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Abstract

Thelocationsof individual circuitsin aplacement have asignificant impact on thewirelength and therefore
on the overdl timing of designs. A novel technique that moves sets of circuits (gates) during or after timing
driven placement to improve performance of designs is proposed. An efficient method to identify optimal
set of circuit movements to reduce wire length, called strong motions is presented. Experimenta results
with amin-cut placement tool indicate that the proposed approach of direct manipulation of circuit locations,
improves the timing of partitionsof a chip significantly.

1 Introduction

Advances in technology have placed new emphasis on design automation techniques that can better control
interconnect (wire) lengths. Physical placement isan important step in determining of the length of thewiresina
design. Timing driven placement [5, 15, 1] techniques used in typical chip design methodologies[9] incorporate
constraints (such as net weights, capacitance/delay budgeting etc.) into a placement agorithm to improve
the circuit (gate) locations for timing. The constraints used by these techniques are obtained from the timing
information available a synthesis sign-off. These constraints may not be accurate due to the inability of most
stand alone synthesis systems to predict wire capacitances. The timing driven placement agorithms therefore
are unable to consistently optimize the critical regions resulting in placement that may often be sub-optimal for
timing.

It is important for placement algorithms to work with an integrated timing anaysis environment, to ensure
that they work on the true critical regions and not necessarily the ones predicted by synthesis as critical. Also,
very often, thereisroom for further improvement in timing by directly manipulating the locations of the circuits.
In other words, circuit locations can be changed in a given placement in conjunction with incremental timing
analysis[7] for timing optimization. This can done either after an initia placement or during intermediate steps
of placement.

The problem addressed in this paper is asfollows: For agiven placement of adesign, which may either bethe
end result of a placement agorithm or an intermediate result (asin the case of a bipartitioning based placer), one
would liketo identify circuits (gates) in the design that can be moved to different locationsto improvethe overall
timing of the design without violating the placement constraints. The problem of circuit movement involves
identification of circuitsto be moved aswell as the selection of locations to which they need to be moved.

The problem of identification of the circuits to be moved is addressed as follows. Timing optimization is
most effectiveif the circuits selected for movement are from the critical region of the design. The critical region
may beidentified by an incremental timing analysisengine[7] that uses existing placement locationsinitstiming
calculations[8, 10]. Incrementa timing analysisis performed on the physical netlist to confirm every timing gain



after applying a selected circuit move, thereby keep track of the critical region in an incremental fashion. Any
suitable delay model [13, 2] which can be supported within a standard incremental timing anayzer may be used.

Themain contribution of this paper isamethod to select and apply optimal movesof circuitsinagiven critical
region to optimize timing by reducing net lengths. Typically, it may be necessary to move a group of circuits.
Many situationsoccur whereindividual circuit movements have no effect or could even worsen the timing of the
circuit. On the other hand the collective motion of severa circuits together may have significant improvements.

Consider the meander in acritical pathin Figure 1. Moving only one of the circuits C', Dor E would have no
beneficia effect on thetotal net length. The movement of C, D and E together would reduce total net length and
therefore improve timing. The problem becomes more complex if C, Dor E have multiple fanins and fanouts.
The proposed technique aso addresses thisissue. Similarly, consider a single net with three nodes connected
using a steiner tree as shown in Figure 2. If we move any individual node A or B in the vertical direction, there
is no reduction in net length (assuming orthogonal routing). If we move the two nodes together as shown the
total net length is decreased. These simple examples illustrate the benefit of circuit motions and the need for a
formalism to identify optimal motionsthat improvethe timing of the design.

In this paper, we present location optimization techniques that exploit the concepts illustrated in these
examples. The proposed techniques are applied in a selective manner so as to cause minimal perturbation to the
existing placement. The techniques can also be used in conjunction with other standard synthesis and physical
design optimizations[10, 17, 2, 6, 11].
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Figure 2: Motion of individual Circuits

Therest of the paper isorganized asfollows. Section 2 briefly discussesthe prior art inthisarea. In Section 3,
we discuss the representation and abstraction of the chip placement image which will be used in the rest of
the paper. Section 4 will present the methodology scenarios during which the move selection algorithm can be
applied. Section 5 develops atheory for the selection of optimal moves. Timing optimization agorithms based
on the theory are developed in Section 6. Results are presented in Section 7 followed by conclusions.



