic-
tion in each case was measured in terms of mean squared
error of the target on a hold out data not used for training.

Multi-view approach vs. supervised regression

Figure 3 shows the prediction accuracy of the unsupervised
multi-view approach and that of regular least squares re-
gression approach with varying number of samples, in the

Gaussianl! setting of Table 1. For instance, in the figure,
we can notice that the multi-view method with about 200
samples provides an accuracy similar to the supervised ap-
proach with 70 labeled samples. This ratio of about 3 times
more data needed to achieve comparable performance in the
unsupervised vs. supervised setting is roughly maintained
throughout the range of sample sizes. Thus, the multi-view
unsupervised approach behaves much in the same way as a
supervised learning approach would, and an increase in the
number of samples reduces the variance in the parameter
estimates and results in a better prediction model.

0.1 T T T
—#— Unsupervised multi-view|
0.00F \ Supervised i

0.07 \ 7

0.05~ b

0.04F S S B

Target Estimation Error
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Figure 3: Target prediction error using multi-view
approach and regular least squares regression with
varying number of samples. Num. Attributes =3
and variances os = o, = 0.5.

Variation with number attributes

Figure 4 shows the performance of both approaches in the
settings Gaussian2, Gaussiand: we fix the number of sam-
ples as shown in Table 1 and vary the number of attributes
in X and Y. In this case, the average prediction error as
well as the variability in the errors goes up as the number of
attributes (and hence parameters estimated) increase. The
curves for both methods generally track each other closely,
indicating that this ratio of approximately 3 times as much
data for comparable performance is not strongly affected by
the number of parameters. This relation breaks down when
the number of parameters gets close to 35, which is the num-
ber of data points in the smaller supervised sample, and the
corresponding supervised least squares problem approaches
singularity.

4.2 Logistic Regression Model

To illustrate the generality of our framework, we consider
a second task that corresponds to a classification scenario
where the goal is to predict a binary-valued target W using
predictors S, X and Y where S is binary valued while X
and Y are set of continuous real valued attributes. For this
case, we assume the following logistic generative model:

logit(p(W =11X)) = X«
logit(p(S = 1|W,Y)) W4+Ypg
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Figure 4: Target prediction error using multi-view
approach with varying number of attributes in X
and Y. Variances o; = 0, = 0.5.

Since the parameter estimation problems corresponding to
the above coupled models cannot be reduced to a simpler
form as in case of Gaussian linear models, we follow the
EM-based algorithm outlined in Section 2 to estimate the
unobserved target W in terms of the other variables. As in
the previous case, the data was generated using the above
logistic models after randomly choosing the attribute sets X,
Y and various model parameters o, 3, and the performance
of our “unsupervised” multi-view approach was compared
with that of a regular logistic regression model based on all
predictors, i.e., S, X and Y. Since this is a classification
task, the quality of prediction was measured in terms of the
misclassification error on a hold out set.

Figure 5 shows the misclassification error for the unsuper-
vised multi-view approach and that of regular logistic regres-
sion approach with varying number of samples. As in the
case of the least squares regression task, we find that the un-
supervised multi-view approach can provide good accuracy
without using the target information or class labels.

5. CASESTUDY:CUSTOMERWALLET ES-
TIMATION

In this section, we provide a more detailed description of our
motivating customer wallet estimation problem, which is the
main focus of our earlier work [15]. We discussed the busi-
ness motivation and the general problem setting in great
detail in this earlier paper, and also reviews solution ap-
proaches based on quantile regression, which model a some-
what different definition for wallet than we are attempting
to model here (REALISTIC versus SERVED). We refer the
reader to [15] for more details, and concentrate here on the
current formulation. In this section, we apply the linear re-
gression methodology of Section 3 to a dataset of IBM cus-
tomers, use an ANOVA test to validate the conditional in-
dependence assumption under these modeling assumptions,
and discuss some of the practical issues involved in obtaining
useful predictions.
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Figure 5: Misclassification error using multi-view
approach and regular logistic regression with vary-
ing number of samples. Num. Attributes =10.

We have described our generic view of IT purchase process
previously in Sections 1. Recall that we have a set of fir-
mographic variables X, an unobserved wallet W, and cus-
tomer’s actual spending with IBM S and a set of IBM rela-
tionship variables Y. In this case study, the variables in X
are publicly available data from Dun & Bradstreet?, contain-
ing information about a company’s industry, size, financials,
etc. The customer’s actual spending with IBM S and the
IBM relationship variables Y comes from IBM’s proprietary
data warehouse, containing detailed information on IBM’s
sales by product and customer and other relationship indi-
cators. For brevity and confidentiality reasons, we omit the
detailed description of these variables.

We first assume the causal and conditional independence re-
lationships described in Figure 1. As in the setup of Section
3, we additionally assume that the discriminative models for
the target p(W|X) and the surrogate response p(S|W,Y") are
linear in an appropriate representation of the variables and
have Gaussian noise.

Throughout our analysis, we transform all monetary vari-
ables — in particular, S =IBM SALES, used as response
— to the log scale, due to the fact that these numbers have
very long tailed distributions. It has often been observed
that monetary variables have exponential-type distributions
and behave much better when log-transformed (cf. the oft-
cited “pareto rule”).