2 Related Work

Earlier works have often used the ability to specify constraintsinto the placement agorithm such as net weights
and capacitancetargetsto achieve similar goals[5, 15]. In our paper, we consider |ocation modification al gorithms
for timing optimization that aretightly integrated with timing analysis. In[16], locationsare specified asvariables
for timing improvement and an exact non-linear optimization problem is formulated to achieve this goal. The
run time of non-linear methods tendsto grow quickly with the size of the designs. The technique provided in our
paper isintended to deals with fast location optimizations of large designs.

Recent wire planning techniques [6] focus on optimizing wire delay while ignoring the effect of gate delays
during logic synthesis. Their approach gives a method to perform better logic synthesis optimizations on gates
so as to improve the global wiring. The approach presented in this paper can be used in conjunction with most
logic synthesis/timing driven placement techniques.

Our paper does not dea with optimal topology generation for routing of nets given fixed locations of
circuits[2]. Instead, our paper focuses on selecting placement moves for the circuits themselves and leaves the
generation of efficient topologies for the nets to techniques described in [2]. Also, the work described in our
paper does not deal with theissues of interconnect sizing such as the methods described in [2] which aretypically
performed on actual wires during or after routing. The routed result of a placement derived after applying our
method can be further subjected to interconnect optimization techniques. In this paper, the optimizationswill be
based on estimates of routed wire lengths that will be expected to be matched by arouter. Thisistypically valid
for chip methodol ogiesin the absence of significant congestion in the design.

3 Placement Image

The placement of a design can be viewed at two levels of abstraction. Locations can either be defined as exact
cartesian co-ordinatesof thelegal location of agiven cell (called detailed location), or an abstract and approximate
representation of the location (called coarse location). In the case of detailed locations, the circuits have precise
legal locations for a given chip image and the circuit rows and wiring tracks are precisely defined. Alternately,
one could divide the chip/design area into bins as shown in figure 3, where only abstracted information is
maintained with respect to each bin. For example, each bin will have associated with it a certain cell capacity,
wiring capacity, etc. The coarse image is especialy beneficial in a synthesis/physical design environment where
significant changes are made to the design and maintaining legal locations for detailed placement istoo costly to
compute. The discussions and a gorithms presented in this paper, support both coarse and detailed views of the
placement.

There are benefits to using the coarse image. In a synthesig/physical design integrated environment, the
topology of the netlist could still be changing. Therefore the physical design datais abstracted enough to provide
reasonabl e accuracy, while at the same time not burdening the transforms with details of physical data. Circuits
can be moved between the bins without a complex legalization procedure. Instead, we keep track of a simpler
measure of how much of the bin capacity is used up by circuits aready placed in the bin. A significant amount
of work is required to ensure wirability of the design in the following phases of detailed placement and routing.
Coarse placement have functions that relate to the physical characteristics of the chip image: where and how
many circuit locations are available, where i/0's are placed, where big partitions are placed and block space for
other circuits, where power lines are placed and how they block other wiring. These data can be abstracted from
a partial design and used by the algorithms. Within the bins, approximate wire lengths for all gates in the bins
could also be computed using Rent rule[3, 4]. It should be noted that timing analysiscan be donein such adesign
with an accuracy that is better than that one could do in the absence of any physical data.

Thebins may be either generated on afull chip image given the number of regions and the accuracy required
or theregionsmay be defined by abipartitioning based placer in ascenario where the optimizationsare performed
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Figure 3: Coarse Image View

during the cuts of such aplacer.

4 Optimization Scenarios

The circuit move algorithm for timing optimization presented in this paper may be applied in the following two
scenarios as shown in figure 4. Thefirst scenario is the application of the circuit move during placement. In this
scenario, the circuit move algorithm is applied in concert with placement using a min-cut bipartitioning placer.
The placer weuse[8] worksasfollows: the placer performs cuts and each cut doublesthe number of bins present,
by making cuts aternately in the horizonta (z) and vertical (y) directions. After each cut the location of the
cell has been narrowed down improving the ability to predict the wire lengths after that cut. This process is
continued until the leaf cell isreached. The circuit move algorithmis applied after each cut of the placer. Asthe
cuts progress, the algorithm applies more and more precise moves until afinal placed design is reached. In the
second scenario, the placement has aready been performed and the designer would like to maximize the timing
improvement with minimal change in placement locations. The agorithm is then applied on the placed design.
The fina step in the second scenario is the legalization step that legalizes the circuits perturbed by the moves
applied by our algorithm.

The agorithm for the motion of circuitsis called with a threshold for the improvement in slack required. A
critical region is selected. The agorithm selects moves which may help in improving the critical region. These
are called Strong motions and are described in section 5. Motions that do not interfere with other critical paths
are selected and applied. A new critical path is found and the processis repeated until the improvement is less
than the given threshold.

5 Theory of moves of circuitsin a Manhattan Metric

In this section the theory for the sensitivity of a network to physica placement locations is devel oped. Methods
to choose appropriate moves known as strong moves both for asinglenet and a set of netsare discussed. The goa
is to select moves that maximize the timing improvement, although this method could be applied to any other
metric such as wirability. Asillustrated in Figures 1 and 2, several nodes may need to be moved at once. The
guestion of how such sets are restricted to manageable and significant selectionsis considered. We require that
moving aset of hodes should have an effect above and beyond the sum of the effects of any possible subsets. The
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Figure 4: Scenarios for Circuit Move Optimizations

effect is given as the sensitivity of wire length with respect to the motion - where capacitance is proportional to
the length of the wire required to connect up anet. Thus, in our definition of strong motion we give this concept
mathematical rigor.

5.1 Stability of Motions

We shall now give some definitions, which allows us to define the concept of stable motions. A net n consists of
nodes p4, ps, ...px, Where each node p; isat location z;, ;.

Definition 1 The configuration C,, of a net with k& nodesisa vector [(z1,v1), (z2,%2), -, (Tk, Y1)

Definition 2 Themotion M (n) for anet» with configuration C,, isavector [(mzy, my; ), (ma2, mya), ...., (meg, myg )],
where (mz;, my; ) can be one of { (-1,0), (1,0), (0,-1), (0,1),(0,0)}.

We will refer M(n) as simply M in the following. As given in Definition 2 (mz;, my;) is one of five
elemental motions. (1,0) implies motion in the z direction and is denoted by +z. Likewise, (—1,0) implies
motionin the —z direction and is denoted by —z. Similarly, (0,1)and (0, —1) are denoted by +y and —y. (0, 0)
implies no motion in any direction. Note that a node can only have an elemental motion in the x or y direction
but not both.

The application of a motion M with magnitude « on C,, will result in a new configuration vector for net »,
Cl=Ch+Mu=[(z:+mz; u,y1 + mys-u), (s + Mma - u, Yo+ MYa - ), ..., (Tp + My, - w, Y + My, - ).

Definition 3 A primitive motion is one where just one node movesin the +z, —z, +y, or —y direction.

Example:

Letnet X beconnectedtonodes 4, B, CwithCx = [(#1,v1), (#1,¥2), (z3,¥3)]. Let Mx = [(1,0),(0,0),(0,0)].
Applying motion Mx to net X will move node A in the +z direction. We will use the shorthand notation of
A < 4z > to denote the movement of node A in the +z direction. Notethat Mx isa primitive maotion.



Thelength L(C,,) of wirerequired to interconnect the configuration C,, can be defined in severa different ways.
We are interested in Manhattan lengths. The length of wire is estimated to be that of the sum of the horizontal
and vertical extent of the set of nodes. There are numerous techniquesto estimate wire lengthsfor a set of points.