Thus, our two fundamental modeling equations are:

log(w;) = fa(xi) + €, [T (5.10)
log(s;) — log(wi) = gs(yi) +co + ds, [i]1 (5.11)

where cp is a constant and the second equation is conditional
on W, and €y, ..., €, and 61, ..., d,, are i.i.d Gaussian random
variables denoting the noise (as we showed in Section 3, our
setup inevitably leads to assuming equal noise variance).
When equations (5.10) and (5.11) are added together, we

*http://www.dnb.com



Datasets #Attributes in X & Y #Train Samples #Test Samples | Other Params | #Runs

Gaussianl | 6 from 8 to 200 100 os =0, = 0.5 100

Gaussian2 | between 1 and 14 200 (unlabeled) 100 oy =0y = 0.5 100
70 (labeled)

Gaussian3 | between 1 and 14 100 (unlabeled) 100 o5 =0yw =0.5 100
35 (labeled)

Logistic 5 between 60 and 270 100 100

Table 1: Details of datasets and experiments.

obtain the equivalent linear regression, as discussed in Sec-
tion 3.1:

log(s:) = fa(xi) + gs(ys) + (es + 6:), [T (5.12)

From Theorem 3, we observe that a maximum likelihood so-
lution &, of (5.12), obtained through linear least squares

regression, is also a maximum likelihood solution for (5.10, 5.11).

We consider two forms for f, and gg:

(A) Simple linear model with no interactions, i.e., fo(xi) =
a'x; and similarly for gs.

(B) Linear model that includes interactions only within the
variables in X and Y, but not between variables in both
groups. Thus, we assume f,(x) only consists of factors
= 1z, - 21, and similarly for gg.

Finally, we also consider a linear model (C) with all possible
interactions between X and Y. This model is not consis-
tent with the representation in 5.12, and we use this model
to validate the conditional independence assumption via an
analysis of variance (ANOVA). In practice, we also apply
variable selection, leading to use of other models. However
for our illustration purposes we limit the discussion here to
these three models.

Table 2 shows an ANOVA table resulting from fitting these
three nested models to our data. As we can see, the within-
view interaction model (model B) is clearly a better fit than
the no interaction model(model A) (F-statistic p value of
about 1074), i.e., the data supports the usefulness of within-
X and within-Y interactions compared to the no-interaction
model. On the other hand, the all-interaction model (model
C) does not significantly improve our fit over model B (p
value of 0.08)3. If the improvement were significant, it could
be taken as evidence against the conditional independence
we assume (and the validity of the graphical model), since
one possible reason for the model C being better would be
if the errors in (5.10) were not independent of the variables
in Y or the errors in (5.11) were not independent of the
variables in X. As it is, the results can be taken as valida-
tion (although clearly not as proof) of both our conditional
independence assumptions, and our parametric model as-
sumptions.

3While this p value is quite low, consider we are using a
large number of observations (2000), while the most complex
model has less than 200 DF. Thus, we can assume that this
test is quite powerful against many reasonable alternatives,
and that non-rejection of the sufficiency of model B is by no
means a trivial outcome.

Model RSS DF | F statistic | P value
No interaction (A) | 10736.7 | 21
Within-group 10033.5 | 75 1.7448 0.00011
interaction (B)
All interaction (C) | 9382.5 | 100 1.2114 0.081

Table 2: ANOVA table for linear models.

We next want to recover wallet predictions from our model,
and investigate their quality, which we have limited ability
to do since the actual wallet is never observed. First, we
have to consider an issue, which we have glossed over in
our model description so far, relating to the existence of in-
tercept (often referred to as “bias” in machine learning) in
our basic models (5.10, 5.11). Recall that our main result
in Theorem 3 requires that the matrix [f.(X)gs(Y)] be of
full column rank. Consequently, we cannot estimate sepa-
rate intercepts for (5.10, 5.11) through the linear regression
in (5.12), but rather can only estimate the sum of the two
intercepts by adding an intercept to (5.12)*. Assuming we
want to allow an intercept in both of (5.10, 5.11) (which we
typically want to do), we need to use additional, external
information to estimate ¢, the intercept in (5.10), leading
us to predict log(w;*") = log(w;) + é, where w; is the old
estimate. In the case of wallet estimation, the additional
piece of information we typically use is based on our ex-
pectation that every customer company’s IT wallet should
always be smaller than that customer’s revenue (which is
known since it is included in X — let’s denote it by R) and
larger than the customer’s IT spending with IBM S. Thus,
if we denote every customer’s revenue by r;, and given esti-
mates fa, g3, ¢o from (5.12), we can estimate ¢, as the value
which minimizes the number of such order violations:

éw = argmax |{[i]] : 7 > Wi exp(c) > s}
(&

In Figure 6, we show the results of applying this full esti-
mation methodology to our wallet data. For this purpose,
we re-fit model B and estimated ¢é,, using 1500 observations
only. The plot shows wallet estimates on the 500 hold out
data samples not used for fitting compared to the observed
customer revenue R and IBM sales S. The sanity check of
preserving the order R > W >S holds very well, as only
a_handful of predictions give S > W and only one gives
W > R.