1. Often, for the sake of simplicity of computation, the minimal spanning rectangle is used as that measure
L(C,,): itistrivia to find cases for nets with 4 or more nodes where that length isinaccurate. [14]

2. The minimal spanning tree length can be used for L(C,,): it is of course a pessimistic measure in many
cases [14].

3. The Steiner treelength isa commonly used measure. Oneis alowed to generate intersection nodes, where
three or four wires connect, so that it givesthe shortest length of wire required for interconnecting the set of
nodesin arectilinear system [14] [12]

A fundamental theorem for constructing minimal length Steiner treesis
Theorem 1 (Hanan [12]) Consider the set of nodes that are needed to complete any rectangle formed by any

pair of nodes p; and p; of therectangle. For a Steiner tree to have minimal length, the inter section nodes can be
any subset of the original nodes of the net plus the rectangle-compl eting set of nodes.

Example:

F

S

Figure 5: Example of aHanan Grid

The example in figure 5 shows six nodes labeled A, B, C, D, E, F' and the associated Hanan grid. Note that
nodes C',D, and E are aligned horizontally, and nodes B and E are aligned vertically.

Example:

In figure 6 the nodes are shown: node A is moving in the +x direction, nodes B and E are moving in the —z
direction, nodes C' and D are moving in the —y direction, and F in the +y direction.
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Figure 6: Example of some motions of nodesin a net

Definition 4 Sensitivity of L(C,,) for a given motion 3, denoted by (=) s defined as follows:
u>0 . —
dL(C,) 1'?11 L(C,+ M -u)— L(C,) 1)

dM Wb U
where v is some scalar.
In other words, %1%1 givesthe changeinwirelengthfor net », dueto achangein C,, (the locationsof points

in anet), for agiven motion M of infinitesimal magnitude .

Example:

F

G

Figure 7: Example of net with Steiner Interconnections

Figure 7 shows the six nodes of figure 5 with interconnections denoted by the broken lines. The length of these
interconnections would not be changed if either nodes B or E moved incrementally to the left. So for either of
these two motions, #4=) would be 0. The joint motion of B and E to the left would result in 4&0=) = 1.
Moving A downward (—y) would aso give a sensitivity of —1. Moving A either |eft or right (i.e —z or +z)
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would not change the total length. Moving A up (+y) would give a sensitivity of 1. Maoving F either up or right
(i.e. +z or +y) would give asensitivity of —1.

We define the notion of composition of two vectors M; and M, denoted M, + M,

Definition 5 Twomotions P = [(pz1, py1), (P2, PY2), ---, (P2, Py )] @nd Q = [(qz1, q¥1), (92, qY2), ---, (T8, qUx)]
for some configuration C,, are composableif for 1 < 7 < k, either (pz;, py;) = (0,0) or (¢z;, qy;) = (0,0). The
composed motion M will be denoted by P + Q = [(pz1 + qz1,py1 + qv1), (pz2 + g2, PY2 + q¥2), ..., (PZ1 +
qTx, Py + q¥s)]

Definition 6 A motion M. is a component of M if all vector elementsin M, either have the same value as the
corresponding vector element in M or are (0, 0).

Definition 7 A motion M, isa proper component of M if itisa component of A/ and is not identical to M and
has a non-zero vector element.

Definition 8 Two primitive motions M, and M, of hodes p; and p, are parald if the two nodes have the same
z coordinate and go in the same +y direction (or —y direction) or if the two nodes have the same y coordinate
and go inthe same +z or —z direction.

Definition 9 Amotion M is called paralld if the nodes associated with M that have non-zero move components
are either aligned at the same y-coordinate and the motionis either in the +x or -x direction or are aligned at the
same x-coordinate and the motion is either in the +y or -y direction. In other words, the motion is perpendicular
to the line of the alignment.

Often there are severa implementations of the Steiner tree or the minimal spanning, which all have the same
minimal length. If we apply a given motion, and attempt to retain the implementation, then one or the other
implementation could be favored. % is determined by the implementation that givesthe smallest sensitivity.
Finally, we define the concept of stability:

Definition 10 A motion M isstableif

e M isaprimitive motion or

¢ for any decomposition of M,

M = M, + M27

where M; and M, are non-zero,

dL(C) _ dL(Cy) | dL(C,)
dM dM, M,

Example:

In illustrating the above definition, we use a simple example shown in Figure 8, which has two equivalent
implementations. We note that the distances A — B and C' — D are equa and that the distance B — C' islarger
than the distance A — B. We seethat in one of the implementations B is connected with C', and in the other A is
connected with D. The following sensitivities can be established.
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Figure 8: Two implementations of asimpletree

Motion Sensitivity
Treel Treell Best
A<tz > 0 0 0
A< —y> 1 1 1
A<+4y> -1 0 -1
A< —z> 1 1 1
B <4z > 0 0 0
B<—y> 0 -1 -1
B <4y > 1 1 1
B<—z> 1 1 1
A< +4z>B< 4z > -1 -1 -1
A< -—-z>B<—z> 1 1 1
A<4+y>D < +y> -2 -2 -2

Symmetry givesustheresultsfor themotionsof C' and D. We can seethat themotions(4 < —z >, B < —z >)
and (A < +z >, B < +z >) are stable. On the other hand, the motion (A < +y > D < +y >) isnot stable.

Example:

We refer back to figure 7 and remember that for moving either nodes B or E to thel€eft, the sensitivity %1%1 is
0. However, thejoint motion of B and F to theleft yieldsasensitivity of —1, and therefore that motion is stable.
Also notethat the upward motion of either D or E yieldsasensitivity of O, whiletheir joint upward motion yields
a sengitivity of —1. The upward motion of node C' yields a sensitivity of O: the joint upward motion of C', D,
and E yieldsa sensitivity of —1, which isnot less than the sum of the motion of C' and the joint motion of D and
E, and therefore is not a stable motion.



Theorem 2 If one uses Manhattan metric, and the cost measureis based either on minimum spanning rectangle,
or minimal spanning tree, then only parallel motions can be stable (or if amotionis stableit isalso paraldl).

Proof: The proof isgiven in the appendix.
Conjecture 3 Theorem 2 holds also when the Steiner Tree is used as the cost measure.

This conjecture is areasonable heuristic even with Steiner tree estimates. We believe that any useful moves
in violation of Conjecture 3 would berare.
not be worthwhile.

5.2 Stability of Nets

In this section, we extend motionsto a set of nets.

Definition 11 Consider a set S of nets ny, ns, ...., 1.  AsSUmMe there exists a weight vector wq, ws, ...., Wy,
corresponding to the nets, where each w, is greater than 0. Let

5(8) = S wil(Cn) @

bethelength of set §.

We can find al nodes p,, p2, .., pr Which belong to at least one net in .S, and construct the configuration for S,
C(S)=[(z1,v1),(z2,92), .., (z1, ¥ )]. Motionsfor .S may aso be constructed in amanner similar to that for a
singlenet.
Lemmal For any motion M
dL(S) & dL(Cy)
M~ Z;w M

=

For the case of the weighted sum of length of nets we can also define stable sets of motions exactly as in
definition 10. The properties embodied in Definition 10 hold for the function L(.S). The theorem 2 &l so extends
to motions with sets of netsand the length L(.S):

Theorem 4 A motion M cannot be a stablemotion for L(.5) if itisnot a parallel motion.
Proof: Thiscorollary isadirect conclusion from theorem 2.

5.3 Strong Motions

The basic interest of algorithms in this field is to find moves which have large negative sensitivities: we shall
introduce therefore a stronger criterion than stability for motions.

Definition 12 A strong motion M is a stable motion which has the property that for all proper components M.
of M
dL(9) . dL(9)
dM dM,
Should M be primitiveit can be considered as a strong motion.

3)

To determine whether amotion M is strong, in the worst case one may have to test whether Definition 12 holds
for al sub-components. However, should a proper component M, of M be strong, then one need not test against
any subcomponent of M..

Since for motion M to be strong, it has to be stable. Theorem 4 can therefore be extended to strong motions
asfollows.