6. RELATED WORK

4The remark after Theorem 3 clarifies that this is a funda-
mental non-estimability property of the probabilistic setup,
not a problem in the reduction to linear regression
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Figure 6: Evaluating wallet predictions on hold out
data

Our current work is primarily related to four main areas
— (i) statistical market analysis, (iii) Bayesian modeling
and maximum likelihood estimation, (ii) multi-view learn-
ing, and (iv) least squares regression analysis. In particular,
our work is motivated by the customer wallet estimation
problem, which is an important market analysis problem
while the methodology we adopt and theoretical results we
demonstrate are closely related to Bayesian network learning
and least squares regression.

Statistical Market Analysis. Most of the classical mar-
ket analysis approaches such as life time value modeling [14]
focus on sales history. Recent work [7, 9] shows that the
share-of-wallet is a better indicator of the customer growth
potential. However, there has been relatively little work on
designing principled statistical methods for estimating the
share-of-wallet or equivalently, the wallet itself. Most of the
existing wallet modeling work [6, 5] involves building pre-
dictive models using self-reported wallets of the customers,
which are often unreliable. A recent work [15] presents novel
predictive techniques for estimating the “realistic” wallet,
i.e., defined as a certain high percentile of the spending dis-
tribution using quantile regression and k-nearest neighbor
approaches. The current work is also an effort in the same
direction, but it differs from [15] in the definition of the
wallet and the modeling assumptions.

Multi-view Learning. Recently, there has been much in-
terest in the area of multi-view learning, which deals with
learning from multiple sets of features that provide “inde-
pendent” information about the desired target. Most of the
existing work in this area such as Yarowsky’s algorithm[17],
co-training [3], co-EM [13] focuses on classification, usu-
ally in semi-supervised setting. Our learning methodology
is similar to the co-training and its variants in the sense
that we assume the same conditional independence rela-
tions among multiple views. However, unlike co-training,
we do not make any additional compatibility or learnability
assumptions. Instead, we quantify the consistency of the
views in terms of the observed discriminative likelihood of
a Bayesian network that conforms to the conditional inde-
pendence relations among those views and learn the desired

target by optimizing this quantity.

Bayesian Network Learning Our work is intimately con-
nected with Bayesian network learning [8] as the core idea in
our “unsupervised” regression methodology is to exploit the
causal relations between the target and predictors to obtain
a Bayesian network that satisfies a special property, i.e., the
Markov blanket of the target can be partitioned into direct,
surrogate and indirect predictors. This transformation al-
lows us to employ the standard Bayesian network learning
methods for estimating the unobserved or missing target
values using a maximum likelihood formulation and EM-
based algorithm [4]. Further, due to the special structure
of the Bayesian networks we consider, the resulting maxi-
mum likelihood estimation problem turns out to be convex
for a large class of parametric models so that the EM con-
verges to a global optimum unlike in the general Bayesian
network learning case where we can only obtain local op-
timum. Though our approach is similar in spirit to other
maximum likelihood estimation based unsupervised learn-
ing techniques focused on classification, for example, learn-
ing mixtures of models [2], there is an important difference
since we do not assume knowledge of the parametric form of
the conditional distribution of the predictors given the tar-
get unlike in a classification scenario where it is relatively
straightforward to model the class conditional distributions.

Least Squares Regression. Least squares regression has
been known [16] to be equivalent to performing maximum
likelihood estimation using a Gaussian linear model. In our
current work, we demonstrate that this equivalence extends
to maximum likelihood estimation over coupled Gaussian
linear models, This reduction enables us to directly apply
the extensive model selection and variable selection methods
developed for least squares regression to our “unsupervised”
regression task.

7. CONCLUSION

We propose a fairly general multi-view learning methodology
for unsupervised settings where the target is not observed.
Our approach exploits the causal relations between an un-
observed target and different subsets of the available predic-
tors to obtain a Bayesian network with a special structure.
Using this Bayesian network and domain-dependent distri-
bution assumptions, we transform the regression problem
into a standard Bayesian network learning problem, which
can be solved using EM. We show that it converges to the
global optimum for a large class of parametric distributions
corresponding to exponential linear models.

We then present a detailed analysis of the specific, but widely
applicable case involving two views and Gaussian linear mod-
els and show that it can be reduced to a single least squares
regression problem. This reduction is practically significant
as it allows us to perform variable selection and test the in-
dependence assumptions underlying the Bayesian network.

Experimental evaluation of our methodology on our moti-
vating customer wallet estimation problem as well as on sim-
ulation data indicates the effectiveness and flexibility of our
approach.

Although we have focused in this paper only on an “unsuper-



vised” setting, our methodology permits a natural extension
to a semi-supervised setting where the target is observed for
a subset of data samples.

We believe the proposed methodology and the reduction to
least squares regression are likely to be useful for other real-
life business and scientific applications, beyond our wallet es-
timation problem, which have the conditional independence
and causality structure which our formulation supports.
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