Theorem 5 For a motion M to be strong all primitive components of M must be parallel with each other.
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6 Circuit Move Algorithm

Let S bethe set of netsin the critical region of adesign. The move optimization algorithm computes the set of
strong motions which give negative sensitivity (improve wire length) M s for al theindividual netsin the critical
region as described in Section 6.1. An element of Ms may have negative or positive sensitivity for L(S5) even
though it has a negative sensitivity for the individual net for which it was computed. The algorithm divides the
Ms intoatwo subsets, L,,., and L,o,. L., (Ly,s) has members of M that have negative (positive) sensitivities
for L(.S). It is possible that some members of L,,, may be combined to form new strong moves which have
negative sensitivitiesin L(.S'). Such movesare asoidentified and addedto L,,.,. Thisprocessisfurther described
insection 6.2. Finally, membersof L,,., are applied to thedesigntoimprove thetiming as described in Section 6.3

6.1 Computation of strong motionsfor a single net

There are severa sets of motions which constitute the complete of strong motionsfor a single set:
1. the primitive (see definition 3) motions of the individual nodes

2. Should more than one node be at the same coordinate, one would aso test the joint movement of al the
nodes at that coordinate

3. Combined motionsfrom 1 or more sets of positions, where the positions have either the same value of x or
y and the motion is perpendicular to the alignment of the positions. Here we may note that the only time
such a motion can be strong is when a contiguous subset (or the complete set) of the positions along the
alignment movesin lockstep

Except for the first item - the primitive motions of the individual nodes - all other motions need testing whether
their first sensitivity is lessthan any of its component motions.

6.2 Computation of motionsfor a set of nets

Our main interest isin finding motionsthat have a negative sensitivity for L(.S). We are particularly interested in
finding motions with negative sensitivitiesfor some L(C,,), where n is some net. For this agorithm we use the
result - Theorem 5.

e Compileaset M5 of strong motionsfor al individua netsin S.
e Set L,., = listof motionsin M with negative sensitivitiesin L(.S)(Definition 11)
— C(M) = Ms — L,.,
— whileC(M) # ¢
* Takeamotion M, from C(M)
« 1f L&) is negativein L(S), enter itin L.,
* else
- E(M.,) = the set of netsthat are connected to nodesin M,
- forall n € E(M.) where 2£(=) is positive, do
- if thereisastrong motion M™ inn such that both M™ N M, and M™ — M, are not empty, then
enter M™ U M, asacandidatein C(M)

e return L,,.,

11



Table 1: Resultsfor the Circuit Move Algorithm

Circuit | move? | Gate Count | Delay | Slack | % Delay Improv. Horiz Vert
Desl no 1363 3525 | -1.225 245/160 | 242/190
yes -0.95 7.8 234/163 | 263/192
Des2 no 3168 2525 | -1.075 327/251 | 419/316
yes -0.825 9.8 335/249 | 445/327
Des3 no 1392 335 | -1.075 201/148 | 297/202
yes -0.95 3.73 210/150 | 296/199
Des4 no 1029 3.025 | -0.725 135/95 | 157/109
yes -0.425 10 140/ 96 | 141/107
Des5 no 2254 2525 | -0.75 246/177 | 340/230
yes -0.475 10.8 263/179 | 377/239

6.3 Application of Strong Motions

The agorithm for the motion of circuits is called with a threshold for the improvement in slack required. A
critical pathis selected, strong motionswhich are described in section 5 are identified that may help improve the
path. The experiments were performed with scenario 1 or Figure 4, they can similarly be extended for scenario
2. The capacities of the bins are checked before application of the move and a move is applied only if thereis
enough room in thetarget bins. Thegainintiming isverified by actua timing analysison the selected moves and
the any individual move is accepted only if it provides benefit a significant timing improvement. A new critical
path is found and the process is repeated until the improvement is less than the given threshold.

7 Results

The experiments were run using timing optimization scenario 1 from figure 4. The placement tool used is part of
ahigh performance design methodology [8]. Table 1 givesresultsfor anumber of test cases selected from timing
aggressivedesigns. All timing information has been multiplied by an undisclosed number to protect actual timing
information.

We see that in all test cases we have a significant improvement in timing - typically about 4 to 10% of the
critical path. Wirability was measured in terms of the horizontal and vertical wires cut, and we give both the peak
and the average wires cut. We can seein afew cases some degradation of wirability and which we plan to control
by introducing wirability into our cost function. In almost al the test cases the circuit move agorithm moved
less than 1 % or the circuits in the design. The placement algorithm was able to provide legal placement results
after the moves were performed in all the cases.

Overall we observeasignificantimprovement in highly timing constrained designs. Thesedesignshad already
been aggressively optimized for timing. The impact on wirability appears to be moderate. The experimentswere
run on small sized partitionsof a chip and we expect the resultsto improve significantly with larger partitionsdue
to the presence of longer wires.

8 Conclusionsand Future Work

In this paper we presented the theory and efficient algorithms to improve the performance of a design by
the movement of sets of circuits during or after timing driven placement. Our results indicate a significant
improvement in the timing of designs and the impact on wirability appears to be moderate. The methods
described in this paper can be further extended to support more sophisticated moves that involve critical as well
as hon-critical regions and target avariety of metrics including wirability, noise, yield and manufacturability.
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Appendix: Proofs

8.1 TheMain theorem on stability

Theorem 2 If one uses Manhattan metric, and the cost measureis based either on minimum spanning rectangle,
or minimal spanning tree, then only parallel motions can be stable (or if a motionis stableit isalso paraldl).

Proof: For the case of the spanning rectangle, the proof is relatively simple and can be omitted. For the case
of the spanning tree, we have to devel op some mathematical machinery; for one, we have the complication that
there may be several optimum solutions. In this part we develop the necessary machinery.

We a'so mention here that from theorem 2 and the conjecture 3 we find that

Corollary 1 Amotion M cannot be an stablemotion for L(.9) if it isnot a parallel motion.

8.1.1 Implementationsand solutions

We first define the concept of aimplementation and a solution:

Definition 13 For the spanning tree problem, an implementation is a tree I(C,,) with edges [p;, p;] (where p;
and p; are nodes of » such that there exists a path between any pair of nodesin ». The Length(1(C,,) isjust the
sum of the distances of the edges in the implementation - i.e.

Length(I Z Lp;,p5)

[psypslel

It isto be noted that the functions{(p;, p; ) are continuous functions when the nodes p; or p; are displaced. Now
for the definition of a solution:

Definition 14 A solution S(C,,) for either the minimal spanning tree problem or the Steiner problem is an
implementation I(C,, ) such that
Length(5(C,)) < Length(1(C,))

We denote by S(C,, ) the set of all solutionsfor the set of nodes » with the locations given by C., .
Let 6 be an infinitesimal quantity - i.e so small, that it ismuch lessthan any separations of the nodesin ». Then

Lemma 2 if there exists a solution S(C,, + M §), thenthisisalso a solutionwhen § = 0 -i.e. S(C, + Mé) €
S(C,,) or, alternatively, S(C,, + M§) C S(C,,)

Proof: Length(S(C, + M6)) is a continuous function of §, since all the functions £([p;, p;]) are continuous.
Since Length(S(C,, + M6)) < Length(I(C, + M$)), thismeansthat Length(S(C,) < Length(I1(C,)). It
is aso clear that the reverse relationship does not hold.

The concept of stability of a motion has so far been defined only for the solution under either the minimum
spanning rectangle, the minimal spanning tree, or the minimal Steiner Tree measure. We now define

Definition 15 that a motion M is stable under an implementation I(C,,) if there exists no decomposition of the
motion into components M, M, , .... M, such that

dLength(I(C, + M¢)) dLength(I(C, + M;6))

k
dé z:: d6

To derive an important lemma
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Figure 9: Different types of motions and their effect on lengths of connections

Lemma 3 if a motion M is stable for a given graph » and position set C,,, then it is stable for every solution
S(C, + M$6).

Proof: Let usdenoteby S, € S(S,), S; € S(S, + M;6),and Sy € S(S, + M¢§). Thenwe have

dLength(S,(C, + M;6)) S dLength(S;(C, + M,6))
dé - dé

By hypothesis, M is astable motion: therefore

dLength(Su(Cp + M6)) _ Xk: dLength(S;(C,, + M;6))
dé dé

i=1

which, on account of the above inequality, becomes

dLength(Su(Cy + M6)) _ Xk: dLength(Suy(Cy + M;6))
dé e dé

An obviouscorollary to thelemma 3is

Coroallary 2 If amotionis not stable for one solution, thenit is not stable.

8.1.2 Length Functionsand motions

Consider figure 9: if a motion is perpendicular to a pair of aligned connected nodes, then the length of the
connection increases proportional to the absolute size of the motion; on the other hand, if the motion would be
parald to the aignment, or if the two nodes would not be aigned, then the length of the connection increases or
decreases by the size of the motion. In thefirst case, the sensitivity would not be continuous; in the second case,
as long as the motion isinfinitesimal, the sensitivity is continuous.

If we move a single node in its environment by an amount éz in the x-direction, then the lengths of its
connectionswould change by an amount a(éz) + b|6z|; asimilar formulaexistsfor amotion ¢y inthey-direction
asc(6y) + d|éy|. When several nodes movein aconcerted way, i.e. supposing node A movesby 6z then node B
moves also by §z and node C' movesin they-direction by —éz and node D moves also 6z in the x-direction, then
the total cost of the move still could be expressed by the same formula- i.e. ALength = a(éz) + b|6z|; thisis
because for each nodeits separate contribution could be covered by the same formula (with different coefficients,
of course) and the change of length of the connections could a so be covered by the same formula
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Figure 10: Three nodes connected perpendicul arly with attached trees

8.1.3 Joint motions of hon-aligned nodes cannot be stable

We now consider the situation where two nodes n; and n, are connected in an implementation, and that their
differencein locationisgiven by Az = z, — z; and Ay = y, — y;. If either of these is moved independently
(with or without other nodes moving jointly with them on their side of the tree) the x-direction by é,, then the
cost is given as a;6z; + b;|6z;|, or if the amount is given by §y;, then the cost is given as ¢;6y; + d;|6y;].
(note that any edge cuts a tree into two parts). The connection between the two nodes changes in length by
|Az + bz, — 62|+ | Ay + 6y, — by1|. Noticethat in thiscase the sensitivitieson the sidetrees simply add, and do
not provide any contribution to any sensitivity wrt. to the joint motion of », and n,. If either Az or Ay iszero,
then thereis a contribution to the joint motion: if Az iszero, then the motion of the two nodes in the y-direction
with the same magnitudeyieldsa sensitivity of 0, while either independently hasa sensitivity of 1. We shall call a
connection for which both Az and Ay are non-zero a non-aligned connection. Thisargument gives us the result

Lemma 4 Two nodes, which can only be connected by paths that include a hon-aligned connection, cannot be
included in a stable pair.

We now wish to consider other possibilitieshow non-aligned nodes can be be connected; they can either have
a path through a non-aligned connection, in which case they can not be jointly in a stable set; fig 10 showsthe
other possibility, whereby two non-aligned nodes have a path between them without any non-aligned connections
on the path. W.l.g we place the first hode at 0, 0, the second a Az, 0 and the third at Az, Ay. Each of the
nodes may have an attached tree, and its cost for amotioninthe x-directionisgivenas a;6z; + b;|6z;| and in the
y-directionby ¢;éy; + d;|6y;|. However, we notethat for any combination of the three nodes movingjointly, these
costsdo not change the difference of the sensitivity of thejoint motion as compared to the sum of the sensitivities
of the individua motion. Therefore the only important terms are in the length of the connections A — B and
A — C. Thisfunctionis given as

L(A—-B)= Az + bézg — bza + |6ys — 6ya|

L(B—-C)=Ay+ éyc — byg + |bzc — bz 5|

A thorough investigation of thisformulawill convince usthat only vertical motionsof A and B would be stable
and horizontal motions of B and ¢ would be stable, and joint motions of A and C' are never stable.
This completes the proof of thetheorem 2.

16



